ARMY REeseArcH LABORATORY

Quantum Computational Geodesics

by Howard E. Brandt

]
ARL-TR-5055 January 2010

Approved for public release; distribution unlimited.



NOTICES
Disclaimers

The findings in this report are not to be construed as an official Department of the Army position
unless so designated by other authorized documents.

Citation of manufacturer’s or trade names does not constitute an official endorsement or
approval of the use thereof.

Destroy this report when it is no longer needed. Do not return it to the originator.



Army Research Laboratory
Adelphi, MD 20783-1197

ARL-TR-5055 January 2010

Quantum Computational Geodesics

Howard E. Brandt
Sensors and Electron Devices Directorate, ARL

Approved for public release; distribution unlimited.



REPORT DOCUMENTATION PAGE VS LG

Public reporting burden for this collection of information is estimated to average 1 hour per response, including the time for reviewing instructions, searching existing data sources, gathering and maintaining the
data needed, and completing and reviewing the collection information. Send comments regarding this burden estimate or any other aspect of this collection of information, including suggestions for reducing the
burden, to Department of Defense, Washington Headquarters Services, Directorate for Information Operations and Reports (0704-0188), 1215 Jefferson Davis Highway, Suite 1204, Arlington, VA 22202-4302.
Respondents should be aware that notwithstanding any other provision of law, no person shall be subject to any penalty for failing to comply with a collection of information if it does not display a currently
valid OMB control number.

PLEASE DO NOT RETURN YOUR FORM TO THE ABOVE ADDRESS.

1. REPORT DATE (DD-MM-YYYY) 2. REPORT TYPE 3. DATES COVERED (From - To)
January 2010 DRI
4. TITLE AND SUBTITLE 5a. CONTRACT NUMBER

Quantum Computational Geodesics

5b. GRANT NUMBER

5¢c. PROGRAM ELEMENT NUMBER

6. AUTHOR(S) 5d. PROJECT NUMBER

Howard E. Brandt

5e. TASK NUMBER

5f. WORK UNIT NUMBER

7. PERFORMING ORGANIZATION NAME(S) AND ADDRESS(ES) 8. PERFORMING ORGANIZATION
U.S. Army Research Laboratory REPORT NUMBER

2800 Powder Mill Road
Adelphi, MD 20783-1197

9. SPONSORING/MONITORING AGENCY NAME(S) AND ADDRESS(ES) 10. SPONSOR/MONITOR'S ACRONYM(S)

11. SPONSOR/MONITOR'S REPORT
NUMBER(S)

12. DISTRIBUTION/AVAILABILITY STATEMENT
Approved for public release; distribution unlimited.

13. SUPPLEMENTARY NOTES

14. ABSTRACT

Recent developments in the differential geometry of quantum computation offer a new approach to the analysis of quantum
computation. In the Riemannian geometry of quantum computation, the quantum evolution is described in terms of the special
unitary group of n-qubit unitary operators with unit determinant. The group manifold is taken to be Riemannian. The
objective of this report is to mathematically elaborate on characteristics of geodesics describing possible minimal complexity
paths in the group manifold representing the unitary evolution associated with a quantum computation. For this purpose the
Jacobi equation, generic lifted Jacobi equation, lifted Jacobi equation for varying penalty parameter, and the so-called
geodesic derivative are reviewed. These tools are important for investigations of the global characteristics of geodesic paths in
the group manifold, and the determination of optimal quantum circuits for carrying out a quantum computation.

15. SUBJECT TERMS
Quantum computing, Riemannian geometry, group theory, quantum circuits

17. LIMITATION 18. NUMBER 19a. NAME OF RESPONSIBLE PERSON
16. SECURITY CLASSIFICATION OF: OF ABSTRACT OFPAGES | Howard Brandt
a. REPORT b. ABSTRACT c. THIS PAGE uu 38 19b. TELEPHONE NUMBER (Include area code)
Unclassified Unclassified Unclassified (301) 394-4143

Standard Form 298 (Rev. 8/98)
Prescribed by ANSI Std. Z39.18



Contents

1. Objective

2. Approach

3. Results

4. Other Work

5. Conclusions

6. References

7. Transitions

Distribution

111

27

27

28

31

32



INTENTIONALLY LEFT BLANK.



1. Objective

The objective of this project is to mathematically investigate characteristics of geodesics,
describing possible minimal complexity paths in the group manifold representing the
unitary evolution associated with a quantum computation.

2. Approach

In the Riemannian geometry of quantum computation (71-11), a Riemannian metric can be
chosen on the manifold of the (4" — 1)-dimensional Lie Group SU(2") (special unitary
group) of n-qubit unitary operators with unit determinant (1-27). The traceless
Hamiltonian of a quantum computational system is a tangent vector to a point on the
group manifold of the n-qubit unitary transformation describing the time evolution of the
system. The Hamiltonian H is an element of the Lie algebra su(2") of traceless 2" x 2"
Hermitian matrices (25-27) and is tangent at the n-qubit unitary operator U to the
evolutionary curve e '/ at t = 0. (Here and throughout, units are chosen such that
Planck’s constant divided by 27 is h = 1.)

The Riemannian metric (inner product) (.,.) is a positive definite bilinear form (H, .J)
defined on tangent vectors (Hamiltonians) H and J. The n-qubit Hamiltonian H can be
divided into two parts P(H) and Q(H), where P(H) contains only one and two-body
terms, and Q(H) contains more than two-body terms (7). Thus,

H = P(H)+ Q(H), (1)
in which P and @) are superoperators acting on H, and obey the following relations:
P+Q=I1, PQ=QP=0, P’=P @ =Q, (2)
where [ is the identity.

The Hamiltonian can be expressed in terms of tensor products of the Pauli matrices. The
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where T denotes the adjoint, and, except for oy, they are traceless,

Tro; =0, i #0. (5)
Their products are given by
ol =1. (6)
Also,
0,05 = 'é€ijk0k, 'é>j> k 7é 07 (7)

expressed in terms of the totally antisymmetric Levi-Civita symbol with €193 = 1, and
using the Einstein sum convention.

An example of equation 1, in the case of a 3-qubit Hamiltonian, is
PH) =201 11 +x200Q01 [+ 130501R1
+ 2l R0 QI+ 25l Qoo RI + 26l Qo3RI+ 27l T R 0y
23l QT @0y + 19l @I Q@035+ 11001 Q02 @ [ + 711101 ® I ® 09
+212l @01 @02+ 21302 @01 Q1 + 21402 R I ® 01+ 2151 @ 02 @ 01
+ 21601 R 03[ + 21701 QI ® 03+ 1185 R 01 R 03+ T1903R 01 R [
+22003 @ I ® 01+ x21] @ 03 Q01 + 2202 ® 03 R [ + X930 Q1 R 03
FTogl R 02 @ 03+ X503 Q02 R I 4 22603 R I ® 09 + To7l R 03 R 09
+ 29801 @ 01 @ I 4+ 22909 R 02 @ I + 13003 R 03X [ + 23101 @ I ® 071
F+23209 R I Q@ 09 + 13303 R [ @ 03+ x34] R 01 R 01 + T35] R 09 R 09
+x36] ® 03 ® 03, (8)
in which ® denotes the tensor product, and
QH) = z3;01 ® 09 ® 03+ T3301 ® 03 R 09
+ T3902 ® 01 Q 03 + T4002 ® 03 K 071 (9)
+ 24103 & 01 & 02 + L4203 & 02 @ 07
+ 24301 Q01 & 02 + L4401 & 02 @ 07
+ 4502 ® 01 Q 01+ T4601 K 01 Q 03
+ 4701 ® 03 Q@ 01 + L4803 ¥ 01 Q 01
+ 4902 @ 02 @ 01 + T5002 K 01 Q 02
+ 25101 ® 02 ® 02 + 5202 ® 02 & 03
+ X5300 Q@ 03 ® 02 + L5403 & 02 & 09
+ T5503 Q@ 03 ® 01 + T5603 ® 01 Q 03
+ X5701 ® 03 ® 03 + 5803 Q 03 & 09
+ T5003 Q@ 09 ® 03 + Tep02 & 03 Q 03
+ 26101 & 01 @ 01 + L6202 & 02 @ 02

+ x6303 ® 03 & 03. (10)



Here, all possible tensor products of one and two-qubit Pauli matrix operators on three
qubits appear in P(H), and analogously, all possible tensor products of three-qubit
operators appear in QQ(H). Tensor products including only the identity are excluded
because the Hamiltonian is taken to be traceless. Each of the terms in equations 8 and 9 is
an 8x8 matrix. The various tensor products of Pauli matrices such as those appearing in
equations 8 and 9 are referred to as generalized Pauli matrices. In the case of an n-qubit
Hamiltonian, there are 4" — 1 possible tensor products (corresponding to the dimension of
SU(2™)), and each term is a 2"x2" matrix.

The right-invariant (16-18, 26, 27) Riemannian metric for tangent vectors H and J is
given by (1)
1
(H,J) = 5T [HP(J) + ¢HQ(J)]. (11)
Here q is a large penalty parameter that taxes more than two-body terms. The length [ of
an evolutionary path on the SU(2") manifold is given by the integral over time ¢ from an
initial time ¢; to a final time ¢;, namely,

ly

- / dt ((H(t), H(£))2, (12)

t;

and is a measure of the cost, in terms of quantum circuit complexity, of applying a control
Hamiltonian H(t) along the path (1).

In order to obtain the Levi-Civita connection on the group manifold, one exploits the Lie
algebra su(2") associated with the group SU(2"). Because of the right-invariance of the
metric, if the connection is calculated at the origin, the same expression applies everywhere
on the manifold. Following reference 1, consider the unitary transformation

U= (13)
in the neighborhood of the identity I C SU(2") with

X:I'OEZIUU. (14)

Equation 14 expresses symbolically terms like those in equations 8 and 9 generalized to 2"
dimensions. In equations 12 and 13, X is defined in terms of U using the standard branch
of the logarithm with a cut along the negative real axis. In equation 13, for the general
case of n qubits, x represents the set of real (4" — 1) coefficients of the generalized Pauli
matrices o, which represent all of the n-fold tensor products. Taking the trace of equation
13, it follows that the factor 7 multiplying a particular term o is given by

;fz%ﬁ@@. (15)



The right-invariant metric, equation 10, can be written as
(H,J) = 2inTr[HG(J)], (16)
in which the positive self-adjoint superoperator G is given by
G =P+qQ. (17)
Using equations 2 and 16, it follows that
F=G'=P+q7'Q. (18)
A vector Y in the group tangent space can be written as

Y =) yo (19)

with so-called Pauli coordinates y°. Here o, as an index, is used to refer to a particular
tensor product appearing in the generalized Pauli matrix ¢. This index notation, used
throughout, is a convenient abbreviation for the actual numerical indices (e.g., in equation
9, the number 57 appearing in z57, the coefficient of 01 ® o3 ® 03).

Next consider a curve passing through the origin with tangent vector Y having
components y? = dz? /dt. It can be shown that the covariant derivative of a right-invariant
vector field Z along the curve in the Hamiltonian representation is given by (1, 2)

(Vy2) = %{[Y, 2+ F([Y,G(2)] + [2,GY)])} (20)

Because of the right-invariance of the metric, equation 19 is true everywhere on the
manifold.

The Riemann curvature on the group manifold affects the behavior of geodesics and can be
obtained as follows. In the case of a right-invariant vector field Z, one has after substituting

Z = ZZTT, Y = Zy”a (21)
in equation 20,

Vor = 2 (lo.7]+ Fllo, G(r)] + [, Glo). (22)

Next denote Sy as a set containing only tensor products of the identity, and Si5 as the set
of terms in the Hamiltonian containing only one and two body terms, that is



and

Sz = {IRI®..0;1..,..}

Evidently then

- [0’,’7‘], T € S12US)
[O”G(T)] B { Q[Ua 7]7 T ¢ 512 U SO ’ (25)
and therefore (fo. ) S S
- F o, 7)), T€ 512U 5S¢
Fllo6on ={ m T T (26)
Using equation 18 in equation 26, one obtains
L [0”7‘] TESlQUS(]
— Q[J,T] ’ ’
F([O}G(T)]) { q[q ][0.’,7_]’ T ¢ S1aU Sy (27)
where
q,, =1if[o,7] =0, g, =g if[o,7] oA, and g, =g, (28)
and ¢, is defined by
0, o€ Sy
=49 L o € Si2 : (29)
q, g ¢ S(] U 512
Equation 27 can also be written as
qr
F(lo,G(7)]) = a ][0, 7]. (30)
Next substituting equation 30 in equation 22, and using equation 28, one obtains
VT =ico |0, 7], (31)

where

1 T Yo
007725(1—{—q q). (32)

q[o,7]

The Riemann curvature tensor with the inner-product (metric) equation 16 is given by (29)
RW,X.Y,Z) = (VwVxY = VxVyY = Viwx)Y,Z) . (33)
After substituting the vector fields,
W = Zw”p, X = Zz”a, Y = ZyTT, Z = Zz“,u, (34)
o o T 0
equation 33 becomes
Rpori = (VVoT = VoV T = Vipo T, 11) - (35)
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Next, for three right-invariant vector fields X, Y, and Z, one has
0=Vy({X,Z)=(X,VyvZ) + (VyvX, Z), (36)
or
<X>VYZ> :_<VYX>Z>> (37)

and substituting equation 34 in equation 37, one then has
<07 VT:U“> == <VTU> 1U“> : (38)

Then replacing the vector ¢ in equation 38 by the vector V,7, equation 31 (see equation
7), one has
<VPVUT> :u> = - <VUT> Vﬁru> ) (39)

and interchanging indices p and o, then
<VUVPT> :u> = - <VPT> Vcnu> . (40)

Then substituting equations 39 and 40 in equation 35, and interchanging the first and
second terms, one obtains

Rpcm—,u = <Vp7-> Vcr,u> - <Vcr7-> Vp:u> - <Vi[p,cr]7-> ,u> . (41)
Also clearly
VivZ = iVyZ, (42)

so equation 41 can also be written as
RPUTH = <VPT> Vcnu> - <VUT> Vp,u> —1 <V[p,cr]7-> ,u> . (43)

Next substituting equation 31 in equation 43, one obtains the following useful form for the
Riemann curvature tensor (1):

Rpcm—,u = CprCop <Z [,0> 7_]7 'é[07 :u]>
—CorCp,p <Z [07 7-]7 Z[p> :u]>

—Clpol,r (ililp, o], 7], 1) - (44)

The geodesic equation on the SU(2") group manifold with the Riemannian metric,
equation 16, is obtained as follows. Consider a curve passing through the origin with
tangent vector Y having components y” = dx?/dt. The covariant derivative along the
curve in the Hamiltonian representation is given by (1, 2)

(D Z)=(VyZ) = Ocli—f + % (Y, Z]|+ F(Y.G(2)] + [Z,G(Y)])) . (45)

(Note that the term % in equation 45 does not appear in equation 20 because there the

vector field Z is taken to be right invariant, in which case % = 0.). Equation 45 is true on
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the entire manifold because of the right-invariance of the metric. Furthermore, a geodesic
in the SU(2") manifold is a curve U(t) with tangent vector H (t) parallel transported along
the curve, namely,

D,H = 0. (46)
However, according to equation 45 with Y = Z = H, one has

Dot = L L, H) 4 P ((H,G(H) + (1, G(H)), (47)

which when substituting equation 46 becomes (1)

dH :
o —iF ([H,G(H)]). (48)

One can rewrite equation 48 using the dual L of H (1, 2) and equation 18,

L=G(H)=F'H), (49)
and then noting that
dL d dH
— = _—_(FYH)=F"'—=). 50
= ) = () 50
Thus substituting equation 48 in equation 50, one obtains
dL R
— =~ (F(H, G(H)), (51)
or il
— = —i|H,G(H 52
= —ilH,G(H)), (52)
and again using equations 50 and 52 it becomes
L
Cfi_t = —i[H, L] =ilL, H]. (53)

Furthermore, again using equation 50 in equation 53, one obtains the sought geodesic

equation (1):
dL

22—
dt :
This equation is a Lax equation, a well-known nonlinear differential matrix equation, and L

L,F(L)]. (54)

and ¢F' (L) are Lax pairs (30-32). Some solutions to the geodesic equation, equation 54, are
given in references 1 and 7.



3. Results

Jacobi fields describe the divergence or convergence of neighboring geodesics and are useful
in determining conjugate points. Conjugate points are points on a geodesic at which the
Jacobi field is vanishing without vanishing in between these points. It is well-known that
past the first conjugate point, a geodesic ceases to be minimizing (15, 18). Jacobi fields are
first to be addressed here for a general Riemannian manifold. Following this, Jacobi fields
will be specialized to the SU(2") group manifold germane to quantum computation.

Consider a one-parameter family of geodesics on a generic Riemannian manifold,
2 =27 (s, 1), (55)

in which the parameter s distinguishes a particular geodesic in the family, and ¢ is the
usual curve parameter, which can be taken to be time. (In this section, Latin indices are
used in the description of the Riemannian manifold. Also, the 27 in equation 55 are not to
be confused with the x, of sections 1 and 2.) The Riemannian geodesic equation in a
coordinate representation is given by (18)
5
o°x? N F (s )&Bk&r
ot? ot ot

in which the Levi-Civita connection is given by

Tiu(s) = 507" (5) (Ghrna (5) + Gtk (5) = Gkt ()), (57)

for metric g;;(z(s,t)) = ¢i;(s). (Partial derivatives are used in equation 56 to distinguish
the s from the ¢ dependence.) The geodesic equation, equation 59, on the SU(2") group

=0, (56)

manifold can be shown to also follow from equation 56 (1, 2).

Let 27(0,t) be the base geodesic, and define the lifted Jacobi field along the base geodesic
by (1) 5
Jj(t) = %l’j(&ths:m (58)

describing how the base geodesic changes as the parameter s is varied. Using a Taylor
series expansion, one has for small As in the neighborhood of the base geodesic,

27 (As,t) = 27(0,t) + AsJ/(t) + O(As?). (59)

Here 27(As, t) satisfies the geodesic equation with the metric ¢;;(As). Operating on the

geodesic equation, equation 56 with 0, = & and substituting equations 58 and 59, one

a
obtains for As — 0,
2 As.Ji
0 = 9 g 2ss)

' _AsJ™(t) 0z 0 o0z 0x!
8t2 As—0  As + F?fl,m (S) |s=0 Lim——~ ( )

J - =
As—0  As Ot Ot + 0T (5)1s=0 ot ot

| ) AsJH(t) 028 b 0 . AsJ(1)
J - 1 _— | —
+Fkl(0){8t (ifi“o As ) ot T or gt T A } (60)
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in which g;;(0) = gi; is the base metric and T, (0) = T}, is the base connection. Equation

60 then becomes

02J7(t) ; gk g
W+ Fkl,m(s)|s:oj (t)Wa

J it Y Yy v Y
+0:Tu(s)i=0p 5 T T 57 5r + a7 o

Taking account of dummy indices summed over, it is clearly true that

.0zt Oxt : oz Ox™
N 0 ey LTS M | e )
R T TR L U TRY
One also has et 9! A
. 0z Oz ; ™ Oz
N [ Appathiaty LT N ey LX)
wior or ) T hem o o
Also, using the geodesic equation, equation 56, one has
0%k . 0z’ Ozt

or renaming dummy indices on the right hand side, it follows that

9t Ot
JP 4+ TV 17— gk =,
Tl ot ot

j azl'k
ka Ot2

Next adding equations 61-63 and 65, one obtains

0 8251;(0 v aa_z: %ﬁl
OO g, S
_Fg’“”%aa_f‘]k * Fipvma;—:aa—fﬂ +17, aazg JP+ T T
or equivalently,
% - Fi”maa—faa_il‘]m + F{qrgka;:aa—fjk
TG g " T g+ P

k ol
j 0z" Oz ;
kl

(&]k oxt  OxFoJ

ox* 0z [ (&]kaa:l &Ek&]l)

o' or!
Lot ot

Jh—Ty

9J70x" | 92°0J°\ 5y 02° 07" [y Oa™
ot ot i at) (S0 557 ~ o =g

(61)

(62)

(63)

(65)

(66)

(67)



Rearranging terms in equation 67, then

02J7(t) i Ox'ox | - 0xF 0! -, 02 0
——t = ——J -1 ———J"+ VT —J*
ot wLot ot T TR (e T
» ox* o™ . Oz ok - 0%ah
e = 22 gn_Tv 2 27 gp_ TV JP
I gt ot Pt Ot ot
v a_ipka_‘]l TV a_zla_‘]k
Mot ot Mot ot
- 0x' 02! » 0" O
—T7, T == J% — 0.1%,(8)js=0—— ——
ak i g ot w075
Recalling that the Levi-Civita connection is symmetric, one has
Top = g
and renaming dummy indices, equation 68 becomes
0% J » » » » Oz’ Ox!
o2 = (ng,l - Fgl,k + F?qrgk - P?fprilni) ot E‘]k
. Ox™ ok - 0%ah - ozk 9!
_FJ __JP_FJ JP_FJ oz
Reme gt ot M ot2 Moot ot
oz* oz

- 0xF (0JP ox™ »
R nYndadi B p = gqn | _ J - 7
Pk ( or T im o ) O (Ss=0 5

Using the well-known expression for the covariant derivative (22, 29), it follows that

Dy 9 (DJ j 0xk DJP
Dt2 9t \ Dt ot Dt
o [(0J7 - Oxk - Oxk DJP
— _ _ I‘J _Jp I‘J - =
at(at MY )+ oot Dt
or
D?JI 0%JI - 9x™ Ok )2k - Oxkogr
— FJ —_—JP FJ JP FJ o Y
Dt2 Ot2 * ot ot Tl Ot2 Tl ot ot
- Oxk (0P ox™
Mo (e 2 g
AT (at gy )

Next the well-known Riemann curvature tensor is given by (29)

J  _T1J ] J TP _ 1J 14
Rikl - Fil,k - Fik,l + karli qurik‘

Substituting equations 79 and 73 in equation 72, one obtains the so-called lifted Jacobi

equation (1): ok
x® Ox
=00t ot

D*Ji - Oxtoxl :
Tz T o 5 E‘] + 05T, (s)

10
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(73)

(74)



This equation is useful for investigations of the global behavior of geodesics and their
extrapolation to values of the parameter s characterizing neighboring geodesics on the
Riemannian manifold ().

If g;; is independent of s, one has
O,,(5) om0 = 0 (75)

the last term of equation 74 is then vanishing, and one obtains the standard Jacobi
equation for the Jacobi vector J7 (18),
D2Ji i Ox' 9a!

j — Jk=0. 76
Dt?2 + ik ot ot (76)

Equation 76 is also known as the equation of geodesic deviation (33, 29), measuring the
local convergence or divergence of neighboring geodesics, and it is useful in the
determination of possible geodesic conjugate points (18, 1). (Again it is well to recall that
conjugate points are points on a geodesic at which the Jacobi field is vanishing without
vanishing in between those points. It is well-known that past the first conjugate point, a
geodesic ceases to be minimizing (15, 18).

Next consider the factor in the last term of the lifted Jacobi equation, equation 74,
Ljy = 0.1} (s) =0- (77)

Substituting equation 57 in equation 77, one has

2= {0, |3 6 0nie) + g1l - ()|} 7
|s=0
or equivalently,
Ly =—>5; |s:0kaz+§gj (Tt T Gk — Thtym)» (79)

in which one defines
Grom = OsGrm (8)|s=0- (80)
Using the well-known expression for the covariant derivative of a second rank tensor (29),
one has
g;fm;l = g;fm,l - g;ci inl - Q;m' Zl- (81)
Then substituting equation 81 in equation 79, one obtains

g™ (s 1 jm i i
g7 (s) Ukt + 59" (Gkm + G Ut + Goni Uk

L, =
M ds |s=0 2

+ Gk + 91l + I Uk

11



and using equation 69, then

: 1.
Ly, = EQJ (g;fm;l + gl/m;k - g;cl;m)
0g¢'™(s
B TRy (53)
Next noting that
(¢""gmi)" = (6]) =0, (84)

then

7m0 (gromte)) == (Z2) om0 ()

Multiplying both sides of equation 85 by I';;, and using equation 80, one obtains

- 9g’™ ()
jm / Fz Pm , 86
9 Ot = ( 88 o0 Kl ( )
so that equation 83 reduces to
Lj — 1 jm( 1 / / 7
K = 59 (gkm;l + Gk — gkl;m)' (87)

Finally then combining equations 74, 77, and 87, one obtains

D?Ji ox' Oz 1 Oxk Oxt
Dz Riklaa‘]k (g;fm;l + gl/m;k - gél;m)ﬁa' (88)

Next define the vector field,

Oxk Ox!

CjE jm/. /._/. et 89
P (Gema T Jimek — Iktom) 9 ot (89)

N —

which is independent of the Jacobi field J7. Equivalently, by symmetry, equation 89 can
also be written as ok o]
, 1 . T 0T
C7 = =" (29000 — Grpory) 90
29 ( Gkmsl gkl,m) ot ot ( )

Substituting equation 81 in equation 88, one obtains the second-order differential equation,

D?JJ LR oxt Oz

e g —JF+ 0V =0, (91)

the so-called “lifted Jacobi equation” (7). Nielsen and Dowling used the lifted Jacobi
equation, equation 91, adapted to the SU(2") group manifold, to deform geodesics by
varying the penalty parameter ¢ (see section 4). This enabled them to define a so-called
“geodesic derivative” and to numerically deform a geodesic as the penalty parameter ¢ is
varied without changing the fixed values U = 1 and U = Uy of the initial and final unitary
transformation corresponding to a quantum computation (1).

12



The generic lifted Jacobi equation, equation 91, can be solved. One first rewrites equation

72 as
D2Ji 0% - OzkoJp - Ox™ Oxk
= = 2 ogop I 2% 4 2 2 e Y
Dt? o TS o o Tim T ar Y T
ox* ox™
Rty ey ()
g ey
and renaming dummy indices in the last term, then
D2Ji 0%.J7 - 0\ 0JP
[ — QFJ A B
Dt? o ( "ot ) ot
- 0™ Oxk - 0%k Oxk ox™
J i FJ F 14
+( N T TA R R

or equivalently

D?Ji 82Jﬂ 1597
Z "B
D~ or v ar <Z )

where 5
; Oz
w= (5,2
, - Ox™ Ok
W pBi =17 -
P kemo g ot
0%xk
(2) J
B =7 ETER
and 5 5
®3) BJ K4 irq z" ]
ka“or TP ot
Next equation 91 can written as
D?Ji 0 1 ,
=+ WL 0l =0,
where i 9!
n B _ i ' Oz
ot ot
Next substituting equation 99 in equation 94, one obtains
0% J7 aJ?
Al Bj JP 4+ C7 =0,
oz~ vgr T
where

— i (n) gJ
n=1

Next define the column vectors
J=[J],

13
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(95)

(96)

(97)

(98)

(99)

(100)

(101)

(102)

(103)



C=[0], (104)

and the matrices

A= [Aﬁ , (105)
4
B=[Bj]= | "B (106)
n=1
Equation 101 then becomes
0%J oJ
— +A—+BJ+C=0. 107
o T TP (107)
Furthermore, defining the column vector
KE{‘A]E[@‘{,}, (108)
Ja 5
then equation 107 is equivalent to
OK [ 0 1 0
E:{—B —A}K_{C}' (109)

The homogeneous part of equation 109 with C' = 0 is equivalent to the Jacobi equation,
equation 76, and is given by

0K,
— = MK, 110
in which the matrix M is given by
. 0 1
M:{—B(t) —A(t)}’ (111)

and the time dependence of A and B is indicated explicitly. The solution to the Jacobi
equation, equation 110, is given in terms of the time-ordered exponential (34, 25), namely,

Ko(t) = I+i%/dtl../dtnT(M(tl)...M(tn)) Ko(0), (112)

where T denotes the time ordering operator (not to be confused with the transpose of a
matrix, appearing below). Thus, equation 112 gives the Jacobi field and can be expressed

formally as
t

Ko(t) = Texp /dt'M(t') Ko(0), (113)
0
or defining the operator

t t t

E;, =Texp /dt’M(t/) :I—l—i%/dtl../dtnT(M(tl)...M(tn)). (114)

0 n=l "7 0

14



Equation 113 can also be written as
Ko(t) = EJ0(0). (115)

It follows from equation 114 that

% _ M(t)_|_Zin/dtl--/dtn—lT(M(tl)“‘M(tn_l)M(t))

n!
= M(t)+M(t)> (nil)! /dtl../dtn_lT(M(tl)...M(tn_l))
= M) I+i%/dtl../dtnT(M(tl)...M(tn)) : (116)

or equivalently then substituting equation 114, one obtains

oOF,
— = M(t)E;. 117
t— M(1)E, (117)
The solution to the inhomogeneous equation, equation 109 is given by
t
— _ -1 0
K(t) = E.K(0) Et/drET {C(r) . (118)

This is the lifted Jacobi field. To see that equation 118 solves the inhomogeneous equation,
equation 109, one notes that using equations 118 and 117 one has

— M()EK(0) — M(1)E, j drE-! { C(()r) ] _ { o(gt) ] . (119)

Next substituting equations 115, 118, and 111 in equation 119, then

OK (t)

ﬁ%—=.M@amm+M@K@—M@ﬂK@‘{O ]

B { —f(?)(t) —f{(t) } K(t) - { g(zt) } ) (120)

and thus equation 109 is, in fact, satisfied by equation 118.

The manifold of interest in the present work is the SU(2") group manifold. For this case,
consider a base geodesic with coordinates v7(q,t) on the SU(2") group manifold with

15



penalty parameter ¢, and a neighboring geodesic with coordinates 77 (q+ A, t) with penalty

parameter g + A. To first order in A, one has
V(g + A1) =77(g, 1) + AJ7 (1),
in which the Jacobi field coordinates J7(t) are defined by

_ (g, 1)

J7(t) T

The Hamiltonian for a geodesic v(t) with penalty parameter ¢ is given by

(121)

(122)

(123)

(124)

(125)

(126)

(127)

(128)

dy
H,=—.
T dt
Then one has
dH, _ d dy
dg  dgdt’
or equivalently,
dHy _ d dy
dg  dtdq’
and substituting equation 122 in equation 125, then
dH, dJ
dg  dt’
in which the Jacobi field J is
J=J%.
The geodesic equation for the base geodesic with penalty parameter ¢ is given by equation
53, namely,
dL
— =i|L, H
ar ~ LA
where the dual L is given by
L =G(H).

The geodesic equation for the nearby geodesic with penalty parameter ¢ + A is

dL —

L

g~ LA,
where

T —G(H),

and in accord with equation 17,

§:P+(q+A)Q:G+AZ—GEG+AG’,
q

16
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(130)

(131)

(132)



in which

Next letting U(t) and U(t) denote the geodesics for penalty parameter ¢ and ¢ + A,

respectively, then for small A one expects

U=Ue ™™,

and it follows that to first order in A,

dU _au o—idJ d , 9
% — % + Ud (1 ZAJ—I— O(A ))
_ AU g, dJ
dU ., dJ
= e — A—.
dt WA

But according to the Schrodinger equation, one has

dU

— = —iHU

dt

and
dU

= = —iHU,

dt

so substituting equations 136 and 137 in equation 135, one obtains

—iHU = —iHUe " —

4J
A_
WA

%)

or substituting equation 134, then equation 138 for small A becomes

—iHUe ™ = —jHUe ™/

or equivalently, then to order A,

dJ

—iHU = —iHU — iUA—¢*

Next multiplying equation 140 on the right by U' and noting that unitarity requires

dt

—iUA

dJ

E>

dJ

= —HU —iUAN—.

UUt =1,

then equation 140 becomes

dJ

H=H+AU—U"

to first order in A. Next substituting equation 131 in equation 130, one obtains

d —
() =

17

dt

i[G(H,

!

dt

(133)

(134)

(135)

(136)

(137)

(138)

(139)

(140)

(141)

(142)

(143)



Then substituting equations 132 and 142 in the left side of equation 143, the left side

becomes
d —— d

dt(G(H)) dt((G—I—AG’)(H—I—AK)) (144)
where i
K= f 14
U— i U, (145)
Equivalently, equation 144 to first order in A is
4 @rm) = L) + aL e ) + 6o) (146)
dt Cdt dt '

Next, using equations 132, 142, and 1.45, the right side of equation 143 becomes
i|G(H, H] = i[(G+ AG)(H + AK), H + AK], (147)
or equivalently to first order in A,
i[GUH, H) = i[G(H), H) + AGIG(H), K] +[G/(H), H] +i[G(K), H)).  (148)
In terms of the dual, equation 129, equation 148 becomes
i|G(H, H| = i[L, H] + A(i[L, K] +i[G'(H), H] +i[G(K), H]). (149)

Next substituting equations 146, 129, and 149 in equation 143, one obtains

%L + A(G/(jt )+ G(jt K))=i[L,H] + A(i[L, K] +4[G'(H), H] + i|G(K), H]), (150)
and further substituting equation 128 in equation 150, one concludes that
G’(%H)+G(%K)) =L, K] +i[G'(H), H] + i|G(K), H]. (151)
Furthermore, multiplying equation 151 on the left by G, one obtains
G laf(jt )+jtK GY(G(L, K] + 1[G (H), H] + i[G(K), H]). (152)

But according to equations 128, 129, and 18,

%H =iG7 'L, H) =iF([L, H)), (153)
so that, using equation 18, one has
G~ lG’(jt ):FG’(%H) = iFG'F([L, H]). (154)
Then substituting equations 154 and 18 in equation 152, one obtains
0= iFG'F([L, H]) + 5K+ FGIK, L)+ i[H, G'(H)] +i[H, G(KY),  (155)

18



or
d
0= %K + F(i[K, L+ i[H,G(K)| + G'F(i[L, H]) +i[H,G'(H)]). (156)
Equation 156 is the lifted Jacobi equation for penalty parameter varied from ¢ to ¢ + A

(1). It is an inhomogeneous first order differential equation in K.

If G’ =0, equation 156 reduces effectively to the conventional Jacobi equation, assuming

the form,
d
0= %K%— F(i|K, L]+ i[H,G(K)]). (157)
Equation 157 can be rewritten as follows using equations 2, 17, and 18:
d .
S K = —iP([P(K) + QUK), P(H) + qQ(H)| + [P(H) + Q(H), P(K) + 4Q(K)]). ~ (158)

Expanding the commutators, then

d

i = —iF(P(K), P(H)] + q[P(K), Q(H)]
+[QK), P(H)] + q[Q(K), Q(H)]
+[P(H), P(K)] + q[P(H), Q(K)]
+[QH), P(K)] + q|Q(H), Q(K)]). (159)
The first and fifth terms cancel, and also the forth and eighth terms cancel, so one obtains
K = —ilg ~ DF(P(K), QU] ~ [QUK), P(H)) (160)
or equivalently, i
i = —ile - DF(P(K), QH)] + [P(H), Q(K)]), (161)
CK = ilg —~ DF(QUH), PIK)] ~ [P(H), Q(K))). (162)

Solving equation 162 for K yields the conventional Jacobi field.
The inhomogeneous term in equation 156 is given by

C = F(G'F(i[L, H])+i[H,G'(H)]). (163)
Substituting equations 133, 49, 17, and 2 in equation 163, one has

C = FQFi[(P+qQ)(H), P(H) + Q(H)] + Fi[H,Q(H)]
FQFi([P(H), Q(H)| +qlQ(H), P(H)]) + Fi ([P(H) + Q(H), Q(H)])
= FQFi(1—q)[P(H),Q(H)] + Fi[P(H), Q(H)]. (164)
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Equation 164 can be rewritten as follows:

C = F(P+Q)Fi(l-q)[P(H),Q(H)]+ Fi[P(H),Q(H)]
—FPFi(l1—q)[P(H),Q(H)]. (165)

But using equations 2 and 18 one has
1
PF=P/P+-Q)=P* =P, (166)
q
and using equations 2, 17, and 18, then equation 165 becomes

C = FY(1—q+FilP(H),Q(H)] - F~'Pi(1 - q)[P(H), Q(H)))
= F*(1—q+P+qQ—P(1-q))i[P(H),Q(H)]
= F*(1-q+q(P+Q))i[P(H),Q(H), (167)

or using equation 2, then
C = F[P(H), Q(H)). (168)

This is a useful form for the inhomogeneous term in the lifted Jacobi equation, equation
156 (1).

Next combining equations 156, 163, and 168, the lifted Jacobi equation for varying penalty
parameter ¢ is then given by

Sk = ilg — DF(QUH), PUK)] ~ [P(H), QUK)) ~ FA{P(H), Q). (169

In terms of the solution for K (t), the lifted Jacobi field for varying penalty parameter can

first be written as .

dJt
J(t) = J(0)+/dt’ dil ). (170)
0
But according to equations 145 and 141, one has
YO _ kU, ()

and substituting equation 171 in equation 170, one obtains

J(t) = J(0) +/dt’UT(t’)K(t’)U(t’). (172)

0

Next consider the case in which the Hamiltonian is constant along a geodesic. The geodesic
equation 52 then implies
G(H),H] =0. (173)
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Also, using equations 54, 18, 2, 49, and 133, one has

0 = ‘ii—i[ = G—lcfi—f = iF[L,F(L)] =4F[L, P(L)+ ¢ *Q(L)]
= iF[L,P(L) +q7'(1 = P)(L))]
= i(1—q¢ " )F[L, P(L)]
i(1—q )F[P(H)+qQ(H), P(P(H) + qQ(H)]
i(1—q )F[P(H)+qQ(H), P(H)]
= il¢—D)F[QH), P(H)] = i(1 - q)F[P(H),Q(H)]
= i(l—q)F[H,Q(H)]
= i(1—q)F[H,G'(H)] =0. (174)

It then follows from equations 156, 173, and 174 that if the Hamiltonian is constant, then
again one obtains the conventional Jacobi equation, equation 157. Thus if the Hamiltonian
is constant, and J(0) = 0 and d.J(0)/dt = 0, then in accordance with equation 206 below,
J(t) is proportional to dJ(0)/dt and therefore J(t) = 0. In this case, it then follows that
the geodesics for the lifted Jacobi equation for varying penalty parameter remain the same
as for the conventional Jacobi equation and are the same for all values of the penalty
parameter gq.

The so-called geodesic derivative can be used to determine geodesics that evolve from the
identity to a chosen unitary transformation U (7). In quantum computation, one generally
wishes the quantum computation to evolve to some final unitary transformataion which
solves a given problem. One first chooses a Hamiltonian H (0), which produces

U = exp(—iH(0)T at some fixed time 7" along the geodesic for penalty parameter ¢ = 1.
The parameter ¢ can next be varied to produce a corresponding change in the initial
Hamiltonian, and this produces the so-called geodesic derivative dH,(0)/dq. Integration
then may produce a geodesic connecting the identity U(0) = I and the chosen unitary
transformation U(T") for any penalty parameter g.

To proceed then, the general lifted Jacobi equation, equation 156, for varied penalty
parameter can be solved. (It is convenient to solve equation 156 directly, instead of
equation 169.) First substituting equation 103 in equation 156, one has

%K = —i F(K, L+ [H,G(K)]) - C. (175)

The corresponding homogeneous equation is then

d

Ko = —i F(K. L] + [H,G(K,)), (176)
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and it can be solved if it is first recast in vectorized form (36, 37). For any matrix

a1 a2 Q1n
a921 az1 ... Q2

M = . . ." , (177)
Am1 Am2 ... Amn

one defines the vectorized form of the matrix M by the column vector,
vec M = [an..aml,alg..amg...aln...amn]T, (178)

with each column of the matrix M appearing beneath the previous one, arranged in a
column vector. If one has a matrix equation

C=AX+XB (179)

for matrices A, B, C, and X, then it can be shown that (36)

vec C = [(I® A) + (BT ® I)] vec X. (180)
It then follows that the homogeneous equation 176 can be written in vectorized form as
follows:
%(vec K,) = —iFvec |[K;L — LK, + HG(K,)— G(K;)H|
= iFvec [(LKs;+ K (—L)) — (HG(K;) + G(K;)(—H))]
= FI®L—-LY®I)vec K, — (I ® H— H' ® I')vec G(K,)]
iF[(I@L—-L"®I)+(H"® I —I1® H)G]vec (K,)]
= (Avec Kj, (181)
where
A=F[IoL-L"®)+H"®l-1H)G], (182)

and F and G are the vectorized forms of the superoperators F' and G, respectively (1). For
example, the superoperator F' acting on the matrix X can clearly be written as

F(X)=> A;XB;, (183)

for some matrices A; and B;. But one has (36)
vec A;XBj = (BJT ® Aj)vec X, (184)
and using equation 184 in equation 183, then

vec F(X) =Y (Bl ® Aj)vec X, (185)

J
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and therefore the vectorized form F of the superoperator F' is given by

F = Z(BJT ® Aj)vec.

j
Evidently the solution to equation 181 is

t
vec K (t) =T | exp z'/A(t’)dt’ vec K,(0),
0

or
vecK(t) = ryvee Ki(0),

where
t

ke =T | exp z'/A(t’)dt’
0
It follows from equation 189 that

d .
afﬁt =1 A(t)ky.

(186)

(187)

(188)

(189)

(190)

Here k; is the propagator for the homogeneous form of equation 175, namely, equation 176.

The solution to equation 175 is then given by

t
K(t) = unvec | xyvec K(0) — /@t/dr&r_lvec c(r) |,

0

in which unvec unvectorizes (1), namely, for a matrix M,
unvec (vec M) = M.

To see that equation 191 solves equation 175, one has

t
Kt) /dr&r_lvec C(r) — kyr; tvee C(t)
0

d d d
EK(t) = unvec | — pvec K(0) — (E
Substituting equation 130 in equation 193, then

t

d
EK(t) = unvec | iA(t)rvec K(0) — i A(t)ky / drr; vec C(r) —vec C(t) |,

0
and substituting equation 193 in equation 194, then

d

EK(t) = unvec (1A(t)rvec K(0) 4+ iA(t)(vec K(t) — kevee K(0)) — vec C(t)),
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%K(t) = unvec (iA(t)vec K(t) — vec C(t)) . (196)

Substituting equation 182 in equation 196, then

%K(t) =unvec (iF [(I®@L—-L"® 1)+ (H'®I—1® H)G]vecK(t)) —C(t). (197)

But according to equations 176, 181, and 182,

unvec (iF [I® L—L"® 1)+ (H' ® I — I ® H)G] vecK(t)) = —i F([K, L] + [H,G(K)],

(198)
and then substituting equation 198 in equation 197 one obtains equation 175
d
%K =—i F([K,L|+ [H,G(K)|] - C, (199)

as required.

Next, in order to obtain the propagator of the standard (unlifted) Jacobi field J;, using
equation 184, then equation 171 in vectorized form is

vec (%Js) = (U" @ UN)vec K,. (200)

Substituting equation 188 in equation 200, then

vec (%Js) = (U" @ UM kyvee K,(0). (201)

Next substituting equation 171 in equation 201,

d d
vec (EJS) = (UT @ UNkyvec (U(O)EJS(O)U(O)T), (202)
then for U(0) = I, one has
vec (iJ) = U@ UNkK veciJ (0)) (203)
" A
Unvectorizing equation 203, then
iJ = unvec [(UT @ Uk (v iJ (0))] (204)
= re(vee Js .
But assuming J,(0) = 0, one has
/ d
1) = [ de G, (205
0
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and substituting equation 204 in equation 205, then

Js(t) = /dt’unvec (U @ UM ky(vec %JS(O))]. (206)

Next defining the propagator jr that generates the standard unlifted Jacobi field at time T
by

Js(T) = jT(%Js(O)), (207)

then according to equation 206, one has
T
Jjr = /dt’unvec (UT @ UM kpvec. (208)
0

It follows from equations 191, 171, 205 and the homogeneous term having the same form as
equation 207 that at time T" the solution to the lifted Jacobi equation for varying penalty
parameter is given by

J(T) = jT(%J(O)) — /altU(t)T unvec Ky /dr/{;lvec C(r) U(t). (209)

0
If J(T') = 0 in equation 209, then

T t

%J(O) =gt /altU(t)T unvec Ky /dr&r_lvec C(r) Ut)| . (210)
0 0

Next, according to equation 126, the Hamiltonian H, for penalty parameter ¢ is such that

d d

G Ha0) = ZI(0), (1)

and substituting equation 210 in equation 211, one obtains the so-called geodesic derivative

(1) . t
d -

d—qu(O) =Jjr /dtU(t)Tunvec Kt /dr&r_lvec C(r) U)| . (212)
0 0

For ¢ = 1, one has, according to equations 2, 17, and 18,
1
F=P+-Q=P+Q=G=1, q¢q=1, (213)
q
and then according to equation 48 the Hamiltonian is constant,
dH
i =1. 214
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Then equation 168 becomes

and then because of equation 214,

dc
— = = 1. 216

Therefore in equation 212 for ¢ = 1 one has using equations 68 and 213,
t t
Z = Ky /dr/{r_lvec C(r) | = ke /dr&r_lz’vec [P(H),Q(H)] |, (217)
0 0

and therefore .

/ dr | 4+ 1] ivec [P(H), Q(H)]. (218)

z _ | dre
dt | dt

But for ¢ =1 in equation 182, one has, according to equations 213, 17, and 49, F' =1,
G =1, and L = H, and therefore

A=[IoH-H"@I+H" @ -I®H]=0, ¢=1. (219)

Then substituting equation 219 in equation 190, one obtains
dl‘f;t
dt

Also, according to equation 189 for t = 0, one has

= 0. (220)

ke = 1. (221)

Then substituting equation 220 in equation 218, one obtains

az _ .
o = tvec [P(H),Q(H)]. (222)

Also, according to equations 217 and 221,
Z(0) = 0. (223)
Then combining equations 222 and 223, one obtains for ¢ = 1,
Z =itvec [P(H),Q(H)], q=1, (224)

or using equations 217 and 224, then
t
Kt /dr&r_lvec C(r) | =itvec [P(H),Q(H)], q=1 (225)

0

26



Substituting equation 225 in equation 212, then for ¢ = 1, one has

dquqm):j;l / dtU ()it (PO, QUE)U(E) |, q=1. (226)

For g # 1, one has, substituting equation 168 in equation 212,

T t
%Hq(()) = i3 /dtU(t)Tunvec Kt /dr&r_lvec F%[P(H),Q(H)] ui)l, q#1.
0 0
(227)
Equations 226 and 227 give the so-called geodesic derivative (1) which is useful in the
numerical determination of optimal geodesics representing a particular quantum
computation.

4. Other Work

1. Solutions to the geodesic equation were addressed, describing possible minimum
complexity paths in the SU(2") group manifold and representing the unitary evolution
associated with a quantum computation (7).

2. A known obstruction to numerically solving the geodesic equation is the so-called
Razborov-Rudich theorem (7). It is possible that the obstruction, if it occurs, can be
circumvented by introducing and tweaking an additional parameter (other than ¢) in the
Hamiltonian. This parameter could be one multiplying only two-body terms.

5. Conclusions

In this work on the Riemannian geometry of quantum computation, the Riemann
curvature and geodesic equation were reviewed, and the Jacobi equation and the lifted
Jacobi equation on the manifold of the SU(2") group of n-qubit unitary operators with
unit determinant were explicitly derived using the Lie algebra su(2"). The Riemann
curvature is given by equation 44. The geodesic equation is given by equation 54. The
generic Jacobi equation and its solution are given by equations 76 and 112, respectively.
The generic lifted Jacobi equation is given by equation 91, and the solution is given by
equation 118. The lifted Jacobi equation on the SU(2") manifold, for a varying penalty
parameter, is given by equations 156 or 169, respectively, and the solution is given by
equations 191 and 168. Also, the geodesic derivative is given by equation 212. These
equations are germane to investigations of the global characteristics of geodesic paths (15,
18) and minimal complexity quantum circuits (1, 28, 2).
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