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FOREWORD

The computations described in this report were performed in the Fire Control Formulation
Branch (K41), Submarine-Launched Ballistic Missile (SLBM) Research and Analysis Division,
Strategic and Strike Systems Department. This report is a compilation of all the important
mathematical results and their derivations pertaining to the application of the Lambert Problem
to inverse-sguare gravity. In particular, expressions for the correlated velocity and the null-miss
vector in terms of known parameters are derived. The treatment is carried out in detail for
eliptical, parabolic, and hyperbolic trajectories. The appendices include background material
needed for the main report, aternative derivations of or expressions for some key variables, and
aderivation of an expression for the rate of change of the null-miss vector.

It is intended that this report will serve as a comprehensive reference guide for all those
who desire easy access to the Keplerian trgjectory equations simulating the trgjectory of a free-
fall reentry vehicle in an inverse-square gravitational field.

The author would like to acknowledge the assistance of Davis Owen and William Davis in
providing important feedback. He is aso indebted to the Documentation Management System
(DMS) group whose patient assistance in editing the report to conform with accepted format was
crucial to its completion, and to the Technical Information Division for proofreading the report
to ensure that the correct format was adhered to.

Approved by:

SOy

SHEILA D. YOUNG, Head
Strategic and Strike Systems Department
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INTRODUCTION

The correlated velocity, v, isthat velocity which will carry a reentry body on a free-fall
trgjectory from the initial position (at release), r;, to the target position, r,, in a specified time,
t;. A guidance computer steers the missile in a direction which will cause the difference
between the correlated velocity and the true velocity to approach zero. When this difference,
which is called the velocity to be gained, is zero, the reentry body is released.

The Lambert Problem is to determine v, given r;, r,, and t; . Itiswell-known that there

is no closed-form expression for v, in terms of the given parameters. However, v. can be
determined by employing an iterative procedure that utilizes the Newton-Raphson method.

In this report, three candidates for the iteration variable will be considered. They are:
(i) x* where x = % , AE being the change in the eccentric anomaly;

(i) v, whichisthe tangential component of v_;
2
(iii) p, known as the semi-latus rectum, where p:%, h=[g xv |, and £=GM, G
being the universal gravitational constant and M the mass of the earth.
It will be shown that x, v 4, and p arerelated by the equations

. 2 g
2.2 2rr, sinc —
:rlvcez 12 2

6
H r +r,-2rr, cosxcos R
2

where 685 isthe range angle defined by

r ¥,

=arccos(r, 1,), 0< g, <.
r1r2

g, = arccos

Using the above relations, we will derive the equations for an dlliptical trgjectory in terms
of each of the above iteration variables. We will then deduce the equations for hyperbolic and
parabolic trgjectories, and demonstrate how the type of trgjectory can be determined from the
given parameters. Since we will be using results that are derived in Appendix A, it is advisable
to read Appendix A before delving into the derivations that follow. Note that all the equationsin
this report are based on the hypothesis of an inverse-square gravitational field.
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TIME OF FLIGHT, CORRELATED VELOCITY,
VELOCITY AT IMPACT

It isshown in Appendix A that the time of flight for an elliptical trgjectory is given by

tfez%{Ez—El—e(sinEz—sinEl)} \/f(& 2€Sn7cosE1;E)
:ZE{x—esinxcos(x+El)} x—% (1)

Now
r,+1, =a(l-ecosE,) +a(1 -ecosE,) =a{2 —e(cosE, +cosE,)} =2a{1 -ecosxcos(x +E,)}

= ecos x+El :(1 r+rjsecx. 2

53

COS

cos‘ng—cose2 Ql—cosq @ sin—=

2 2
_ /a(l—e) cosEr /a -e)
2
E

—{1 ecos cos—2 2+(1+e) snts —}
2 2 2

J_

84
2°
= 1+e E1 1+e) an

=2 4 _2

+
{CO° 2B _gooshr Ez}: 2_{cosx —ecos(x +E,} .
/ 2 Jnr,
O 21 Gx
U gy 2 cosxcos—z— 2asin® x :a—Ecsc X -2 cosxcos?

For the sake of brevity, put S=r, +r, —2,/rr, cosxcosH—ZR, as this expression will be used

frequently. Then

a=%SCSC2X. (3)
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Substituting Equations (2) and (3) into Equation (1), we obtain

3
t, = S csx x—tanx(l—rlJr—rzsin2 xj
2uU S

Ok
S r+r, —2ynr, COSXC0S—* | XCSCX

= 2—C3C2X
H —secx{(r1 +1,) cos? X —Zﬂcosxcose—;}
_ 1S 6,
= /chc x{(r1+r2)(xcscx—cosx) +2,/11, cos?R(l—xcotx)}. 4

Differentiating Equation (4) with respect to x, we obtain
(r,+1,)*{3csc® x (1-xcot x) -3
o, 1

ox J2uS

cscx| +2rr, cos’ 6’—;{605102 x =5 —3xcot x(2csc2 X —1)} . (5

+Jrr, (n,+1,) cos%{chsx:x(%sc2 x -3) -(12csc” x -1} cosx} |

The expressions (4) and (5) are analytic in the region 0< x<7m. x? is updated by the
standard Newton-Raphson method as follows:

2 _ 2. L _tfe(xn) U2 an{tf _tfe(xn)}
Xn+1 - Xn + atfe - Xn + atfe ’
ox* ), X oy

where a good initial guessfor x*, according to Reference 1, is

x? =t,{1.333x10™ +t, (45107 —t, B.333x10™)}

The iteration continues until t,, is infinitesimally close to t;, at which point we obtain the
correct value of x. Usually, four iterations are sufficient for convergence.
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Proposition: The correlated velocity is given by
B L

‘ g

where

f= -k +2\/£cosxcos&, g= Mcos%.
r I 2 U 2

Proof: Since r;, r,, and v, are coplanar vectors, each of them may be written as a linear
combination of the other two. Let r, = fr, +gv.. Then

[F, x| =[F, xE| = f [, xv | =th, [§; 6| =g[f, =¥ | =gh.

Let
X X
L=\ Y|, 6= Vs
0 0

with similar expressionsfor r, and r,. Then

X, =r,cos6, =a(cosE, -€), y, =r,sing, =bsinE,,

with similar expressionsfor x, and y,. Using the fact that E :bﬂ, we obtain
r

x = -aE,snE, = —Z—hsin E,, ¥, =bE, cosE, :DcosEl,
rl rl

with similar expressionsfor x, and y,. Hence,

¢ = ‘1‘2:1'1‘ — %Y1 ; XY, :%{COSEl(COSEz —e) +sin Elsln Ez}

a{cos(E2 - E,) —ecosE} =r§{cos(E2 -E,) -1 +i}

r 1 a

=1_E{1—COS(E2 _E:L)} =1 2 in®x =1 S_L +2\/£cosxcos&,
L I n n 0 2
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g= |f'1 Xf2| _ XY, %Y =%{(cosE1 —e)sin E, —(COSE2 —e)SinEj}

h h
’u{sm(E ~E,) -e(sinE, -sinE,} = \/:smx{cosx—ecos(x+E1)}

3
a 2nr,S
=2 —smx cos 12smxcos % -
U

The magnitude of the correlated velocity is given by

where a isgiven by Equation (3).
Proposition: The velocity at impact is given by
v, = i +gv,,

where

f = —COSXW/Z,uS, g= L +2\/:cosxcos%
2

nr, I’2

First proof:

h h h br,r, nr, nr
E XV ‘fxﬁ‘ 2a I r
g:|1 t|: L 2= -2%gn?x =1 -2 = =L +2 |-L cosxCcos—R
h P P 2 P

Second proof: By considering the reverse trgjectory, we have

_ﬁ_f@
t gr 4
where
f'_1—§, . 2r1r280036?R =g
r, U 2
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Now
i e e 9 . fg). 9. . f 1 g_f
v, =fr,+gv,. = +%(r2 ~fr,) :[f _Eg]rl +%r2 - {-9 =-—, %:__

The second equation yieldsimmediately g = f'. Thefirst equation yields

f = fg_l: ff _1:1{(1—§](1 —EJ —1} = S (S -1, —rz) == 25 COSXCOSH—ZR

g g g r1 r.2 grer g \Y r.1r2
_ _Cosx 28,
r1r2
Third proof: The expressionsfor f and g may also be obtained from
. of . . Jg -
f=—E,, g=—E,,
oE, » Yo, °

where

f=1-Bge 5B g :\/g{sin(E2 ~E,) —e(sinE, -snE,}, E, :i\/g.

n 2

The magnitude of the velocity at impact is given by
_ 2 1) _ 2 1
Vi = /J(___J = ,L{—_—] :
\"r, a \/ r, |4

NULL-MISS DIRECTION

The null-miss direction is the direction along which a velocity error, Av_, at release can

exist and the reentry body will still hit a target on a rotating earth. It is assumed that the
atmosphere is moving with the earth and no winds exist. The null-miss direction is defined by

the unit vector Py, , where

A,
P, = a _Ave At, =-1.
Av, |AVC|
At,
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Since t;, =t (x,6), we have

At = AX + NGy,
0x 06
where
_ _ .~ T XT
AG, =Q AL, =-Q [, n =—2—2% =r, xr,cscH;,

and Q isthe vector representing the earth rotation around itself.

Ot Ot ;o
A, -— SN,  1+-— N6y

1 A= 06, _ 06,
a ot ¢, a ot ¢, ;

o0x 0X

ot
where a—fe is given by Equation (5), and
X

r.+r,){3csc? x(1-xcot x) —
ot __1 /Lgn%(l 2){ K1 X)]} _ (6)

06,  2\N2us 2| g /rr, cosg—chscxcotx(l—xcot x)

Similarly, by taking differentials of both sides of the equation v, =2~ we obtain
g
av =B Ay _Bgg
g g g

where

o o of of dg . . ag

AF, = QXEAL, = xF, N =2 X +—— M., [y =22 KX +22 /..

TR o B =) X tag, v BB T K g
Now

of _ r, . 6, of _ |, A

— = -2 [-=snxcos—=, = — |2 cosxsin—=,

ox n 2 0064 n 2
% - irlrzsinxcosz%, 99 . Lsini( nr, cosxcosi—rl—rzj.
0X US 2 06, 2us 2 2
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Hence,

A =-2 r—Z(S:inxcosﬁAx +cosxsin%A—6Rj,
r, 2 2 2

Ag = irlrzsinxcoszﬁAx+ Lsin%( rr, cosxcosi -1, —rzj G,
uS 2 2uS” 2 2

irlrzsinxcos2 %Ax+ L sineR( nr, Cosxcosi —-n -rzj A
Ag _\\uS 2 2 2

Ag 2US
g \/ZrerS s
Y7 2
nr, .
= 12smxcos%Ax+itan%( rlrzcosxcos%—rl—rzjwR
S 2 2S 2 2
rr
=Y 12 (sin xcos%Ax+cosxsin%A—9Rj —tan%%.
S 2 2 2 2 2
Putting z=gin xcos%Ax+cosxsin9—2RA—§R,weobtain
v, = -0 22 p oy G B0 R, |G (7)
g g\n 2 2 S

Equation (7) may be written in terms of r,, 61, and n which form aright-handed orthogonal
coordinate system. We have

AV, = (0, &)E, +( A9, ©,)0, +(&v, @)d.

Now

&, xF, = 1,Q [ xt, = 1,Q Hsing, =r,sing, M4,

I, — I, COSE,
sné,

ST el
X
Ryl
=
1
0

=r,Q ] xr,cotf, =r,Q hcosb, = ,cosb, L.

0 @ 7 (@ BI5)j (9 500,)0F (O £0A)h
=1, SN A, —1,C056,A60, +(Q xF, @ ).
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v = r,—fr _ rz(f'lcOSBR"'élSineR)_ frr, _(I’ cos@, — fr ) +r1,sn4, 9

¢ g g g

6; - A
(rz cosf, +r1, —2,/1f, cosxcos?R r, +1,Sn 6.0,

g
(Zr cos2 nr, cosxcose j +2r,8n ch %6
- 2 2 2
\/Zrlrzs cosR
U 2

= /2_,u r—Zcosﬁ—cosx r+ 2’urzsinﬁﬁl.
S I 2 rnS 2

Substituting the expressions for Q x¥, and v, into Equation (7), we obtain

Av, = 1{rzsm6? AG.x, —r,cos6, AHRO Q xr, [ n} r,r,
+| tan A% ” Y27 21 r—Zcosi —COSX |F;, + zﬂzgniél
S\ 2 nS 2
/ (r +r,sn* R 2% _ nr, cosxcosiij
2 2 i )
/”lrzg sin-% % (r SN’ X+1, =1, cosxcosﬁj A,
2rS 2 2

u o .. ur. 6 6, A
{—,/z—ssrzsmxsmHRAx + 2r1§3 {(r1 +r2)cos?R -Jnr, cosx(l +cosZ7Rj} ABR}BI
1
g

=(Qxr, @),

REENTRY FLIGHT PATH ANGLE, ANGLE OF
ATTACK, AND YA

These three angles are computed at reentry, i.e., at 400,000 ft. Let ¥, be the position vector
corresponding to that altitude. Then
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r’
1-"
B, =27 ~arccos— &, X :%(E'2 -E,), t, =—{2% -e(snE, -sinE,},
f’:1—$sin2x’, d :%{sin(ZX) —e(sinE, —sinE,} , £, =f§, +4v,,
1
f’:—b?h,sin(zx), ol :1—?sin2>(, v, =f¥, +gv,, 8, =arccos(r, ).
1'2 2

The velocity at reentry takes into account the earth rotation. It is given by

I

ol — o QO —1
vV, =V, —QXF,.

The reentry flight path angle is the angle between v, and the plane normal to the
instantaneous local geodetic vertical, h (Reference 2). Itisgiven by

Y, = g - arccos(ﬁ 3, )
The null-miss angle of attack is the angle between 13DK atreleaseand v, . Itisgiven by
a= arccos(f’DK Bf'r) :
If v, istheanalogof v, at impact, then
V, =V, —QXxF,
and the zero-angle of attack is given by
a, = arccos(v, 3" ).

Let (n',0,V,) be aright-handed orthogonal reference frame, where

then u =v, xn'. Let YA bethe angle between u and the projection of P, onthe i'a plane, to

be measured clockwise from u inthe n'u plane. It can easily be shown that

N

YA = arctan liDK Gh

DK

10
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TIME OF FLIGHT IN TERMS OF v,

From the expression for v, on page we have

2ur, 5 HR
V09
nS 2
241, sin? bk
= S=r +r,—2)nr, cosxcos R =2 9)
2 MVeo

r(r, +1,)V5, —2ur,sin? 2%
= COSX = (10)
2 QR
21N,V cos?

\/4r I,V 00522 {(r +1,)VZ, —2ur,sin® 6;}

6,
2 R
21,1V, cos?

= snx=+1-cos’x =

\/ rlvcg(r +r7 =211, cosH)+4/,1r1r2(r1 +r)vcgs|n % —41°t} 2 gin* %

6,
2 R
21,1V, cos?

\/{Zur sin 02 rvog(r +r, =2/, cos%j}{rlvfg(rlﬂz +2,/11, COSQZRJ —Zurzsinz%}

2r\Jr Vv, cosgzR
Put
- {2 ,urzsinzg—ZR - erge (rl +r, =21, cos%jHrlvfg(rl +r, +2,/11, cos%j —ZNrZSinZ%}.
Then
sinx= JF : (11)

6,
2 R
VANAA AV cos?

11
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JF JF

tanx = = X=arctan . (12
r1("1""’2)\/5(77 _Z/JrzsinZ?R rl(r1+r2)V§e _ZﬂrzsinZER

Substituting Equations (9), (10), (11), and (12) into Equation (4), we obtain

2r, (rl + rz)Si n? 9_2R - rlvsg (r12 + r22 -2rr, COS@R)
t, = AT [ 2ur 222 &in? B \/E . (13)
F +—1 24 R arctan 7
VF rl(r1+r2)v§6—2yrzsin2?'?

Differentiating Equation (13) with respect to v, , we obtain

ot, 1 Y/
W; = E{rfv;‘g (rl2 +r17 =2rr, cosHR) -44°r7sin® 7'?}
t 3,3,,2 cinnd
"y BN rzvjf "G arctan JF 7 (14)
Ves FVE rl(r1+r2)v§6—2urzsin2?R
20.304,2 air3 i 2 gR
16471, v, SN° B, Sin >
- =
Note that
Zurzsinzﬁ Zurzsinzé
2 _ 2 _ 2
VCG - r S - 9
! rl(r1 +r, =2rr, cosxcossz
2r,sin? % ZNBS‘”Z%
— 2 <V, < 2

6,
rl(r1 +1, +211, cos?R

rl(r1 +r, =2,/I1, cosiRj

Observing the expression for F, we see immediately that the above inequality impliesthat F is
positive for elliptical trajectories.

12
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v, is updated by the Newton-Raphson method, where a good initial estimate, according to
Reference 3, is

. .0
2ur, sin” R
72 2

+r25m6?R

V =
cd tf

6,
r (rl +1, +21f, cos?R

which, by the above inequality, holds provided that

1 \/ rZ +r7 = 2nr, cosdy

tp >=
2u

7} 7}
ro+r, —26r cos—R+\/r +1, +2./r,r, cos—=X |.
2 [\/1 2 1'2 2 1 2 1'2 2}

V., , the radial component of v_, may be expressed in terms of v.,. From the expression

for v, on pageld we have
Vv, = ‘/2_/1 r—2cosﬁ—cosx :
S({\n 2

Substituting Equations (9) and (10) into the above expression, we obtain

r 6
Vg = (cot 6 -1+ CSCHijcg K tan;R :
P MVeo

Hence, v_=V_f, +Vv_0,, where 6, =fxf, =F,cscH; —F cotds. By considering the
reverse trajectory and using the fact that h =rv., =r,v,,, we obtain for the velocity at impact

Vi SV, V0,
where
— r1
Vie =~ Veos

r.2

’ 6 r 6
. =| 2%csch, —cot b, |V, - H an%r = cscf, —tcot g, v, — K tanr,

rl 2Vt9 rl2 erCB 2

Vt
0, =nXxr, =n X(flcoseR +918in0R) =0,cos@, —1,Sin g, =r,cot §, 1,CC ..

13
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TIME OF FLIGHT IN TERMS OF p

We have

| =

Vg =

]

I

Substituting this value of v, into Equations (13) and (14), we obtain

2, (r, + rz)sinzg—zR - p(rl2 +r2 -2rr, cosHR)
_ |pnr,sing '
te = \/: 0 2prArZsin?g, JF ' (15)
U F +Tarctan 2
F (r,+r,) p—2r1r25in2?R

ot _ ot,, v, :i U ot
op 0dv, op 2r,\ poavy,

= Fi{ p? (rf +r7 =21, cosHR) —4r?r sin® ?}
te L P 2r’r}sin® 6, arctan JF' (16)
2p \u FJF _orr an2 Ok
(r,+1,) p-2rr,sn e
. . 56,
[p 8r'r,tsin® 49Rsm2?R
/,I F12 !
where
F'= {Zrlrzsinzg—zR - p(rl +r, =2,/1 1, cos%j}{ p(r1 +r, +2,/r1, cos%j —2r1rzsin2%}

2

|'_‘ﬂ

F.

N

kS

2,,2
p is updated by the Newton-Raphson method, and a good initial estimate is p = fiVes
U

where v, isinitialized as on page[13

14
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EQUATIONS FOR A HYPERBOLIC TRAJECTORY

From Appendix A, we have

e+cosfd . J1-€?sind

CosE=———, snE = .
1+ ecosd 1+ecosd

From the expression for sinE, we observe that since e>1 for a hyperbola, E isimaginary in
this case, i.e, E? is negative. Since x:%, it follows that x isimaginary, and hence x? is
h2

negative. Also, a= m

<0.

Let H=+-E*> y=+v—-x*; then E=iH, x=iy, sinE =isinhH, cosx =coshy,

sinx=isinhy, tanx=itanhy, xcscx =y cschy, xcotx =ycothy, csc® x = -csch’y; also,
arctan (i
_ (i) _adahu _ 1 —In ity for ‘u‘<l. Using the fact that
iu u 2u 1-u
O O
2ur,sin? -R 2ur,sin? ~R
Hry 5 N 2P >

Veo =
rl(r1 +r, = 2,/fr, cosh ycose;j rl( +1, —2\nr COSQZRJ
we seeimmediately that F and F' are negative. Putting

J-F _ —F'

" . 0, 9
r(r, +1,)VZ —2ur, sin? ey (r, +r,) p —2rr,sin* =%

and noting that r, (1, +r,)vZ —2ur,sin 6; >0, itiseasy to verify that u<1. We have

26| 8
-F - { (r, +1,)V% —2pur,sin ?} =’V 0052?R <0
2 Gy 2 .2 Gk
= SN=F +r1,(r, +1,)VZ —2ur,sin® 7 NV (4,2, +2ur,sin > <0

—F <r.(r, +r,) V3 —2ur,sin 6;R =u<l.

15
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Putting S =r, +r, —2,/1,r, cosh ycos%R, we obtain the following expressions for the

hyperbolic time of flight:

t, = a\/%{H2 —H, —e(sinhH, —sinh H, }

= ZS_HCSCth{(rl +1,)(coshy -y cschy) +2/r, COSQ—ZR(VCOth y _1)}

MV, sing ) prirve,sin? g, 1+u
:%{ZILIQ(Q+I’2)S|n2?R_r1V§e(r12 +1; -2y, cosHR) L /ij - In1—u
_[prr,sing .8 pr.’r; Sin® 6 || 1+u
_\/;H—,R{Zrlrz(rlﬂz)smzf‘p(rlz +r22 -2r1rzcos6’R)+ 1j—F' Rlnl—u .

Also,
(1, +1,) {Sesch’y (yeothy -1) -3
Ay 1

= cschy| +2rr, cos? 0—;{3ycoth y(ZCschzy +1) -6csch’y —E} ,

dy J2uS

+rr, (r+,) cosg—zR{ (12c:sch2y +1) coshy —3ycsch y(4cscth +3)}

ot,,
ov,,

_ 1 2. 4 2 2 _ _ 2 2 . 49R tfh 2/1r13r23V0268in30R 1+u
_E{rl vcg(r1 +r, 2r1rzcosﬁR) 4pr;sin > E+ P Inl_u

: ., 0
164%r°rV2, sin® G, sin? ?R

F2

ot t 3.3 ;13
_fh:i{pz(rfﬂf—2r1rzcosé’R)—4rfrzzsin4i} ony [PETSD G, Iru
2\ 2p V¢ F-F 1-u

. . 50
5 8r'r,'sin® g, sin’ ER

/1 F12

06,  2\2uS 2| g/, cosg—chsch ycothy(ycothy -1) '

2 —_ —_
atfh__l\/ﬁgn% (r1+r2){3050h y(ycothy 1) 1}

16
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y?, V,, and p may be updated by the Newton-Raphson method as follows:

PRGSO R (L1 P ()

Yorr = Y [atfhj [atfhj 1 Pnis =Py W1
ay Y=Yn avce Voo =(Vea), ap P=p,

where the usual initial guesses may be used.
The correlated velocity and velocity at impact are given by
c r2 — fhrl’ Vt = fhi:l +g‘hvc !
On

<
1

where

= - 2+2\/7coshycos /2”8 osg—zR f = COShyJZ S, g, = \/:coshycos%.
H r, 2

Alternatively, v =v,r, +Vv0,, v, =V, I, +Vv,,0,, where v, v, v,, andv, are given on
page 13. Also,

The null-miss vector is given by

gh gh rll 2 2 S

,/;'L;snh y(r +r,8in° —‘/rr cosh ycos%jAy

T,
2r,S*®

A

n

sm%( r,sinh?y +r, =1, coshycos%jAﬁR

+ 'u3rzsinhysin0RAy+ ,ur23 (r,+r,) cos —Jnh coshy(lﬂ:os2 j él
2S 2rS

gi(ﬂ XT, Eﬂ)n

where
ot
1+ﬁA0R 9 8. A8
AG.=-Qn, Ay=——R 7 = —sinhycos—== /y +coshysin—2 —R
R n, 4oy % y 2@’ y > 5
oy

17
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EQUATIONS FOR A PARABOLIC TRAJECTORY
2, it follows from Equation (4) that

Since the time of flight is a well-behaved function of x°,
the time of flight for a parabolic trgjectory is given by

{ icsczx{(rl+r2)(xcscx—cosx) +2./1r, 0056; (1 xcotx)H

tfp - lxlfr()]tfe =|x|[r0] Z,U
2 4 2 4
= |2 jim iz+l TR, (r, +1,) 2y Xy | w2 nr, cos%R | XX
2u x-of{ x> 3 15 3 45 213 45
:% /%(rl +1, +/11, cose—sz, where § =r, +r, -2,/r[, cos%. (17)
Also, from Equations (5) and (6),
ot 1 ) 6, 6,
lefrgaxz "5/, {(r1+r2) r1r2c0527+ rr, (1 +r2)c037 :
oty
ot o . 25 ) 0,  — 6,
lepgavcg "x'”é'av ~ 5ur,sing, {( 3+ r1r20052?+ itz (% +r2)cos? ’
e
ot
ot A2
Iirrg—fezlirrg%x2 =- 1 5 | S {(r1+r2)2—r1rzcoszﬁ+ rlrz(r1+r2)cos%},
00p x-00p 5rr, Sinf, sin 2t 2 2

Ot _rr,sing,

lim .
000, 2,/2uS,

The correlated velocity and velocity at impact are given by

V.=
o '
where
. \J2
f, :1—3, g, = 241% cos%, f, = NS 0 = —i.
r1 'u r1r2 r2

2
Since a—h—2 and e=1 for a parabola, it follows that a=c for a parabola. Hence,

vC:aIIim /,u r2 L /Z’U which is known as the escape velocity. Similarly, v, = / ,u.
— 00 1

18
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The null-miss vector is given by
Av, = _Lxr, +2—Z°\/£f”1 +| tan G2 8% _J < 5|V
gO gO r.1 2 2 S)
. 5,0, a -
:{ /%(rﬁrzsmz o cos— Ax2 / H, sm— r, - 15005?) AHR}rl
2 ,u 2 0 6 a
—r Sng, A% + r +r, cos2 -Jnr, 1+cosz7 AG, |0,

go(ﬂxr2 )n
where
2 1+|J[QZBZA0R 1 Oy v, . 6
AX® = - : 3t ,20:5(0057&( +sm7AHRj.
x~0 9X°

The equation for the time of flight for a parabolic trajectory may be derived directly from

the equation of a parabolain polar coordinates, namely, r = r, sec? g obtained by setting e=1

in the conic equation r = M (Figure 1).
1+ecosf

Figure 1. Parabola whose focus is at the origin and
whose vertex is at (rg,0)

19
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We have
tfp=_[%=1j2d9 3 Isec LOTE Isec (l+tan29jd0
§ nj

6, 6, )
Jsec2€d6?+ IseczﬁtanZQdH ri(Ztang +2tan3 6)
2 2 2 =273 2),

Now

2 2 1+tanﬂtan@
2 2

= 1+tanitan % =(tani —tanﬁjcoti =secﬁsnec§cosi
2 2 2 2 2

2 2
= tani—tang 1(tan an® qj
2 2

= (tani —tanﬁJ 1+E(tan2i vtant +tanﬁtan§j
2 3 2 2 2 2

:—sec—lsec—zsng (1+tan qtan . +sec’ =+ 4 +sec? @j
2 2 2 2

2 2
= lsecisecisini(sec2ﬁ reec? 2 +secﬁsecicos§)
2 2 2 2 2

ER — rl1r2 ] 6R R
r,+r, +4/nr, cos =1, =——=Sn—| r, +r1, +,/I, COS .

Also,
S=rn+r,-2 rlrzcosﬁﬂo(sec 29 +sec’ 2 L Zsecqsecezcos—@_qj
2 2 2 2 2 2

= roseczisec2 % (cos2 G 4ol —2cosdcos B cos 4 qj
2 2 2 2 2 2
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[2u [2ury, . 6 1 /233( 0}
O & rv= 1, |—/—= J2ur= L2gn=R =t == [==2|r, +r, +./1,I, cCOS—=
oYo0 0 ro /’10 S) 2 fp 3 /,( 1 2 1'2 2

which is Equation (17).

DETERMINATION OF TYPE OF TRAJECTORY

Proposition: If r; and r, aregiven, then tq, <tg <tg.

Proof: First consider Equation (4), namely,

te = % csc? x{(r1 +1, )(xcsc x — cosx) + 2,/rr, 00597R (1-xcot x)} :

It isclear that

Now

&/ 6, (&
r 1, =241, cosxcos 2 >r, 41, =2\, cos=E >1; 41, 2., coshycos =t

= S$>§ >S. (18)
2 2 4
csc? x(1- xcot x) = iz+l+x—+... XX, |51 (19)
x: 3 15 3 45 3

:%{csczx(xcscx—cosx)} :cscx{Bcsczx(l—xcotx) —]} >0, 0 <x <IT.

Hence, csc? x(xcscx—cosx) increases monotonically in the interval [O, m).  Since

lim{csc® x(xcscx - cosx|) =2 itfollowsthat
X-0 3

csczx(xcscx—cosx)>z, 0<Xx <. (20)
3

Observing Equations (18), (19), and (20) in conjunction with Equation (4), we conclude that
ts >tg,. Now consider the expression for ty, derived on page 15, namely,

ty = /%cschzy{(r1 +1,)(coshy -y cschy) +2,/r;r, cose—ZR(ycoth y —1)} : (21)
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We have

diy{ csch?y(ycoth y—1)} = cschzy{ y —3cothy(ycothy —1)}

= csch“y(ysi nh®y —3ycosh? y +3cosh ysinh y)
:lcsch“y[y{cosh(Zy) —]} —3y{cosh(2y) +]} +3si nh(2y)]

=—csch'y 35mh 2y 2yCOSh( y) >}

Hence, csch?y(ycothy-1) decreases monotonically in the interval [0,).  Since

. ) .1
Iylfrg{csch y(ycothy 1)} =3 it follows that
csch’y(ycothy -1) <%, y >0. (22)

d
| d—y{cschzy(coshy ycschy)}= cschy{scschzy(ycothy 1y ]}< 0.

Hence, csch?y(coshy -y cschy) decreases monotonically in the interval [0,00).  Since

. ) ) 2
Iylfrg{csch y(coshy -y csch y)} =3 it follows that

csch’y(coshy -y cschy) <§, y >0. (23)

Observing Equations (18), (22), and (23) in conjunction with Equation (21), we conclude that
te <ty . Hence,

Uin <t <lre.

Therefore, given 1, r,, and t,, one can immediately determine the type of trajectory by
computing t¢, from Equation (17) and comparing it with t; .

22
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APPENDIX A

TIME OF FLIGHT BETWEEN TWO POINTS OF AN
ELLIPTICAL TRAJECTORY

A-1/A-2
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For an inverse-square gravitational field, given &, v, and |r,| at arbitrary points P, and P,
it is possible to derive a closed-form expression for the time of flight between P, and P,, namely,

ab . .
te =F{E2 - E, -e(sinE, -sinE,},

o h? 2 Vv - p
h= =-— = —-— —¢ =11 — =
|rlxvc|, p o a (rl ,Uj ,e=] " b =/ap,

b, &

¢, E, =2m—arccos }(1_r_2j .
h(a-r) el a

It isawell-known fact that the focus of the eliptical trgjectory is the center of the earth, and
this can be taken as the origin of the r 8 coordinate system (Figure A-1).

where

E, = arctan

Figure A-1. Position and velocity of an object
undergoing elliptical motion with the
center of the earth as the focus of
the ellipse

The derivation is facilitated by introducing the so-called eccentric anomaly, E. Choose the
center of the ellipse to be at the origin of the xy coordinate system, and draw the circle

circumscribing the élipse (Figure A-2). The radius of this circle is clearly a, where a is the
semimagjor axis of the elipse. If r isthe magnitude of the radius vector at P and & the angle

between ¥ and the xaxis, then r? =(x—ae)’ +y?, where e is the eccentricity of the ellipse. If
the perpendicular from P to the x axis cutsthe circlein (x, y'), then since the equation of the

2 2
elipse is X—2+§ =1, where b is the semiminor axis of the ellipse, and the equation of the
a
12 2
circleis x* +y'? =a’, we have, for the same value of x, 1—y—2 +§ =1 = l,=9.
a y a

A-3
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(xy')

(00)  (x0)

Figure A-2. Eccentric anomaly versus
true anomaly

From Figure A-2, itisclear that x =acosE, y :E y =bsinE. Hence,
a

r?=(x-ae)’ +y* =(acosE -ae)’ +b?sin’ E =a’(cosE —€)” +a*(1 ’)sin’E

=a”(1-2ecosE +€*cos’ E) =a’ (1 —ecosE)’ = r =a(1-ecosE).

Now
- _ — .
cosf == aezg(cosE_e) _CosE-e 4hg=Y _Pynp =Vi-€ SnE
r r 1-ecosE rr 1-ecosE
1+cosg =1+ 0SE € :(1—6)(1+cosE) =§(1 ~€) (L +cosE)
1-ecosE 1-ecosE r

:>2coszg=§(1—e)coszE, or cos? = MCOSE,
2 2 2 r

cosE-e _(1+e)(1-cosE) _a

1-ecosE 1-ecosE r

:ZSinzg:$(1+e)sin2%, or sing = @sinE.

1-cosf =1- 1+¢€)(1-cosE)

N

U tanfp: EtanE.
2 1-e 2

A-4
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Differentiating the expression for cosé@ with respect to time, we obtain

—EsinE(1-ecosE) -eEsinE(cosE -€) _ _(1—62) EsnE _ —b—zEsmE
(1- ecosE)” (1-ecosE)” r?

, .
:>EHSinE=b—2ESinE = '=£.
r r

-fsin@ =

Now, conservation of angular momentum impliesthat r26 = constant = h.

0 e - h
br ab(1-ecosE)

=1, = be(l ecosE)dE—%b{E ~E, —e(sinE, -sinE,}.

Now
_ _ A2
Cos@:LEe — COSE :LOSH, 1—ecosE :1—e
1-ecosE 1+ecosd 1+ecosd
a(l-¢
=r =a(l-ecosE) = (1-¢) =—P __ wherep =a(1-¢*).

1+ecosd 1+ecosd
aehsnE _ pefsind _ehsing

f =aeEsSiNE = 5
br (1+ecosb) p

=E= arcsmbr = arcsmE
aeh’ eh

Since F =¥, v =fr +r80, it followsthat ¥ ¥ =rf . Hence,

_ . bry _ 1 ry| _ br ¥
E =arcsn—— =arccos{—| 1-— |} =arctan——,
aeh el a h(a-r)
f= arcsinﬂ :arccos{l(E - j} :arctani.
reh e\lr r
p
The energy equation is
lrnvz—lj_m:g’
2 r

where € isthetotal energy.

O > (r-?F rzez} ,u £.
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Now

2 2
9=%,f:9i:gi =2 +126° —h— (drj +r2l,
r dé r-dé& dé

Putting r = L , We have
u

2
a1 ey e oy (%j +u? b,
dé W’ dé dé

Thus, the energy equation becomes

2
1mh2 (Ej +UP - umu =¢£ :ﬂ—\/ 2‘92 +2’Liu -u?
2 dég dé mh h

2, —
=60-6 = > d; :arcsinhu—’uhz
£ 2u_ 2, 28
+ -u —
\/th h2 ,U + m

2 2

:u-f{“ /1+2£2?n n(é - 9)} =r= h2 .
“ /,1{1+ /1+2£h sin(8 - 0)}
[u°m
Putting 6, = —g , We obtain the polar equation of the orbit, namely,
h2
- :
,u{1+ 1+2‘gh cose}
\" #'m

Comparing the above equation with the equation for r on page A-5, namely,

r=

r=__ P
1+ecosé’

h? | 2¢h?
p=—,e=[1+—
“m

2 2 2 2 2 -1
ja(l_eZ):h :_Zafh :ﬂ(g —V_Cj ja:(g_v_cj ,e= 1_£
U a

we have

?:

* |
=
3
s
=
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This completes our derivation. One can determine whether the orbiting object is before or
past apogee by testing whether ¥ [¥v is positive or negative. If it is positive, the object is before
apogee, and if it is negative, the object is past apogee. To prove this, we have ¥ [¥ =rf. Since
r isincreasing in theregion 0< @ < 771 and decreasing in the region 7< 6< 2 7 it follows that
r ispositive in the first region and negative in the second region, which proves the proposition.

As a relevant mathematical digression, the author derived the condition that a circle of
radius R intersects an ellipse whose focus is the center of the circle, as in Figure A-1. The

2
required condition is |/7|<L where 7 :1(1—5) e :,/1 —b—z , in which case the overlapping
e a a

areais
€e—1

R? arccos

+ ab(arccosn -ey1 —/72) :
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APPENDIX B

AN ALTERNATIVE DERIVATION OF THE TIME OF FLIGHT

B-1/B-2
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First, the following compact relation will be derived:

1 1). 1 1). 1 1).
——-—1|sn@, -| —=-=|9nbf, =| ———|9nlf, -6 ),
(p er ° (p rj R (p rlJ (D R)

where 6, = arccos(f, 1), 6 =arccos(f, [{,). From Appendix A,

ecosH:E—L esind =P :\/Ev,.
r h Y7

Put 6 = 6, + 6, ; then

ecosd = ecos(f, + 6,) =ecosfcos g, —esin §sin & :(rE —1jcos 8 —\/%vCr sn @

1

=>r= P , T, =

1+ [p —1) cosg, —\/BvCr sing,
rl ﬂ 1

= \/Evcr = (1 —Bj cscé, —[1 —Ej cot &,
H P n

=r = P

B p /IO .
1+ -1|cosg, - |—V,Sin &,
(r j R /JVCF

1—[1— pjcosHD +{(1 —pjcotHR—(l— pjcscHR}sin g,
rl rl r2

which yields Equation (B-1). Now,

h=Jup=r?6 = [updt=r’dd

1 1

_ [P J' dé,
2
U
0 |:1—(1— fjcosHD +{[1 —fjcot G, —(1 —rpjcscHR}sin HD}
2

&

_ DJ‘ do
(A+Bcosf +Csing)”’

0

where

3
A=1B=P-1C =(1—chot67R —(1 —chsceR, D = |2
n n I H

B-3
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It can be shown after some agebra that

(7
2 _p2_ 2 Or
. D -Bsng, +Ccos, _ C , 2 NAB-Ctng
' A-B*-C’| A+Bcosf, +Csing, A+B x-p?-C? A+ B+Ctan R
2
2nr, (1, + rz)sinz% - p(rf +r7 =21, cosBR)
_ [prr,sing, _
—\/:—MF, =4 2prirZsin? 6, JF' ’
7 +Tarctan 3
F (rl+r2)p—2rlr25in2?R

where
F'= {Zrlrzsirﬁ% - p(rl +r, =2y/1r1, cos%)H p(rl +r, +2,/r1, cos%j =2rr,sin’ %} .

Thisis Equation (15) of the main text.
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APPENDIX C

EXPRESSIONSFOR f, g, f, AND g INTERMSOF T, f,, AND p

C-1/C-2
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Proposition:
f :]_—ﬁsinz%’ g= nr SineR, f = Etan%(% —1 —l] g =1 21sn2%’
p 2 VHP p 2 P n n

where 65 = arccos(f, [T, ).

Proof: From Appendix A,

) 1 1+
smE——smH cosE-—(e+cos€ E: e) E e)
b p 2 2

E _< E

= sinx=sin E, El-smEzcos smzcos E,
/ 1 e / 1 e / / 1+ e
smg2 G _ sin—R, (C-1)
p 2 b 2

sin(2x) =sin(E, - E,) =sinE, cosE, —sinE, cosE,

:%sinﬁ L(e+cos@) BSIHB p(e+00592) _g;{ e(sin g -sin §) +sin(§ -q)

= 20, sin %6 (ecos‘g1 ; % +Cos ! 2_ qj =20 sin%(cos% +ecos—é’;r QJ.

bp 2 bp
Now
nen=_ P L P g 2+¢(cosé, +cosh,) _ 2nt, (1+ ecos® cosfLt sz
1+ecosd, 1+ecosf,  (1+ecosd,)(l+ecosd,) p

:ecosﬂ:sec% B l+l -1
2 2 12\ 1,

Substituting this into the formulafor sin(2x), we obtain

+cos—= “r

p(1+1]_1
sin(2x)=—2|r1|rzsini 2\n_ 5 Or | _ 200, ta”ﬁ{g(lJ’lJ_Hcosz HR}

bp 2 cos PR 2 bp 2 |12\ 1,
2
:ﬁtanﬁ 1+£ —Eg'nz_R :ﬁtani 1+1 —% . (C‘Z)
b 2(r, 1, p 2 b 2\ p

C-3
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It has already been shown (pages 4 and 5 of the main text) that

f=1-2Pgn?x, g =2 f%sinxcosg—;, f=-YHn(2x), g = _2a
U

rl1 rl1r2
Using Equations (C-1) and (C-2), we obtain

2ar,
-

g=2 Eﬁsin%cos%: W sing,,
u b 2 2

6, 2r, . , 6,

f=1 sin’=R =1 -—"2gn?>-R,
2 2

(o K tanﬁ{i WA _%J _ Ftwi{% 1
p

b 2\, 1, p

ﬂgnzﬁ :1—&3”]2%

=1
J b? 2 P

which are the desired results.

C-4
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APPENDIX D

TWO DIFFERENT SETSOF INITIAL CONDITIONS

D-1D-2
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Set|. Given y,T,,and|v |, determine the type of trajectory and its solution.
We have
2 -1
a:(z_v_c] |
n M
If a>0, thetrgectory isdliptical; if a<O0, itishyperbolic; andif a= oo, itis parabolic.

In the éliptical case, we have

S=r,+r, -2, cosxcos% =2asin®x :2a(1 —-cos’ x)

6
= 2acos’ X - 2,/1, cosxcos:?R +1, +1, —2a =0

= X= arccos{z—la{ rr, 0036’—2R + \/ r,r, CoS’ % -2a(r, +r, -2a) H

where 6, = arccos(f, ,) . Thus, the elliptical case is ambiguous.

In the hyperbolic case, since a<Q0, it follows that

2a(r, +r,—2a) <0 :>\/r1r2coszg—2R—2a(r1+r2 -2a) >/rr, .y

Hence,

%{ nr, cose—;—\/rlrz 00520—;‘23(r1 T —2a)} >0,

2—161{ rr, cosg—zR+\/r1r2 coszg—zR -2a(r, +r, —2a)} <0.

Putting u= 2—161{ nr, cosg—zR —\/ nr, cosz% -2a(r, +r, —2a)} and noting that coshy>1, we

surmisethat u>1. To provethat thisisindeed the case, we have

Or Gk
r+r,>2nr, cos— = —2a(r, +r,) > -4a,/rr, cos—2

2
= 1,1, COS’ Q—ZR ~2a(r, +r, —2a) >( rr, cosg—zR —2aj

= \/ rr, coszg—zR— 2a(r, +r, —2a) >/rr, 0059—2R -2a

:\/rlrzcosz?R—Za(rlﬂz—Za) -Jnr, cosa—zR >2a =u>1 3y=arccoshu:|n(u +/U2 _1).

D-3
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Setll. Givenr, Vv, andt,, determine thetype of trgjectory and its solution.

Asinl,

and the type of trgjectory is determined by the sign of a. Now, from Appendix A,
I br, ﬁ? v
ecoskE, =1--1, = ¢,
S e T T

Hence,

r, =a(l-ecosE,) =a{l-ecos(2x +E,)} =a{l —ecosE, cos(2x) +esinE, sin(2x)}

_ a{l (l—gjcos(Zx) +% sin(ZX)} —a —(a 1) cos(2x) + \/%rl ,sin(2x).

From Equation (1) of the main text,

3 3
t, = 2\/%{x —esinxcos(x +E,} =2 % (x —esinxcosxcosE, +esin® xsinE,)

3
:\/%{2x—esin(2x)cosE1 +2esin2xsinEj}

a® ( j L2 o } . 2a -
—42x-|1-2L|sin(2x) +—=sin" x —q2ax sin(2x) +—r, M sin® X
u{ & Jsn(2x) + 23 Zesn x; = & foax (a -t)sn(2x} +E,

ot

2a . a
== |23 _(a-r)cos(2x} +2F W.sin(2x) =2 |—r,.
o = 2|12 (@-n)cos(2x} +77r @ sin(2x) =2 r,

Referring to pages 4 and 5 of the main text, ¥, = fr, +gv,, F, = fr, +gv_, where

f :1—§sin2 X,
r.1

9= J%{sn(E ~E,) ~e(sinE, ~sinE,} =tfe—ﬁ{2X-S'n(2X)}’
i = _ma

-X—sin(2x), gzl—ésinzx,

nr, P

where X is updated by the Newton-Raphson method as follows:
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Xt = %, +W =X, +2rjxn) \/g{tf “to (%)} .

0x

and agood initial guessis x, =0.

The corresponding equations for a hyperbolic trgjectory are:

r,=a—(a-r,)cosh(2y) +\/%f1 [ sinh(2y),

—_ __a _ _ ] _é“’ 1 2 %: __a
tfh—\/;{Zay (a-r)sinh(2y} ’urlmcsmh Y, % 2\/;5,

2a . -ar .
f =1+=—sinh? =t — h(2y) -2
+==sinh’y, g fh+a/’u{sm(y) W,

1

f=- “_’uasinh(Zy), g =1+284nh? Y,

rl1 rl2 2

where y isupdated as follows:

t ~tw (V) 1 H
—y 4 MW oy g 2 H ,
Yo = Ya + (atfhj Yn +2r2(yn) _a{ f fh(yn)}

ay Y=Yn

and agood initial guessis y, =0.
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APPENDIX E

DERIVATION AND COMPUTATION OF THE ELEMENTS
ARISING IN THE Q-GUIDANCE MATRIX

E-VE-2
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Suppose that the position vector at release is dlightly perturbed. Let ¥, and r; denote the

unperturbed and perturbed position vectors at release, respectively, and r, the position vector at
impact. Then

A N A R PN Y AN A ~
G = arccos(t, ,), 8, =T, CSCHy, —1,COt Gy, My =K, X0, T; :r—(rlrrO +,,0, +r1pno),
1

=1 +rj +r2, 6, =arccos(f, ), 0, =F,csc, —¥, cot 6.

ﬁ:rl_r ﬁ:rl_g ﬂ:ﬁ = ﬂ ::L ﬂ = ﬂ =0
o, o, r o, or, | _ oy ). \0np)

=T, 1p

or, 1 . ~ - or
1 — 2 _y2 - 1 —
- _3{(r1 Iy )ro Iy (rleﬂo + r1pno)} = =0,
o, or, ) _
n=ry

o, r, or, e, o
or, _ 1 ~ or n
1 — 2 _¢2\08 _ - 1 -0
o F{(ﬁ Mp ) n, —r, (rlrro +1,0, )} = or T
1p 1 1p Ji =i, 0

Differentiating cosfy =r, [F,, we have

_sng, ZHR _ or, ]
rlr arlr
= grgR = —csch, o, (, Csfng{(l’lz rlf)f'o B -r, (rwéo I, N, Bz)}
ar 1
= —CSCfR{(rf —1,2) coSBy, —rlrrwsinHRo} = (aHRj =0
I arlr 1 =T
06 or csch - A -
; R — _CSCHRa_l @, = —— R{(r12 —rfg)ﬁo i, —rw(rlpn0 |, +, T, @)}
g o g
csch, - 04 1
- -g)iny cend =[5 =
26, or. csch, ~ - 0
S = —esel, B =~ (- )R B, (nfy B 4,6, 8))
rlp rlp r.1
I, CSCH,
:“’—?’R(rlr CosHRO+rwSin9Ro) :)(agR] =0.
I o, .
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69 206, 06, oOr

—L =1, csch, cot G, —R +1, csc” g, —= ——Lcot 4,
arlr a 1r 1r arlr
) ) ) 26,
= cscb, (F, csc g, — T, cot 6,) cot HR—
1r 1r
= -0,cscH,—R 95 R _cot G, —- or, cscHR(flsinHR —610056{;)66’R —cot@%
arlr a 1r 1r a 1r
:(fl—ﬁlcotHR)aH —cotf,—L or, :(%] =0.
or, é)rlr or, .
Similarly,
9, (%, —6lcot6R)% —cotg, 0%
or, ong Ong
00, ~ COtGyn _ T
—| =- 0,cot 4, g, =2,
o] o) s, -

0Vy _ 0vy On avci 06, - ov, _[ vy
or, ar, ar, 66?R or,, o, ). o) "

0vy _0vy O N ov, 06, N vy _ ov,
or, Or or, 06, ar, o, ) GQR -

0vy _0vy O N ov, 06, - ov, -0
or, o, dr, 06,0, o, )

Differentiating v_ =V, F, +Vv_,0,, we have

oV, _ 0V, gy Oh or, +6vcg 0, +v, 00, - ov, ov,, P+ ov,, 60;
or, or, or, or, or, or, - ar1 e, or, e,

ov, Z%fl or, +6vcg 0, +v, 00,
or, or, arw arw arw

N ov, __1]fov, v e ov,, v -
arlg _ aeR . c60 0 aeR . cr0 0

v, _ov, . OF, , vy 4 aél v,
= r,tv, — 0, =
o, or or,,, arlp é)rlp on, ) _

1p

~ Vg0 COt G0 )

cr0

1
s
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The Q-Guidance matrix is given by

o= avcj _ (ach (avcj v,
or, 0o or,, ‘) ory N o, ol
oV, 1 j( 0vy ‘v, 0
or, N |\ 06 N
— aVce 1 aVcH
- - cr 0
on, 5 |\ 06k ‘)
1
0 0 r—(vCr — Vg COt 6)
1
It is desired to evaluate the partial derivatives Vg , Vg , Ve , and Mo .
o, ), '\96. ), Lo, ), 06, ),

Differentiating the formulas

V, = 2'urZSinﬁ, v, = 2H r—2cosﬁ—cosx y Vy = 2H COSX — icosi ,
S 2 s\ 2 S o2

we have
0Vy u o

=- r,sinxsind,, E-1

ax | 253 2 R ED

(a(;’_rclﬂj =— 2?283 sine—zR[Zrl +1, -3/nr, cosxcose—sz, (E-2)
x

(‘ZVTC:] = \/g {(r1 + rz)cose—zR -Jnr, cosx(1+ cos” 6—;)} : (E-3)
x

a(;/—XCf = \/%{sin x(r1 +1,sin? H—ZR - Jnr cosxcose—;j , (E-4)

(ZVTCJX = —\/gsing—;(rlsin2 X+, =00 cosxcose—;j : (E-5)

6‘;/_; = —\/%sin x(rlsin2 H—ZR +1, = /nr, cosxcose—;j , (E-6)

thr — :ur13 Sinﬁ(fl +1, sin? x — M COSXCOS&j . (E7)
36, 2r, % 2 2
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o ) \on ) ox\on) "\06 ) \06:), ox\06)

—“j . Using a well-known theorem in partial

Now

with similar expressions for (%j and (
t

derivatives, we have

o) [a)
% ﬁ ai =-1 = a_x = - arl X = — arl X’
or, ), ot ) L ox ), or, ), (atfj ot,

ox ox
oty . . o
where ™ is given by Equation (5) of the main text for elliptical tragjectories, and
X

3(r, +1,) (xcscx —cosx) —6r, coszg—chosx(l —~XCOt X)

o) _ o’
o ) 22uS

obtained by differentiating Equation (4) of the main text. Similarly,

%cos%{B(Brl +1,) (1-xcotx) =(5r, +r,)sin® ¥

+

(atf ]

ﬁ - _ aHR X

06k t Oi ’
0X

ot
where (—fj is given by Equation (6) of the main text.
R/ x

Using the above results, It is straightforward though tedious to verify the following three

identities:
Vv, (SLHC;J“ +V,, [g\g: jtf +r, g\:c:’ =0, (E-9)
CIETIE e
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From Equation (E-8), we have

0Vp 1|(ovg N
Jo= 2 P |y L E-8
( or jt n {(aeR o (58

which proves the symmetry of the Q-Guidance matrix.

Eliminating (?’7‘”] between Equations (E-8) and (E-9),
tf

R
ov Y/ ov, ov
v cd — ‘cl cé -V + cl . E-11
cr( or, th r {(OHR jtf cr} ot ( )

Writing Equation (E-8) for the reverse trgjectory, we have

Now

r ov, r. {{ov \Y
vV, =-2v_, 0| =1 | —_<b E-12
oy, {ar2 lf r, {( or, jtf rz} (E-12)
ov, ov, ov
Ll o=V, +r 6 =r| =2 . E-13
~[58), el 5] =o( 5] =

Neg | o LJL, hp[Peo| 3y Neol (E-14)
or, ), ry | 2 o ) 2 ot

Writing Equation (E-11) for the reverse trgjectory,

—V, thg :Vt_g av_tg +V, +6Vt9.
or, S 06x . ot;

Substituting the system of equations (E-12) into the above equation,
Vg __ 1 ] v, OVep i, Vg . (E-15)
or, . Vi |1y 006x : ot;

E-7
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Eliminating (a(;/—cgj between Equations (E-14) and (E-15),
t

I
2/t

MVeo % —EV + r_2_§t %—r avcg =0.
WV, (06, ), 2% (v, 2")at, (o )

Eliminating (%j between Equation (E-11) and the above equation,
ty

N

(E-16)

1 rn, 3 ov,
TV Vg =9l — Vg | = =t o8
(avcgj _ 2 crVcd {l cr(vtr 2 fj} atf
tf

06
R Voo (1 _ Ver j
r2Vtr

>0 =1, =snE=snE, =E+E, =37

The expression (E-16) is indeterminate when

LV, =TV,

cr tr

(see Appendix A), which can occur when E, is in the third quadrant and E, is in the fourth

guadrant. Therefore, it isdesirable to derive an expression for the above partial which is analytic
everywhere. Thisisdonein Appendix F.

The remaining partials in the Q -Guidance matrix are now readily obtained. Employing the
equationsfor v, andv,, intermsof v,,, namely,

r 6,
v, =|coté, —Lcsch, |V, + K tanr,
r, Ve 2

r r
Vv, =| csch, —Lcot b, |V, - a tané =1-+ vcé,(:oti -V,
r, Vg 2 r, 2

% = -V, csch, + Mo _ :|.+i tani % ) (E-17)
a6, . Vg r, 2 |\ 06, .

0Vp 1|(ovg N
=0 == ey, E-8
( or jt n {(aeR o (58

f

we deduce

E-8
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(av_crj =1 Vi — {(1+ r—lj tanﬁ +cot HR}ng + {Vi - (1+ ij tan ﬁ}(a\/—cgj
or, N r, 2 Voo r, 2\ o ),
— Vi_ 1+r_1 tan& Vﬂ+ —avcg —EV cotéd
Veo r 2f|n Lo ) | n TR
__1 {ﬁ _(1 +ij tani} (%J +v_,cot &y |, (E-18)
Ll | Ve r, 2 |\ 06, .
where Equation (E-8) has been used. Substituting Equation (E-8') into Equation (E-14),

WNeg | —LJL, [ FVa| _3; WNeol (E-19)
o, ), 1|2 ¢ | a6, L2 "ot

(avcrj =%vcgcsceR+{Vi-(1+ijtmﬁ}(aV—wj . (E-20)
ar, o Veg r, 2\ or, ),

f

Finally,

E-9
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APPENDIX F

DERIVATION OF AN ANALYTIC EXPRESSION FOR (Z\I—CHJ
R t

F-1/F-2
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As stated in Appendix E, the expression (E-16) is indeterminate when ryv, =rv,. An

analytic expression for (av—cg

j will now be derived in two ways.
R t

First method: From Appendix A,

=a(l-ecosE,), r, =a(1-ecosE,). (F-1)
From Equation (C-1),
anfk=_2 gnx. (F-2)
2 rr,
From page 2 of the main text,
cos = —2_[cosx-ecos(x+E,} . (F-3)
rer
sng, = Zsini cosk Zr?lbsnx{cosx ecos(x +E, )}
1'2
_%{sn(E ~E)) -e(sinE, ~sinE,} . (F-4)
2
cosf, =1-2sin HZR —1—%sm X
=r?_r{(1—ecosEl)(l—ecosE2) -2(1 —ez)sinzx}
a—{cos(E —E,) —e(cosE, +cosE,) +€° (1 -sinE,sinE, )} . (F-5)

rr,

6;
2 2 _ — R
o +r, —2nr,cosby; —(rl +r, +2 cos r, +r, =2,/nr, cos

=a’{2-e(cosE, +cosE2) +2cosx —2ecos(x +E ).

{2-e(cosE, +cosE,) ~2cosx +2ecos(x +E, }

=4a’sin® x{1- €’ cos? (x +E, )}. (F-6)
From Appendix A,
h_v b
Vw:r11:_:ﬂ - E’ (F'7)

I r rnva

F-3
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Vv, :rl:@esinE1=—“’uaesinE1, (F-8)
br, r
v, =f, = VHa esnE,. (F-9)

Subgtituting Equations (F-3) and (F-7) into Equation (11) of the main text and using Equation (F-4),

2
JE =26 frr v cos%sin X = erlb sinx{cosx —ecos(x +E, }
1
b (. . .
= /”’r {sin(E, -E,) -e(sinE, -sinE,} (F-10)
1
=sinbg = a (F-4)
>

From Equations (F-2), (F-6), (F-7), and (F-10),

rlvcg(r +r7 -2, cosH) ALfr7 sin HZR = /Jb ———sin x{coszx -€? cos” (X +E1)}

l

2b4 . |
= L0 {0 (E, ~E,) ¢ (sinE, ~SnE,)
r?
ﬂgz
= r x/E{Sin(Eg—El)+e(sinE2 _Si”El)} . (10
1
Also,
a3
t; = |°{E, - E, —e(sinE, -sinE, }, (F-12)
arctan \/E g =X= E2 B El (Equation (12) of themant@(t)_
rl(r1+r2)V§g —2,ur23in2i 2

2

Substituting Equations (F-2), (F-4), (F-7), (F-11), (F-12), and (12) of the main text into
Equation (14) of the main text, namely,

at 1 226
W_E{rlvcg(r +r7 =201 cose) —44Pr7 €in 7R :
164%r vz, sin’ g sinzi
b, A4S, VF AN S5 A
2 )
8 FVF r(r +1,)Vvs, —2ur,sin? 6; F

F-4
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we obtain
ot _ab {sin(E,-E,) +e(snE, -sinE,)}. 13
ov, F|{3(E,-E)-e(snE,-snE) -16sin*x|
Substituting Equations (F-7), (F-8), (F-9), and (F-12) into Equation (E-16), namely,
1 r, 3 OVep
T e VN ¢
(avcgj _ 2 crVcé {1 cr(vtr 2 fj} atf
aeR ty ch(l— r1Vcrj
r2Vtr
we obtain
pbesinE sinE,
ov,, 1 24 24
o = 2(r°sinE, —r,sin .
(GGRl 2tV , (SNE, -sinE,) | -1, (12 . ? _2 El) _ . Neg
f +3a’esinE, sinE, [ E, - E, —e(sinE, -sinE,) ]| o,

From Equations (F-1),
r’sSinE, -r’sinE :az{(l—ecosEl)zsin E, —(1-ecosE,)’sin El}
=a’[ (snE, ~snE,){1+¢&* (1 +sinE;sinE, )} ~2esin(E, -E,) ]
= 2(r?sinE, -r/sinE, ) +3a’esin E, SinE,{E, —E, —e(sinE, -sinE, )}
=a’[(snE, -sinE){2+€’(2~sinE,;sinE,} +&{3(E, -E,)sinE,sinE, -4sin(E, -E} |.

. T
,ubesmElsmEZG—
0 Ve | _ 1 ov,, Veo
06: ), 2V, (SnE,—snE) at |, (SnE, -sSinE,)[ 2+€*(2-sinE,SnE,) ]
"|+¢[3(E, -E,)sinE, sinE, -4sin(E, -E,) ]
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Substituting Equations (F-10) and (F-13) into the above equation,

pa’h?

[sin(E, - E,) +e(sinE, -sinE,) .

esin ElsmEZ{[s(Ez ~E,) -e(sinE, -sinE,) | -16sin*x

ov,,

ov, | _
(BHth 2rv,, (snE, -sinE,)VF ot

B rlsz\/E ot,

~{sin(E, -E,) —e(sinE, -sinE,} .
{(sinEz—sinEl)[2+e2(2—sinElsinE2)] }
+€[ 3(E, - E,)sinE,snE, -4sin(E, - E,) |

_ pal? oy, {G(SinEz—SinEl)(3+ez—ezsinElsinEz)—(3e2 +1)sin(E, -E,)

+3¢(E, - E,)sInE,sin EZ}'

Using Equation (F-7) in the above equation,

N | _ @°
20y )

Veo
JE % ot

vy {e(sin E, -sin El)(3+ e’ -e’snE, sin Ez)

. (F14
—(3ez+1)sin(E2—E1)+3ez(E2—El)sinElsinEz} (14

Note that aand b can be computed from Equations (3), (9), (11) of the main text, and (F-7). We

have

a:lScsczx:
2

Urrvz, sin? 6, b= a _r’rv.,sing,
-  b=rv, |- =120 ""R,
U JF

Second method: Equation (F-14) may also be derived from the identity

Vg

t;

we obtain

_ LV, Sné,

F

o) o) o), =
065 ), \ ot ), (0ves )y,

ot
( i ] isgiven by Equation (F-13). Differentiating Equation (13) of the main text, namely,
Or

. , 6
2 2 2 2
21, (r, +1,)sin 7R —rlvc,,(r1 +r2 =2rr, cosHR)

2.2,,2 G2
L 2HI Ty Ve SIN [ arctan JF

JF rl(rl+r2)v§9—2,urzsin26;R

|
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2 2 2/12r2 : 2%

p(r +r,) =2rv2, +==24din
l Ve 2
2 i 2
il Voo SN B | H tani{ r(r, +1,) V% —2ur,sin* = % } oF
F 2rv.,F 2 206,

2.\2 o
+ M1 Ve SNGy (4cot6?R 1OF jarctan JF R
JF F o4, r,(r, +1,) V% —2ur,sin?

(F-15)
Differentiating the expression for F on page 11 of the main text, namely,
F= {z,urzsinze2 rvcg( -2 cos%j}{rlvfg(rl +r, +2./1r, cos%j —2ur,sin? BR}

we have

oF _ 2r25in6?R{—r13ng + e, (1, +1,) V2, —2,uzrzsin2%}.

[ 2
Substituting Equations (F-1), (F-2), (F-4'), and (F-7) into the above equation,

oF 2’wj‘bx/_{cos(E ~E,) —e(cosE, +cosE,) +€7 . (F-16)

06, n
From Equations (F-1), (F-2), and (F-7),

H(n+r) =205 + r” Hgn? > = pa{1 —cos(E, -E,) —e(cosE, +cosE,) +2¢} . (F-17)

1%co

From Equations (F-2) and (F-4'),

tanﬁ: Sn? = 2sn ? = 2’Ub38in2 X (F_18)
2 PR Singg anVF
2

From Equations (F-7), (F-16), (F-18), and (12) of the main text,

U _ prap’

2rviF 2

2}'

tan&{r (1, +1,)V2, —2pur,sin? }09 JF sin(2x){cos(E, ~E,) —e(cosE, +cosE,) +&
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Substituting Equation (F-10) into the above equation,

Ltan%{rl(rl +1,) V2, —Zyrzsinzﬁ}a—':

2rV2F 2] a6, (19
_ jasn(E-E)
(B ) ofan ) 5 ) (o, 10m) 1)
From Equations (F-4'), (F-5), and (F-16),
2
4cosb, —16—':sin6?R :Zi{cos(E2 ~E,) —e(cosE, +cosE,) +€°(1 -2sinE,sin Ez)} :
F 06, nr,

Dividing the above equation by sing, and using Equation (F-4),

2
scorg, -~ F -_22

F 20, = I’lt’ZSiI‘IHR{COS(EZ ~E,) —e(cosE, +cosE,) +€* (1 -2sinE, sinE, )

_ 2acos(E, — E,) —e(cosE, +cosE,) +€(1-2sinE SinE,)

b sin(E,-E,) —e(sinE, -sinE,) (F-20)
From Equations (F-4'), (F-7), (F-20), and (12) of the main text,
I TNep SNy (4cot 6x —ia—Fj arctan JF a
JF F 06, r(r +1,)Vv, -2, sinzzR (F-21)
ey e B e el deanc),
From Equations (F-4') and (F-10),
rlrzz"c@smz % - a;r;ggg = j‘;‘/";:_f’{sin(E2 ~E,) —e(sinE, -sinE,} . (F-22)
From Equations (F-4'), (F-5), and (F-16),
10F &

cot &, {—cos(E2 ~E,) +e(cosE, +cosE,) €’ (1 +sinE, sin Ez)}

F 06, - rr,sin &,

_ pab
(JF

{-cos(E, -E,) +e(cosE, +cosE,) €’ (1 +sinE,sinE, )} .  (F-23)
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From Equations (F-7), (F-12), and (F-23),

1 0F | _a% [ua . .
t.|cot,————|=—,—4E, -E, —e(sinE, —sin .
f( R FGHJ I, F{2 F, —e(sink, 2

{-cos(E, - E,) +e(cosE, +cosE,) —€* (1 +sinE, sinE, )}
— a3vc€

G {E, -E, —e(sinE, -sinE, } { —cos(E, -E,) +e(cosE, +cosE,) —* (1 4sinE, sinE, } .
(F-24)

Substituting Equations (F-17), (F-19), (F-21), (F-22), and (F-24) into Equation (F-15),

{E,-E, -e(sinE, -sinE,)}{{ —cos(E, ~E,) +e(cosE, +cosE,) —€*(1 +sinE,sinE, )} |
at, av, +{sin(E, - E,) —e(sinE, -sinE, } {1 —cos(E, -E,) —e(cosE, +cosE,) +2¢7}

( jvg G +sin(E, - E,){cos(E, ~E,) —e(cosE, +cosE,) +&}

| +(E, ~E,){cos(E, ~E,) ~e(cosE, +cosE,) +&* (1 -2sinE,sinE, }

av, 'sin(E, - El){?,e2 +1-2e(cosE, +cosE2)}

JF | -e(sinE, ~sinE,){1-2cos(E, -E,) +€’ (1 ~snE,sinE,} -3(E, -E,)€’sinE,snE, '

Now
cosE, +cosE, =2cosxcos(x +E,) =2cot xsinxcos(x +E,) =cotx(sinE, -sinE,)
= sin(E, - E,)(cosE, +cosE,) =2sinxcosxcot x(SinE, —sinE,) =2cos’ x(sinE, -sinE,)
={1+cos(E, ~E,} (SnE, -sinE,)
(atf j _adv, {—e(sin E,-sinE,)(3+€” -’ sinE,sinE, ) +(3¢" +1)sin(E, - Ei)}

=
06, ), ~F 3¢ (E, - E,)snE, sinE,
. OV | _ _ OV [ OF
06, ) ot (06, ),

ot
Equation (F-14) is analytic everywhere provided that a—f #0. It will now be shown that

which yields Equation (F-14).

VCH
ot; _ :
3 <0 universally. From page 18 of the main text,
Veo
BR
2| r+r,—2rr, cos—*%
.ot 2 2 [ 6,
lim—- = - , (r, +1,)" =nr,co® == +/rr, (1, +1,)cos—= <O,
x-0 9V, Sur,sing, 2 2
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which proves the proposition for a parabolic trgectory. For an elliptical traectory, since

ot
ot Ay ot
= X where Neo 0 (from Equation (E-1)), it is desired to prove that —->0. Now,
v,y Ve ox X
ox

from Equation (5) of the main text,

(r, +1,)"{3csc? x (1 xcot x) -3
o, 1
0X 2uS

csc x| +2r,r, cos” 6’—2R{603c2 x =5 —3xcot x(ZCsc2 X —1)}

+nr, (r + rz)cosg—ZR{3xcscx(4csc2 X —3) —(1203c2 X —1) cos><}_

To prove that the above expression is positive, the following theorem will be employed:~ For all
rea values of u, the expression Au? + Bu+C hasthe samesign as A, except when the roots of

the equation Au? +Bu+C =0 are real and unequa, and u has a value lying between them.
Putting

izt oo O A —geg? x(1-xcotx) -1, B =3xcscx(4csc® x -3) —(12csc” x -1)cosx,
rlr2
C = 2{Bosc’ x—5-3xcot x(2¢se? x -1}
we have

ot
- =£coszﬁcscx(Au2 +BuU +C).
ox \J24S 2

Clearly, u>1. Since A>0 (from Equation (19) of the main text), the above theorem implies

ot
that a—f>0 when either B>-4AC<0, or B?-4AC>0 and u>w, where
X

w= %A\ (— B++B? - 4AC). Performing the computations,
B2 —4AC =9x? csc? X +6xcot x +cos? x —16 =(3xcscx +cosx)” -16
= (3xcsex +cosx +4) (3xesex +cosx —4).
Now

di(3xcscx+cosx—4) =3cscx(1-xcotx) —sinx =Asinx >0, 0 <x <77.
X

“Hall, H. S. and Knight, S. R., Higher Algebra, Fourth Edition, Macmillan, London, 1936.

F-10
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Thus, 3xcscx+cosx—-4 increases monotonicaly in the interval [O, ). Since
lim(3xcscx +cosx—4) =0, it follows that 3xcscx +cosx—420, whereO< x<7. Hence,

B? -4AC >0. By expanding cosx, cscx, and cot x in powersof x, it can be shown that

Iimw:\/_S—_l.

X-0 2
Also,
_ _(12-sin*x)cosxsinx - 3x(4 -3sin” x) +sin” x\/(3x +cosxsinx)” -16sin? x
limw=lim =20
xem o xemw 2{3(sinx - xcosx) —sin® ¥

Plotting w versus x for 0< x <7 reveasthat w decreases monotonicaly in theinterval [O, ).
Hence,

—ZSWS\/§_1<1<U :ai>0.
2 (604
ot
oty oy
For a hyperbolic trgectory, —— = % Differentiat ng Vv, = 2 2 sinﬁ, where
oy
. O ov, _ | U : L .
S =rn+r,—-2,/nr, cosh ycos7, we have a—; = 28,3r23|nh ysing; >0. Thus, it is desired

ot .
to prove that a—f <0. From page 16 of the main text,
y

(r,+1,)*{3csch®y(ycothy -1) -3

ot
ro_1 +2r,r, cos” 0—;{3ycoth y(chchzy +1) —-6csch’y —5}

—= csch
oy J2uS Y

+nn, (r+1,) cos%{(lchchzy +1) coshy —3ycsch y(4cscth +3)}

cosz%csch y(A’u2 +Bu +C),

hr

2US

where
A =3csch’y(ycothy -1) -1, B :(12csch2y +1) coshy —3ycsch y(4csch2y +3),
C'= 2{3ycoth y(ZCschzy +1) -6csch’y —E} :

F-11
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Since A'<0 (from Equation (22) of the main text), the theorem on page F-10 implies that

ot
T <0 when either B?-4AC <0, or BZ2-4AC'>0 and u>Ww, where

oy
w :i(—B' -JB? -4AC ) . Performing the computations,
B'? - 4AC =9y’csch’y +6ycothy +cosh? y —16 =(3ycschy +coshy)® -16
=(3ycschy +coshy +4)(3ycschy +coshy —4).
Now

%(3ycschy+coshy—4) =sinhy —3cschy(ycothy -1) = -A'sinhy >0, y >0.

Thus, 3ycschy+coshy—-4 increases monotonically in the interva [O,oo). Since
Iing(Sycschy+coshy—4) =0, it follows that 3ycschy+coshy—-4>0, wherey >0. Hence,
y-

B> -4AC >0. By expanding coshy, cschy, and cothy in powersof v, it can be shown that

limw :\/_5__1.

y-0 2
However,
_ _ (12+sinh2 y) coshysinhy —3y(4 +3sinh? y) +sinh? y\/(3y +coshysinhy)” —-16sinh? y
l[imw =lim - - = oo,
y- e y-e 2{smh3y—3(ycoshy—snh y)}

and a snag is encountered. This snag can be circumvented by observing that

S =1 +r,—2/rr, cosh ycos% =, cos%(u -2coshy) >0 = u>2coshy,

which suggests finding lim
y~=cosh

lim w =1. Since limcoshy =1, it follows that lim w =\/§_1.
y-=coshy y-0 y-0coshy 2
versus y for 0<y<oo reveds that wsechy increases monotonically in the interva [O,oo).

Hence,

. Using the above expression for w, it can be shown that

Plotting w'sech y

- ot
V5 1svx/szechy<1 —w<coshy<a<u =<0
2 2 oy

F-12
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ot
Thus, it has been proven that a—f<0 universally. A heuristic argument that this
VCH

inequality is indeed valid was presented to the author by William Davis in a private
communication. If either v, or v, is increased while holding the other constant, 8 will
increase. Therefore, to keep G constant, either v, has to be increased while decreasing v, or
vice versa. However, simultaneously increasing v, and decreasing V., tends to increase t;,
while simultaneously decreasing v, and increasing v, tends to decrease t;. In either case,
ot,
—<0.
ov,,

To recapitulate, given 1, T,,andVv,,, the desired algorithm is

N ¢ 6, r [
&, =arccos(f, {,), v, =| cotg, —Lcscl, |v,, + Fotan? v, =|1-2 v cot R —y,
I, Voo 2 I, 2

F= {2 Lir, Sin’ % -1V (fl +r, =2 /rlr2 cos%j}{rlvfg(rl +r, +2,/11, cos%j —2ur, sin? %}

_ Mg Sin* 6, b= r2rv2, sin g, =1 b?

a , e =1-—,

F JF a’
esnE, = Ve , esinE, :%, E, —E, =2arctan VF -
VHa VHa rl(rl+r2)v§9—2,urzsin2?R

%:iﬁ[{dn(@ —-E,) +e(sinE, -sinE, } {3(E, -E,) -e(sinE, —sinE,} -16sin® EZ;El}’
(achj _a avcg{e(Si”Ez—SinEl)(3+e2—ezsinElsinEz) }

26, ) ~JF e, —(3¢* +1)sin(E, -E,) +3¢*(E, -E,)sinE,sinE,

F-13
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APPENDIX G

A GENERAL EXPRESSION FOR THE NULL-MISS DIRECTION

G-1/G-2
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The null-miss direction is defined by
dv

PDK - )

dv
dt

where

v, _0v, ,(0v.) dr,
dt, ot \oF, ) dt’

avc — aVcr - aVCG
= rl+ 1
ot, ot ot,
dr - _A
dez =-Ar, =Q X,
aVcr 1 % 0
ar, y R 06, ),
N 5 (s cos@, sng, O
(ch _ (Lj _(Lj 0 | -sing, cosg ol (G-1)
arZ t ar2 t r2 aBR t; O O 1
O YCB
r,sinf,

Neg is given by either Equation (E-16) or (F-14), Ner is given by Equation (E-17),
06k ), 06k ),

(—a(;/ CHJ is given by Equation (E-19), and (aav—cr) is given by Equation (E-20). We will now
t t

ry f ry f

show that 3:"’ =-Av., where Av. isgiven by either Equation (7) or (8) of the main text.
f

Suppose that the target vector r, is perturbed by a small amount or, (Figure G-1). Let r;}
be the new target vector, o6, = &, - §,and B = - . Then JF, =F, —F, =r,048, + &,
where sgn(er) = —sgn(dB), the minus sign being attributed to the fact that a positive change in
[ pointsin the opposite direction as n. From Figure G-1, we have

G-3
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Figure G-1. Representation of a small perturbation
in the target vector

sin%z—sinﬁgsin(dﬁ).
2

If these finite changes are made infinitesimal, then

5 dr. d
inZe=gnTe = o gn(gp) =sind g =dg, @, =6, +d@, =

I P P

d
= dr, =-1,sing.dp, or d—r; =—,sin 4.

From Equation (G-1), we have

avc — V_c& ﬁ
o, r,sinbg
av _0v, dl’ n

\'/ .
B or, ag - Vel

We will now evaluate 9% and ds for which we need the following identities:"”

dt, dt,
COSHg =siNg sSing; + CoS¢ Cos@ CoSAy,
sndgsin B = cosg; sinAp,
COS@, COSA, = cos¢ cosd, —sing Sing, cosf,
COS@, Cosf, =sing siné, —cosg cosé, cos S,
sing, =sing cosé, +cosg sing, cos S,

(G-2)

(G-3)
(G-4)
(G-5)
(G-6)
(G-7)

" Sofair, Isaac, K40 Training Guide 4085.1, A Detailed Derivation of Formulae Arising in Spherical Trigonometry,

Naval Surface Weapons Center, Dahlgren, VA, May 1986 (currently Naval Surface Warfare Center, Dahlgren

Division).

G4
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where A, =A; -4, 4 andA, being the longitudes at release and impact, respectively; ¢ and ¢

are the corresponding spherical latitudes (i.e., latitudes corresponding to a spherica earth), and
B, 1s the back bearing. Differentiating Equation (G-3) with respect to t; and using
Equation (G-4) and the fact that Z‘—D =Q, wehave

f

—sinHRc;tﬁ = —cos¢ cos¢; SinAp (;I/‘TD =-Qcosgsingzsinf
f f

:%:Qcosgpsinﬁ. (G-8)
f

Differentiating Equation (G-4) with respect to t; and using Equations (G-5), (G-6), and (G-8),
we have

dg

sinéy cos,BdT +Q cosg cosfy sin® B = Q cos@; cosAp
f

= sing, cos ,6’ =Q (cos¢T cosA, —cos¢ cosdy, sin’ ,8)

= Q(cos¢T CcoSA, —Cosg@ cosb, +cosg cosb, cos’ ,8)
= Q(cos¢ cosf, cos” B —singsing, cos,B)
= —-Qcosg, cosS cosf,

L

p —Q cscl, cosg cos B, . (G-9)
f

Now if P isaunit vector in the direction of the North Pole, then © = PQ.
Pxt, [h =P &, xi =P @, =P [F csch, —,cotd,) =P Ecscl, —P E)cot 4,
=singcsch, —sing, cotby
=sing cscdy, —(sing cosd,, +cosg sind, cos3) cot &, (from Equation (G-7))
=singsing, —cosg cosd, cos S =cos@, cosp, (from Equation (G-6))
= QxF,[h = Qr,P xf, @ =, sin€R¥ (from Equation (G-9)). (G-10)

f

Since 3 isthe angle between P x ¥, and £, xF,, it follows that

(Bxf,) x(7, x,)

:‘13 xfl“fl xt,|sin B =cosgsing,sin B
=|(B i, )7, - (B i, @)5,| =|(P & )R (P & )8,
=P xf, =P @sing, = P[h=cosgsing.

G-5
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Referring to page 7 of the main text and Equation (G-8), we have

NG, =-Q [ =-OP @ = -Qcosgsing = ‘ZfR , (G-11)
f

at,
1+ — | Abg
LY M 6xH£J %}_

=— G-12
oty ot 06 ), dt; (G-12)
ox
From page 8 of the main text and Equations (G-10) and (G-11),
%zﬂx@ =1, SN0, A, —1,c0s6, 0G0, +(Q ¥, )i
f
=-r,sing,—* A6 ; r, +1,C0S0, dHRﬁ -r sinHRMﬁ (G-13)
dtf f f
From Equations (G-1), (G-2), and (G-13), it is easy to see that
ov,) dr, _(0v,) d6,. (0v,) dbg _ dB. _(ov.) d&, v dB
or, ), dt, aeR .ty £ 06, ), dt, T, 08, ), dt, a/s’dt
O oV, (o) de o, (0V.) g, 5. dp
dt, ot (or, ) dt, o, (06,) dt, 9Bt
S chee LEFY (G-14)
dt, * o dt, “

Now

dvy _ 0V N 0Vy | d&; _0v, 0X ox ov,, +6vcr oX dé,

dt, ot (06 ) dt ax at 06 ), 0x\0&) | dt
_0v, ax ox | dé&, + ov, | d6; _ov, 0x 1- ot; | dg, + ov, | db,
ax at GBR , dt 06, ) dt, ax at 06, ) dt, 06 ), dt;

= _ Ve X - Ve A8, (from Equations (G-11) and (G-12)).
0X 06,

X

Substituting for Ny and (a\gfj from Equations (E-4) and (E-5) and using Equation (8) of the

R
main text, we obtain

G-6
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dv, _ /2,u ( j

— = sinx| r, +r,sin> =& —/rr, cosxcos—=

dt, s’
’uzgsme—(r sin® X +1, —,/I,r, COSXCOs—= | A&,
2rS 2 2

= A, [i,.

D

Similarly, from Equations (E-1) and (E-3), we have

dvc@:_%Ax_ % AHR
dt, ox 36 ).

= |2 ¢ snxs 4 6 g
= ErzslnxsmﬁRAX - frég {(rl +r2)cos7R - cosx(l +00827Rj} Y-
=~V [©,.

From Equation (F-7) and the expression for g in Appendix C, namely,

N

T

snéy,

we have
_r,sinby
= T :
Substituting Equation (G-17) into Equation (G-10), we obtain
Qx¥,[h dg

= Vyp—— =—4v, 10
g c:Gdtf c

:ngT’B=AVCﬁi.
f

Substituting Equations (G-15), (G-16), and (G-18) into Equation (G-14), we finally obtain

dv, _
dt,

-(ov, )F, -( o9, ©,)0, -(&v, B)h =,

which proves the identity.

(G-15)

(G-16)

(G-17)

(G-18)

Note that the expression for f’DK on page G-3 is generd in that it is applicable to al three

types of tragjectories.

G-7
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APPENDIX H

DETERMINATION OF FOOTPRINT ACHIEVABILITY IN CONNECTION WITH
TIME OF FLIGHT AND CANTING ANGLE

H-1/H-2
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Assume a scenario consisting of two targets whose spacing is ds. Let T, be the position
vector at first release, T, the first target vector, 1, the second target vector, g; and 8 the range
and bearing corresponding to the first target, and &; and 5 the range and bearing corresponding
to the second target (Figure H-1).

Figure H-1. Canting angle as a measure of the
deviation of 1, from the downrange arc, &,

The canting angle, o, measured clockwise from the downrange direction at first impact, is
the angle between the trajectory plane formed by r, and T, and the plane formed by 7, andT, .
ltsdomainis 0< a, < 2. Itiseasy to show that

sgn(a‘ﬁ)‘(fl xF,) x (T, xfé)‘ — arctan sing,sin(3B)

= t .
T T (F, xF,) CF, xf3) cosd, sind, cos( ) —sing, cosb,

For a given canting angle, a_, it is possible to predict the relative capability of a missile for
different times of flight by determining the relative sizes of the velocity gains necessary to
produce a given increment in impact position. Minimum velocity gain reflects optimum missile
capability. Specifically, the magnitudes of the minimum velocity changes necessary for the
given times of flight must be compared. The minimum velocity change is achieved by
considering the effect of changing t, .

Suppose that a definite trajectory defined by T, T,, and t, has been selected, as well as a
fixed small change in impact position, Jr,. For any small change odt; int,, we have, using the
results of Appendix G,

H-3
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av ov - |dv ov ov
OV =—Co0t, +— &, =P, [—&| &, +—=< 08 +—=< '
©odt, " oor, & ™ldt| " 06, @ Y #
e ov ov .
where it is implied that = and 0,63 are evaluated at constant t,. The value of Jt, that will
R

minimize Jv, isthe onefor which ov, is perpendicular to v

C

, e,
f

ov. Ve =0 or v B, =0 = & =
dt,

-1

av 2 ﬁ\‘/ ~ ﬁv

—< | P, ¢ 0@ +P, < :
tf ( DK aeR @ DK 6,6’ ﬁ}

Substituting this value of Jt, into the expression for dv, we obtain

A _JOv. 5 (g A o, ~ (=& A
(5Vc)mm - {GHR PDK (PDK %)} 5912 +{ 6,3 PDK (PDK %Ej} Cﬁ

If these finite changes are made infinitesimal, then
d (vc)min — avc D D vc
- —Poc | Pok '
dé, 26, 06,
d v.) avc n n ch - ~
(dﬁ)mm = op _PDK(PDK 6,3] :Vce{PDK (PDK @) -

From Figure H-1, we have

. or _ . . . or, . .
sin— = -sing,sin(dB) = -sin—sina,, cos—=sin(d6;) :smiscosac.
r.2 r.2 r.2 r.2
If these finite changes are made infinitesimal, the above equations reduce to

_ _ 06, _cosa, 0 sina,
dl’p — —I'ZSmHRd,B = —dssin a., rdeR :dSCOSO’C = R = B _

Hence,

d (VC)min - d (vc)min aBR + d (VC)min % :1 cosqa.
ds d6, 0s dg  9ds r, ¢

d (vc)min +Sin ac d (vc)min }

dg, sng dg

1 o, o (= V. sna, A (= P
_E{COSGC{GHR PDK(PDK E:ZHRJ}"'SmHRVce{PDK (PDK |:ﬁ) n}:l

H-4
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d (vc)min
ds

With the knowledge that a lower value of

A () o

ds

implies a greater missile capability,

the values of corresponding to a specific canting angle for different times of flight can

A (V)

ds

be compared. Thus, can be used to determine the dependence of missile capability on

the time of flight.
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APPENDIX I

COMPUTATION OF THE RATE OF CHANGE OF THE NULL-MISS VECTOR

1-1/1-2
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Since 13DK is the direction in which the guidance system is attempting to steer the missile,

d;)% predicts how the missile is turning, i.e., how the direction of thrust is changing. In this
f

appendix, a closed-form expression for d;DK in the local coordinate frame will be derived. The
f

results of AppendicesE, G, J, and K will beused. In Appendix G, it was shown that

iiDK _ _av, __ ov, +6vCr dé, - ov,, +6vcg dé, él ww%ﬁ’ (1-1)
dt, at, 06, dt, ot, 06, dt, at,
ov, ov, . ov ov . L _ .
where —< and —< impl | and @ | | respectively. The derivative of P, with
a6, O ag, P LOHle (aeR th EPECIVEY b

respect to t, can be expressed as

dP,, _ 0P, 9Py OF, _0P, 0P, o 0P, d6, P, df,
dt,  at, or dt, ot, o dt, 06, dt, 0B dt,
_ Py, 0Py 0P, df, 0P, df,

- , (I-2)
ot, o, 06, dt, 0B dt,
where the partials are with respect to a fixed target r, and achanging initial position r;.
We now proceed to derive expressions for OPo  OPo 0Py and OPJ The first two

ot, o, = 96’ ap,
partials are straightforward. A change in t, without changing r; does not change the local
coordinate frame. Since r, andr, are both constant in this case, 8; and 8 — and therefore

% and % —remain constant = i% :i% =0. Hence,

dt, dt, ot, dt, ot, dt,
D 2 2 2 2 R
ob, __[0 vzcr N 0°v, db, P - d \/209 N 0°v, dé, 0, ﬁ%e%ﬁ_ (1-3)
ot, ot;  06.0t, dt, ot; 06 0t, dt, ot, dt,

Similarly, a change in r, does not change the local frame. Since &, and S — and hence their
046, _0dB

derivatives — are independent of r, = =0. Hence,
or, dt, or dt,
D 2 2 2 2 R
0Py _ | 07V N 0°v, dé; ;- 0V, N 0°v, db 0, +6vC€%ﬁ. (1-4)
or, orot, 0rd6, dt, orot, 0rod6g, dt, or, dt,
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In computing OPr , observe that a change d6; in g, is dueto a change in r, so that the
06,

local coordinate frame changes. Let r, é’l, n be the new loca coordinate frame. Then,
£ = f,cos(38,) -0,sin( 3, , the minus sign being attributed to the fact that a positive change in
6, points in the opposite direction as él. If 06, is made infinitesimal, then
£ =f -0,d6,, 0 =n x, =0, +£dd,. Let P, be the counterpart of P, in the new frame,

Neglecting termsin (dé,)”, we have

0P,

PI'DK:PDK-'- deR
R
a(I:)DK) a(F)DK) A (PDK) ~
={(P - da, & +{ (P 246, L8, +{ (P >dg
{( DK)r+ agR R r1+ ( DK)g + aHR R 1+ ( DK)p agR R

06, a6, 04,
P (P, (P . 0(Py) .
006, 06, a4, 04,
_ _{ 0%, oV, +£62vcr OvcgjdHR}f
06.0t, ot, |\ a6 04, )dt, [
0%y _dvy (0%, OV, |d6; o (I-5)
06.0t, ot, |\ 082 06, )dt, |

0B, 0 dp),
36, dt, * a6, dt,

Note that Equation (I-5) should contain additional terms involving 0_db ; however, it is
R f

9 dé,
06, dt,

=0.

shown in Appendix K that
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. : ) : : I A
Similarly, in computing —2%, achangein G, isdueto achangein r,. Let 1}, 0, ' be

b
the new local coordinate frame. Consider a perturbation Jr; resulting in a small change J8,

without changing 6. By an analysis similar to that on pages G-3 and G-4 for a perturbation in
the target vector, Jr, =1, -1, =Jr, n. Sinceapositive changein £, pointsin the same direction

as i, son(dr,,) =son(dB,) :gn%:sinégsin(dﬁb). Also, 8, =0,cos(dB,) -nsin(dB,) .
1
If these finite changes are made infinitesimal, then

dr, =rsngdfB, =r =r +nsng.dg,
0,=0,-ndB, = 0,cosb,-r,sing, =0,cosé, —f,sin@, —ndps,
= 0} cos6, = 0, cos6, +(F, —t,)sin @, —nd 3, =6, cos6, —h (1 -sin’ 6, )dz,
=0,cos6, —hcos’G,d 3, =0,=0,—ncosfd 3,

=§ x8, = (i, +isin6dB,) x(0, -Acosfdp,) =h +0,cos6, +,sind,)dB, = #,df.
Again letting P., be the counterpart of P,, in the new frame and neglecting terms in (d ,Bb)z,
we have
oP,

2edp,

b

o
PDK _PDK +

L 0(Ry),
a5,

+a(PDK)r

0f,

dﬁb}f; +{(PDK)H ;

dﬂb}(f1+ﬁsaneRdﬁb> +{(PDK)3

9 (PDK)H
0B,

0(Py)
043,

d@}@+%%up+

0(Px),
05,

dﬂb}ﬁ'

4+ e g @}(61 —fcos6d 3)

+{(PDK)p + a(:;:)p dﬁb}{ﬁ +((31cos6?R —flsineR)dﬁb}
{G(PDK)r _(PDK) Siﬂ@R}f'l+{m +(PDK) COSQR}él
) o8, p 34 :

0 (Poc),
08,

|

+(PDK)r sing, —(PDK)HCOSQR}ﬁ

dg,
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513 (R : . . JO9(R 0
DK _{ ( DK)r _(PDK)pSIneR}rl +{% +(PDK)pCOSQR}01

08,
. {a (Px),
0f3,

+(Pyy ), sin6, =(R, )cose}

Since v, and v, —and hence their derivatives — do not change with either S or 4, when 6, is
fixed, it follows that
ov, _ 0 0v, _ 0 ov, _ 0 0Ov, _ 0 0V,

- = = = =0.
0B, 0B, ot, 0306, 0B ot, 0 04
Hence,
oP,, __ ov, 0 d6, +vcesin9R% Al avcg 6 dH vcgcoseRd—’B él
ap3, 06, 04, dt, dt, d6, 6,@ dt dt,

(1-6)

+V,— 0 dB | OV cosHR—aVC’sinBR+ aVCGCOSH —avc’s 6. A&, n.
ap, dt atf ot, 06, 06, dt,

Substituting Equations (I-3), (1-4), (1-5), and (1-6) into Equation (I-2), we finally obtain

o, . 0%, +{2 o, . 0%, v, +(azv Ve ]de }d@ |

Y/
db, _ | Otf Tordt, [ 080t “orog, o, |06 04 .
dt, ov, 0 db, d,Bb 1
96, 0B, dt, Yoo S
i 2 2 2 2
0°V,, by, 0°V,, £ 0°V,, , 0°v, 0v, N 0%V,
ot? or,0t, 06.0t, o068, ot, 06 60 R
— 01
[0V 0 6, wcosBRdﬁ
06, 04, dt, dt,
_v d6, 0 dB d,[3b 0 dB avw+6vcg dé, v ov,, %
dt, 06, dt, dt, ap, dt, ot, 06, dt, 7 ar, Jdt, |
+ n
+ aﬁcosHR—aV”siné?R+ Ve cosé, —%sineR d6, | dB,
ot, ot, 06, 006, dt, | dt,

where all the required derivatives are derived in AppendicesE, G, J, and K.
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APPENDIX J

DERIVATION OF SECOND PARTIALSOF v, AND v,

J1/32
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Put v, =Z(ch (tf ,HR,rl),HR,rl). Using the equations

r (&) 8 (&
Vcr = (COtBR _r_:LCSCHRJVcH + Iu tan?R’ Vtr :(1 _r_lJVCH COt7R _Vcr’
2

2 1Vc€

we have

907 My _ 1+ tanﬁ, o¢ = -y, cscé, (from Equation (E-17)),
OV, Vg I 2 06,

%: 1—& Cotﬁ—aZ :V‘:r+vtr —aZ cr + 1+— tang
0V, r, 2 0v, Vg ov,, vcg r, 2’

O _ L[ v M| 0 _ OV
ov, V,) o0v 006, 0dv,

ov>
2
ﬂ = {Vtr cotg, + — 9¢ +l(1 —ijvw csc? H—R} csc o,
2 r, 2

28,

(cot6, —cscd,) + 1(vCr +vtr)tan%cscz%}csc€R
2 2 2

={v, (cotb —cscby) +(v,, +v, )cschy esc b,

= (v, +V, cosy)csc’ Gy

cr

cr

ot, ov, ot, ot dv, ot
v, _ 00 , 0 v, OV, _ _(a( oV,

0Vy _ 04 0V OV, _ 0V, OV

cr

= o4 —<L +v,cotd, j (Equations (E-17) and (E-18)),

38, 06, ov, 98, v, 08,

v, avcg_rl(l ov, _3, vy
r—¢ =1 +

tr —

a6, ‘or, 1,

2“69 2 ot

J (by Equations (E-13) and (E-19)).

Another expression for % is obtained by direct differentiation of the expression for v, above.
R

We have
%:—%—1 1-& chcsczi+ 1-& av_cgcoti
06, 06, 2 r, 2 r, )06 2
=-9¢ 1y % Vwcsc2%+ 1-1 ot 94 [ OVey
6, 2 I, 2 I, 2 0v, |06
- v, cscé, +av ov,,
ov,, 09

J-3
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0t
" is obtained by differentiating Equation (14) of the main text. To facilitate the computation,

Voo

it is convenient to define some recurring terms. Put

A=r(r +r1,), B=2rnr, cose—ZR, C :Zurzsinz%, D =4’} sin’ 4.

Then F ={C -(A-B)v,}{(A+B)v, ~C} and Equations (13) and (14) of the main text can be
expressed as

— DVce AC - (A2 B Bz)vsg er \/E
t, = 5 +—Z arctan—; ,
2F B°C JE A2, -C
o, (A-B)Ve-C°(t, DV JFE ) 2cD,
= — +—arctan—; ——5 V.
ov,, F v, FF Av,,-C F
Differentiating the second expression yields
1 |(A2-B2) v, 307 (A7 -B2)(2A% -7B%)V,
0%, __Dy,| BC +8ACS (A —2B2)\2, -C*(3A% +8B?)
OV i 10B*C*V. JF
+3JF 1 2( A2 - B?) VS, +5ACVZ, +C? ———— 2 Larctan—
| F AV, — C_

v, 9 v, 0 (atf j‘l 2 (atf j‘l o, _ _(avcgjgaztf

o> ot at, at \ov,) ovyladv,) ot at, | v,

Differentiating Equation (E-16), namely,

1 r, 3 ov,,
SVeVoo 70 Ve | _7tf
v, 2 v, 2 ot,

06, !
R V,, (1— rlv”j
r.2Vtr

with respect to t, and &, respectively, we obtain

0°v,, :(azvcg ot, _iavcgjavcg

26dt, | o2 dv, v, ot, |06,
i aVcr — r.1Vcr aVtr avce + i Lavcr — r.2Vcr aVtr -V avce
! v, 0t, Voot |86, v,\lv, ot v ot 7)ot
1- Ve 1 dv, ot |
V. “5Va 2
2% 2 7 0ty oOvy

34
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002 | 060t ov, v, 06, 04,
i aVcr _ r.lvcr aVtr + 2Vcr avce + i Lavcr _r2Vcr aVtr ach
1 Vcr a0R r.2\/'(2r aeR VcG a eR VcB Vcr a gR Vt2r a Q? atf
1- Ve 1 aZch th

—— V —_
IV 2 a 0 HRdtf aVcH

0°v,, :( d°v, Ot _iavcg]avw

+

0%, _ 0% (v, , 9 0%,

otz ovi| ot, ov, o’
0y _0J 0%y [0 0 0V, |0V
96.3t, ov,08.0t, | ov,08, oV 08, ) at,
o, _0%C 0 0, [, 0% 0% dv, o,
062 06 ov, 0 | ov 08 0,04 )04

Differentiating Equation (E-8'), namely,

ach - _l(aVcr +V(:HJ!
or, r

we obtain

ardt,  r|06at, ot

0°v, __1( 0°v, +avc,,J 0°v,, :_1(62vcr +%j
Differentiating Equation (E-18), namely,

% __1{ 04 ov,
or, r

we obtain

2 2 2
arot, 1, |ov, 080t |V 06, at,

2 2 2 2
v, __1 0°¢ +0§ OVep |0V , O OV, OV cot, v, csc? 4, !
06, 1, |\0ov,08, 0v,06,)06, Ov,04 0§
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APPENDIX K

0 dg, 9 d8, 8 dB ., 0 dB

DERIVATION OF , , ,
0, dt, ' 3B dt, ' a4, dt, 4, dt,

K-VK-2
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The following identities will be needed” (Appendix G):

cosf, =sing sing, +Ccosy cosg, CoSA,, (K-1)
cosfsing, =cosgsing, —sing cosp CosA, , (K-2)
sing,sin B, = —cos¢sinA,, (K-3)

CosA, = —cosfcos 3, —sin SSin 3 cosEy, (K-4)
sing,sn B =cosg, sinA,, (K-5)
cosgsing = —cosg, sing, , (K-6)

COS@, Cosf, =sing sind, —cosg cosé, cosf. (K-7)

Note that Equations (K-1), (K-5), and (K-7) are identical to Equations (G-3), (G-4), and (G-6),
respectively. It is clear that ¢, ¢,, and A, are independent of each other so that

0¢, _ 09, _0A, ) )
= = =0. We have from Equations (G-8) and (G-9), respectively,
206 or  ap q (G-8) and (G-9), resp y
06, _ 1 dég, . o _1dp
=——R =cosgsinff, — =——— = —cscH, cos@. cosp,.
My Q dt, gsins My Qdt, 0054y C0SF,

Differentiating Equation (K-1) with respect to ¢ and using Equation (K-2), we have

-sing, %9; =cos¢sing, —sing cosp . cosA, =cospsing, = %ZR = —cosp.

Differentiating Equation (K-3) with respect to A, and using Equation (K-4), we have

cosHRsin,Bb%+sin6chos,@% =

A FYR
95, _

= sing,cosf, = —cosg (cosA, +sinBsin B, cosb,) =cosg cosBcosf,

01,
a5, da
—Lb =cscd, cos@cos b =
A reOSPOSf =7y

—COS ¢cos A,

Qcsc, cosgcosf.

Differentiating Equation (K-3) with respect to ¢ and using Equations (K-5), (K-6), and (K-7),
we have

96, -
o¢

cosg,sin S, 05, +sing, cos S,

singsinA
Y gsini,

" Sofair, Isaac, K40 Training Guide 4085.1, A Detailed Derivation of Formulae Arising in Spherical Trigonometry,
Naval Surface Weapons Center, Dahlgren, VA, May 1986 (currently Naval Surface Warfare Center, Dahlgren
Division).

K-3
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=gnég, cos,Bb 95, =singsinA, +cosf,cosSsin B,= S'2¢’8 (sinqﬁsin&’R —cos¢cosHRcos,8)
CoSg

=snpcosp, :ﬁ =csc.sing.

0¢

2
9 62 =cos¢g cosf 98 = —CSCcH, coS@ cosg- Cosp Cosp, .
045 04,

6, . 0B Y] .
—R =—gnfB——=-sn@gsnf +cos@ cos = —cscd, cos@-. sin 3 cos
2700 ﬂa/]D gsinp ¢ cosf—- o R COS@; SinS cosf,

= COS¢ cosf 'Z =sinB(sing —csch, cosg, cosf,)

=csch,sin B(singsing, —cosg, cosf3,)
=cot g, cosgcosSsin B (from Equation (K-7))

08 _ .
— =cotd,sinp.
:>a¢ R ﬂ

2
OB —Cos@, i(CS(:HR cosf3,) =cosg, CSCHR(COSﬂb A gj +sin 3, aﬂbj

02 04,
= csc” G, cos¢p cosg, (cosBsin B, +sin Bcos B, cosby).
0°p 0
= —cos¢, —(cscd, cos
Sioag = S 55 (0xG00sA)
96, 9B,
= csc” g, cos¢, | cosb, cos B, —R o9 +sing,sin 4 —> Y

= csc” G cos¢; (sin Bsin B, —cos Bcos 3, cos 4, ).

9 aBR, 9 aHR, 0 0B , and o0 9B , Where the partials
06,04, 0B, 04, 06,04, 08, 04,
with respect to &, imply a constant value of A, and the partials with respect to 5, imply a
constant value of 8;. Since &; and [ —and hencetheir derivatives—depend on ¢, ¢, and A;,
these partials cannot be found by direct differentiation. In general, if a function is defined by

P( Y2 (% %) ¥z (%, %), %, X, ) = constant, then

9p 0y, POy, 0P _ 0POY 0PI, O0p _,
ay, 0x, 0y, 0x, 0% oy, 0, 0y, 0x, 0X,

It is desired to compute

K-4
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Solving these two equations simultaneously yields

9p 9y, _0p 9y, 0p 0y, _0p 0y,
00 _ 0X, 0% 0x 0X, 0p _ 0% 0X, OX, 0X
oy, % 0% 0%.0%," dy, %0y, 00y,

ox, 0X, 0X, 0% 0x, 0X, O0X, 0%

Putting X, =@, X, =A,, Y, =6, ¥, =6,, and p =g%,weobtain
D

0%6, 08, 9’6, 94,
0 06, _ 0A; 0p 9A,0p O, _,
06,04, 06:08, 0608
3¢ 01, A, 0p

%6, 06, 0°6, 086,
0 06, _0A 00 A, A2 op _
08,00, 06,08, 06,03

op 0A, A, op

COS@, COSL, .

Similarly by putting p = :}lﬂ

, we obtain
D

°B OB, _ 9°B 94

0 0B _ 0N 0p 0A.0p a1, _
06,04, 06: 0B, 06, 08,
d¢ 0N, 0A, O

3B 46, 0°B a8,

0 08 _0A0p N, N2 dap _ .

= = —cscf, cosg; sin .

08,04, 06,08, 06, 5 R COSPr Sinf,

0 0, 0A, 0p

—csc b, cot 6, cosg; cosp,,

Hence,
0 dé; 0 dé
=0, R = Qcos¢, cosp,,
06, dt, a4, dt, $r cosfi,
0 dg 0 dp .
—— =-Qcscd, cot 8, cos@. cosfB., ——— =-Qcscd, cos@. sin ..
aeR dtf R R ¢T IBb ala) dtf R ¢T IBb

K-5
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