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1. Introduction

Predicting the moment attributable to a liquid payload in a spinning and coning projectile is a
problem of considerable interest to the Army. Stewartson (1) was first to consider inviscid pay-
loads contained in a right circular cylinder, and his results gave coning Eigen frequencies that can
possibly cause catastrophic yaw for a liquid-carrying projectile. First order viscous boundary layer
corrections of the Stewartson theory were made by Wedemeyer (2) and Murphy (3). A method for
calculating the linear liquid moment using the full linear viscous equations with boundary layer
corrections confined only to the end caps (candlesticks) was presented by Hall, Sedney, and
Gerber (4, 5).

A further interest to the army is to consider a series of uniform circular cylinders stacked end to end
separated by impenetrable end caps. These candlesticks may be situated along the symmetry axis
or offset from this axis but parallel to the symmetry axis of the projectile. Coning motion-induced
liquid moments are considered here for a number of candlestick configurations. The Eigen
frequencies for such configurations are shown to be identical to those found by Stewartson (1).

Liquid payloads contained in a highly permeable material have been of interest to the U.S. Army
for some time. Laboratory tests and flight tests have shown that a highly permeable medium can
significantly reduce the spin-up time of a liquid payload (6, 7, 8). Flight stability for liquid-
saturated permeable payloads has also been examined by D’Amico (9, 10). An investigation by
Cooper (11) considered inertial waves in a coning projectile with a saturated porous media payload
so that the media are homogenous and isotropic. The present work extends the Stewartson and
Cooper problems by considering a cylindrical cavity filled with a permeable medium that is
impregnated with an inviscid liquid, but this medium is not necessarily isotropic. Following
Cooper, we introduced a further modification by segmenting the cavity along the symmetry axes
into a sequence of equal length cylinders. Each of these cylinders is separated by impermeable end
caps. The porous media are modeled by a drag term, which is proportional to the liquid velocity
relative to the assumed ridge porous media that are added to the linearized Euler equations. This
analysis examines the induced liquid moment as a function of parameters found by Stewartson (1)
plus parameters describing the porous media and the number of segments in the cylindrical cavity.

2. Equations of Motion for the Off-Axis Candlestick Configurations

Figure 1 shows the X', Y',Z’ axes rotating uniformly about X' with angular velocity P = (P, 0, 0),

and figure 2 presents details of the internal configuration of the candlestick payloads. The liquid is



assumed to be initially rotating as a rigid body with the same angular speed P so the velocity V' of
the liquid inside the cylinders is

V'=Px(x, R,cosB+rcosh, R,sinB+rsind) (1)
The unperturbed state for equation 1 satisfies the Euler equation:

. . P
P’e x(e x(x, R,cosB+rcosh, R,sinB+rsinf))=-V-= ()
p

for which P, is the unperturbed liquid pressure. Following Stewartson and letting the position
vector have the Cartesian form R = (x, R,cosB+rcosf, R,sinB+rsin0) allows equation 2 to

be integrated as a scalar potential so that

P./p =P’R,cos(B - 0)-P*1*/2 3)

Figure 1. Coordinate systems of configuration.
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Figure 2. Details of payload configuration.

Now we excite wave motion in the rigidly rotating liquid by perturbing the angular velocity of
the projectile for small angular components, o, ,®,, so that the total angular velocity takes the

form
Q=P+ (O, o,, mz). 4)

The projectile is assumed to undergo small angle coning motion about the X', Y’',Z' frame and is
related to the projectile body axes, X,Y,Z, by the following transformation (3):

¢T Pt

] |1 0 0 1 -K,e o1 0 0 X
Y'[=|0 cos[tPT] —sin| PT || K" 1 0/[0 cos[tP(T-1)] sin[tP(T-1]||V (3)
z 0 sin[tPTJ cos[tPT} 0 0 o —sin[tP(T—l)} cos[tP(T—l)} z

where the coning damping rate is € the coning frequency is T and K, is the magnitude of the
small coning angle. Equation 5 shows that the angular velocity, to first order in K, is written as

a column vector with body frame components

P
—~KOPT [esin(tP(T — 1))+ cos(t P (T —1))]e™™ ©)
—~KOPT[sin(t P(T —1))—gcos(t P(T —1))] ™™



This suggests that the velocity of the liquid payload should be given by
V =Px(x, R,cosB+rcosh, R,sinB+rsind)+v (7

for which the components of v and the pressure perturbation p all have the magnitudes of order K,,.

The liquid payload is assumed to have low viscosity and the magnitude P is assumed to be large
so that the fluid motion is adequately described by Euler’s equations. (The M864 projectile in
free flight with a water payload has a Reynolds number on the order of 10°.) Neglecting all
higher order terms in small K, makes the Euler equations take the following form:

d_V_sz ld—pzo

dt pdr
CAUAPY S ) ®)
dt pr dO

L 1dp_,

dt pdx

in which (\A/, W, fj) are cylindrical components of the perturbed velocity for the perturbed
pressure, p.

Normal boundary conditions at the solid wall satisfy
(\7, W, ﬁ)on:Qston 9)

in which n is an outward unit vector on the wall and Rs a point on any cylinder wall. Equation 6
when substituted into equation 9 causes the normal boundary conditions to become

V= SRe(x K,P SePSHPHe)
U= —iRe( K,P (eiB R, + reie)S ePSHPHe). (10)
~1,S=(e+i)T

These show that separable solutions to equation 8 are obtained by

ePSI—iPT—ie ( 1 1)

o> G>€><>
o e = <

and solving for the velocity components yields



@r(S—i)+ 24P
dr do
rpP(S—3i)(S+i)
dl(S—i)—zr@
_do dr
rpP(S—3i)(S+i)
dp
_dx
pP(S—i)

Using the continuity equation, V .(V, w, u)=0, produces the following equation for the
pressure p :

(12)

u=

24p dp d'p L Ldp_
2 2 2
dr dr. dQ dx (13)
,  (S=3i)(S+i)

o T 5oy

At this point in the analysis, it is useful to consider each cylindrical candlestick ranging from
—C < x <C to consist of an end-to-end sequence of N equal length, A, cylinders with
impenetrable end caps so that A =2C/N. Applying equation 10 to each of the sub-cylinders

gives the following Fourier-Bessel series for the pressure in the given candlestick:
e Y A, cos(nk(C+x)/A) (nkor/A)
p= KO P2 az p keodd
—i—(er/at2 —i—rD/a)eie +Fx
~ 16(~1y CS*(S-3i)
©* ak N (J,(zz)S +1) - zzJ (2z)S - 1))
zz=nakoN/2C
E=(S-i)S
D=2C(N-2n-1)$?/Na
F=¢®R,(S—i)S/a
0<n<N,

(14)

3. Candlestick(s) Liquid Moments

The moment induced by the liquid contained in the segmented cavity is calculated from the time
derivative of the angular momentum field. Non-dimensionalizing the moment with 2zpa*CP’
makes it convenient to write the side moment components, M, ,M,, , as (3):



M, J +M, K =TC,,, [2npa* CP*JK, "™

Cou = Coan(T,N,C)J + €y (TN, C)K (15)

Therefore, the induced moment on the entire candlestick consisting of N end-to-end sub-cylinders
of length A 1is given by

d—V—ZPW e +
dt

N-1 1
TCyy (27tpa4CP2)=— R ij {d—w+2PVJe9+ dQ 16)

n=0

Q=2na’A

Note that symmetry attributable to the geometry of each candlestick and equation 14 causes the
axial component of C,,, to integrate identically to zero.

The calculation of equation 16 is tedious. The details are not given here (3, 11), but the result is
the following expression:

. (12cosBe® N?R,? +i(4C? +3a7)N2 8iC2)SJ
19 BA2D 2 _ 2 2 2\\p2 2Q(Q_:
T(M, +iM, )=\~ 12ic0sBE"N'R, (4c-3a°)N L 208 (8-i)
122’ N’ 3a’ N?(S+i)
128C*S*(S—3i) 1 (zz) a7
m*a® N2(S+i) S [1(z2)(S +1)— 22T (z2)(S —i)[k*
zz=nakoN/2C,
The summation terms of equation 17 show that large over-turning moments can result if
J(zz)(S+i)-22],(zz)(S—-1)=0 (18)

zz=nakoN/2C,k € odd

This is the same criterion first found by Stewartson (1) for the symmetrically located liquid
payload, i.e., at R =0. This says that the Stewartson tables can be used to determine such Eigen
frequencies where the aspect ratio is taken to be 2C/aN.

One further comment regarding equation 17 is that C,,, approaches the value produced by a
frozen liquid as N becomes large, provided that Eigen frequencies are sufficiently removed
from the region of interest. In fact, the rate of approach to the frozen limit is very rapid since it
goes as 1/ N?. Typical coning frequencies of the M864 are presented in figure 3. Figures 3 and 4



give examples of moment coefficients, C,,,,C,,, for the M864 projectile. The value for the
axes’ offset is taken to be R =2a and the orientation angle is B=m/3. In these plots, the sharp
spikes correspond to the increased over-turning moment, C, g, , that is encountered when the

projectile’s coning frequency passes a Stewartson Eigen frequency. These results clearly show
that even for small values of N, the moment coefficients are very close to the frozen limit
values. The reason for this is the aspect ratio for these examples is relatively large. Some
mathematical manipulations of equation 17 show that for large aspect ratios, the values

Ci v »Cp v approach their frozen limit values for all values of N as long as equation 18 is not

satisfied. Figure 3 shows that coning rates are in the range of 0 < T < 0.1, and figures 4 and 5
indicate that large over-turning moments caused by the liquid payload should not result in flight
instabilities for the parameters examined here. However, if the parameters and particularly, the
aspect ratio, were to change, instabilities could result (see figure 6 as an example).

M864 Trajectory Simulations
QE = 735 mils
Nondimensional Coning Frequencies
0.11
0.1 p_ —
0.09 - 1 7
0.08
0.07
0.06
T 0.05 - IZone lI IZone 3| IZone 4| IZone 5|
0.04
0.03
0.02 1 # L
0.01 Y Y
0
0 20 40 60 80 100
Time (s)

Figure 3. Free flight coning frequencies of the M864 projectile.



Aspect Ratio (C/a)=23 Ry/a=2
M864
0
-5
A4
-10 - v
= -15
= ——N=5
© 20 —N=10
25 N=19
Frozen Liquid ‘
=30
'35 T T T T
0.0 0.2 0.4 0.6 0.8 1.0
T

Figure 4. Values of C, gy, showing Eigen frequencies as a function of T and N .
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Figure 5. Values of Cj,, showing Eigen frequencies as a function of T and N .



However, if the parameters and particularly the aspect ratio were to change, instabilities could
result. Figure 6 is one such example.

Aspect Ratio (C/a)=23 Ry/a=2
M864

0 —N=23

2 Frozen Liquid
= -4
& —
O

V—
V
-10
0.0 0.2 0.4 0.6 0.8 1.0
T

Figure 6. Values of C, g, showing a possible existence of an instability attributable to

an Eigen frequency <0.1.

4. Equations of Motion for the Symmetry Axis Porous Media Configuration

For this problem, the moment arm R, = 0 so the position vector becomes R = (x, rcosf, rsin 9)

since the candlestick axis is the symmetry axis of the projectile. When the liquid payload axis is

coincidental with the projectile symmetry axis, the analysis is simplified if we move to the
X, Y',Z" frame rather than the body frame used before. This modifies the transformation given

by equation 5 so that

TPt

¥ |1 0 0 1 -K,e 0|1 0 0 X
Y'|=|0 COS|:tPT:| —Sin[PT} KOeETPi 1 01/0 cos[tP(T—l):| sin[tPT] Y (19)
Z'} o sin[tPT] cos[tPT] 0 O o =sin[tP(T-1)] cos[tPT]| Z

and X,Y,Z are coordinates in the non-rolling reference frame. The velocity of the media obtained

from the rotation kinematics is now given by



V' =—xK,P(S—i)e"*
V, =Pr+ixKOP(S—1)e™ (20)
V! =K, P(S—i)e™

and 1,0,x are cylindrical coordinates in the non-rolling frame. The Euler equations are now
modified to account for an inviscid liquid flowing through porous media. This modification
assumes that flow in porous media can be represented by additional terms that are proportional to
the liquid velocity relative to the media which is taken to be rigidly attached to the coning
projectile. Using the factor, €™, for each independent variable allows the modified Euler
equations now written in cylindrical components to have the following form:

(S+Ct—i)v—2w+thP(S—i)+Ld—p=0
pP dr
(S+Ct—i)w+2v—ixC,PS—i)——P 0 21)
pPr
(S+Cx—i)u —rcXP(s—i)+ld—p=o
pPdx

In this equation, v, w,u are the 1,6,x components of the fluid velocity and p is the perturbation
pressure. Note the terms that are proportional to the constants C,,C, represent drag that the

porous media exerts on flow passing through these media. Motivation for this model stems from
Darcy’s Law (12) which says that the drag force caused by porous media, Dr, is given by

Dr=-£vr=-pp aCr YL
K Pa
41 — dynamic viscosity
Kk — porosity (dimensions of length (2))
Vr — velocity of fluid relative to porous media
p — liquid density
Dr — pressure gradient induced by the porous media on the fluid flow
Cr — dimensionless constant which is a measure of the pressure gradient

U

so that Cr = .
pkP

Solving equation 21 leads to the velocity field expressions:

10



. dp .
2ip-—-(S-
P dr( l)r_thP(S—i)

CrpP(S-3i)(S+i) S+C, +
. ) dp
S—ijp+2r—
S -ip+ " dr ixC,P(S—i)
w = +
rpP(S—3i)(S+i) S+C, +i
dp
_ dx +erP(S—i)
pP(S—i) S+C, -i

(22)

u=

Invoking the fact that the flowing liquid is incompressible causes the continuity equation to give
the following expression for the perturbation pressure p

2 2

rzd—§+r@—p—r262d—€: 0
dr dr dx

= (S+C,—3i)(S+C, +1i)

(S+C,—i)(S+C, —i)

(23)

Equations 13 and 23 show when C, =0,C, =0 causes 6- =" . Using the demands of equation 20

modifies the coefficients for the Fourier-Bessel series as follows:

_ 16(—1)UCS(S_i)(S+Ct_3i)

" wak’ N({J(z2)(S+C +i)-zz] (zz)(S + C, 1))
77 = nakEN/2C
E=~5-if

(24)
D=2C(-N+2n+1)(S—i)S/Na
F=0
0<n<N

5. Porous Media Liquid Moments

The procedure (equation 16) for calculating liquid side moments gives the following expression
for liquid-saturated porous media in N cylinders, separated by impermeable end caps, located
along the projectile symmetry axis:

11



_4C(s-i)(N?-1)s? + (€ + 2i)NPS+(iC, —1)N2)+

T(C, oy +1C ) =
Cusv+iCun) 32> N* (S+C,+)
2 [Q2 2 2 :
~12C ([ -1)-4C 32> (S-if |
122’ 4 (25)
_128C°S*(S—-i)(S+C,-3i) 1,(zz)
T N?a? (S+C+) & [1(z2)(S +C +) - 2z (z2)(S +C i) k*
zz = tk6N/2C
Taking the limits of this expression for large N or large C, gives the frozen limit values of
C, sy and C, , given by (3)
2/.2
CLSMJ = %{1 - T%}
" (26)
1 4C’/a"+3
CLIMfF = E+TT(82 _1)

whenever T is not in the neighborhood of an Eigen frequency S = (i + ¢)T which by equation 25
satisfies

1,(22)(S +C #i) - 22J,(22)(S +C,~i) = 0 27)
The definition of G given in equation 23 shows that the Stewartson tables (1, 3) can again be

used to find Eigen frequencies, provided that C_ = C, and Sisreplacedby S + C; while these

tables are used. In general, these frequencies S will have complex values, € # 0, thus indicating
that damping/undamping will occur. The cases when C,_ # C, also result in € # 0 but numerical

methods need to be used to find such Eigen frequencies.

Scheidegger (14) has tabulated permeability’s k =1.0x10” cm®, and assuming that the media
studied here for the M864 have similar permeabilities, which average C,,C, = 0.6. Sample plots
showing that C,,, and C,,,, again approach the values for a frozen liquid as C, becomes large
(see figures 7 and 8), which are in agreement with equation 26 when € = 0.

Typical plots showing C,,, changing with increasing values of N are given in figure 9. For
this plot, the vertical axis assumes values defined as the difference between C,,, and the frozen
values given by equation 26:

AC g =Cron— CLSM_F (28)

The sharp peaks indicate Eigen frequencies which are now complex since C, = C, =1/3 and

therefore ¢ # 0. Evidently, C,, approaches the values C,g\, ; as N gets larger for values of

12



T sufficiently removed from any Eigen frequencies. In general, such Eigen frequencies are

found with a numerical search routine in the complex plane.

Aspect Ratio (C/a)=23 (R0/a)=0 N=2 &=0
M864
0.60
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= M —cssomnc / / \\
Uﬁ 0.30
0.20 / \
0.10 \
0.00 - ‘ ‘ ‘ \
0.0 0.2 0.4 0.6 0.8 1.0
T
Figure 7. Values of C, g, as a function of T for increasing C, and C, .
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M864
1.0
00 X
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Z 20 —Ct=1/3 CFN
O 30 —Ct=3 Cx=1/2 Ct \
4.0 Ct=5Cx=1/2 Ct
5.0 Ct=Cx=Infinity o~
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Figure 8. Values of C, ;,; function of T for increasing C, and C_ .
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Figure 9. Values of AC, g, showing possible flight instabilities (Eigen frequencies) as a function

of T. (As N increases, the payload behaves like a frozen [liquid] payload when T is
far from Eigen frequencies.)

6. Calculation Method

The equations of the last sections need to be calculated for a wide range of flight, geometry, and
porous media parameters all of which require values of Bessel functions. For small values of |z,

simply using power series expansions of each Bessel function works very well. Bessel functions
at large values of |z were obtained by asymptotic expansions (13). Generally, calculating Bessel

functions for complex arguments for intermediate values of |z7] is a non-trivial problem and the
methods used here employ Gaussian continued fractions. This author has judged that a further

discussion of these methods is not appropriate for this article but the reader should be aware of the
numerical difficulties associated with calculating complex Bessel functions.

7. Conclusions

The off-axis candlestick problem has been shown to be equivalent to the inviscid Stewartson (1)
problem whenever porous media are not present or can be ignored. Resonant frequencies are
independent of the candlestick off-axis position and can be found with tabulations that have
already been found (1, 3). Values not found in such tables can readily be obtained by simple
numerical root-finding methods. The design configurations examined here show that flight

14



instabilities should not occur for candlesticks with a low viscosity liquid and as N increases, the
liquid behaves more like a frozen liquid.

Cases when the candlestick contains saturated porous media that are located along the symmetry
axis of the projectile can possibly force resonances. In these cases, the Eigen S frequencies
assume complex values so that damping or un-damping can occur. For the particular case when
C; = Cy, it is possible to find the resonances from the Stewartson tables, but if C; # C,, then a
numerical search for resonances in the complex plane for the Eigen frequencies is required. The
current analysis is based on assumed values of the porosities, C; Cy, and the results indicate
that a flight instability of the M864 is unlikely to transpire. However, if the actual porosity of the
proposed media differs significantly from the assumptions used here, catastrophic flight
instabilities could result. A thorough search for “problem Eigen frequencies” requires
experimental measurements of C; and C, in order to gain a better idea where to search, in the
complex plane, for such frequencies (7, 8, 10). In all cases, the liquid moments approach the
values for a frozen liquid with increasing values of N if Eigen frequencies are not present.
Similar results also apply for increasing values of C...

15
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