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ABSTRACT

This paper develops an intertemporal, International asset pricing model
for use in applied theoretical and empirical research. An important feature
of the model is that it incorporates both stochastic inflation rates and
stochastic Purchasing Power Parity deviations (PPP). The model derives the
equilitrium real return on assets, and obtains empirically tractable reduced
form equations which can be used to examine such issues as capital market
segmentation, currency substitution, exchange rate volatility, and the forward
exchange market's risk premium. Mechanically, the model begins as a system of
stochastic differential equations which describe the dynamic paths of a vector

of state variables, prices, and PPP deviations. The state variables' inter-

temporal development determines the production and credit opportunities, and
provides the model's fundamental dynamic nature. The model is shown to be
consistent with the domestic-general equilibrium asset pricing models of Cox,
Ingersoll, and Ross (1985) and Brock (1982). The model is applied to pricing
forward exchange, and an empirically tractable equation of the risk premium is
derived which will allow researchers to uncover the risk premium's economic

determinants.,
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I. Introduction

This paper develops an intertemporal, international asset pricing model
for use in applied theoretical and empirical research., An important feature
of the model is that it incorporates both stochastic inflation rates and
stochastic Purchasing Power Parity (PPP) deviations. The model derives the
equilibrium real return on assets, and obtains empirically tractable reduced
form equations which can be used to examine such issues as capital market
segmenfation, currency substitution, exchange rate volatility, and the risk
premium in forward foreign exchange markets. The model is consistent with the
domestic-general equilibrium asset pricing models of Cox, Ingersoll, and Ross
(1985) and Brock (1982). This paper's international emphasis, however,
focuses attention on different issues.

In order to distinguish domestic from international asset pricing
paradigms, an economic concept of statehood is necessary. The Ricardian model
identifies nations by their technologies, while the Heckscher-0Ohlin theory
defines countries as areas within which physical factors of production are

confined. In monetary models and some asset pricing models (Hodrick (1981),

*The author is a student intern in the International Finance Division of
the Board of Governors, and a graduate student at the University of
California, Los Angeles. This paper represents the views of the author and
should not be interpreted as reflecting those of the Board of Governors of the
Federal Reserve System or other members of its staff. I have benefited from
valuable discussions with Maria Carkovic, Michael Darby, Sebastian Edwards,
Mark Grinblatt, Arnold Harberger, Giovanna Mossetti, and Guido Tabellini.



Kouri (1979), Fama and Farber (1979), and Grauer, Litzenberger, and Stehle
(1976)), nations are defined as economic units holding the same currency as a
means of payment.

This paper follows Solnik (1974) and defines a country as a blace where a
subset of agents uses the same price index to deflate nominal returns.
Nations are delineated by deviations from PPP which cause residents to evalu-
ate differently the real return on the éame asset. PPP deviations may exist
because of differences in consumption tastes, or from differences in the price
of individual commodities arising from transactions costs, storage costs,
tariffs, etc. "This heterogeneity in individuals' evaluation of returns plays
havoc with the standard Separation, Aggregation, and Asset Pricing results of

Portfolio Theory."1

The majority of this paper will be devoted to resolving
the problem of portfolio cholce when investors' real returns differ.
Resolving the problem of portfolio cholce and asset pricing when
investors' evaluations of real returns differ internationally is a necessary
first step towards a truly international theory of finance. Solnik (1974)
takes this first step. In a model with PPP deviations, no inflation, and no
correlation between PPP deviations and local real asset returns, Solnik
derives an international capital asset pricing model. This model is extended
by Sercu (1980) to permit correlation between exchange rates and local real
asset returns, and by Kouri and de Macedo (1978) tovallow for non-stochastic
inflation., Each of these models is an extension of Merton's (1973) inter-

temporal CAPM,’

lpdier and Dumas (1983, p. 926). Much of this introduction owes its
origin to their survey of the international finance literature.



This paper further extends Solnik's (1974) model by allowing stochastic
inflation rates, stochastic PPP deviations, and correlation between PPP
deviations and real asset returns. In order to accomplish this objective, I
follow Ross and Walsh (1983) in extending Ross' (1976, 1977) arbitrage pricing
theory (APT) to an international environment with PPP deviations.2 This new
technique 1s necessary because, given this paper's extensions, international
capital asset pricing models (ICAPM) cannot price assets without severe
restrictions on utility functions and correlation matrices; and because, even
granting those restrictions, the ICAPMs are empirically intractable.3

The arbitrage pricing approach alone, however, is insufficient because it
does not yield an optimal portfolio equation, which is necessary for many
extensions of the model. The arbitrage asset pricing approach must be applied
in conjunction with the representative investor utility maximization approach
to obtain both equilibrium asset prices and optimal portfolio shares.

‘The model's structural equations are discussed in Section II. Section
III uses these>equations to derive an international arbitrage pricing model
(IAPM)., Section IV rigorously analyzes the price of systematic risk derived
in Section III., 1In the process, we obtain the optimal portfolio for a
representative individual. This is important for extensions of the model.
Section V highlights the dynamic nature of the IAPM and describes how to

implement empirically the model. The forward exchange market's risk premium

2Solnik (1983) extends Ross' APT to an international setting where PPP
holds. This model is estimated by Cho, Eun, and Senbet (1986).

3'I'hese models are empirically suspect because (1) 1t would be difficult
to construct portfolios which mimick the world state variable; (2) Roll's
(1977) critique of the CAPM applies to the ICAPM; and (3) even if a world
market portfolio could be constructed and state variable portfolios assembled,
Stulz (1981b) shows that in a world with differential tax structures the world
market portfolio 1s inefficient for all individuals.



is derived in Section VI, A brief summary is presented in Section VII.

I1. The Model

The world economy consists of n countries each with its own currency.,
Every investor 1s able to issue and purchase assets in any country through
freely floating international exchange markets., It is assumed that each

n
country, for example country i, has N, assets, where n << I N, = N.
i

i=1 1
AlthOugh all goods are available in each country, residents of country i

can consume only goods purchased in country i. The existence of differential
transactions costs, storage costs, tariffs, tastes, etc., make the relative
price of representative consumption baskets differ internationally. Given
these deviations from Purchasing Power Parity, one cannot trade a basket of
goods in country i for an identical basket in country j at a 1l:1 ratio.
Consequently, the real return on any asset will depend upon the investor's
nationality.,

It is assumed that there exists a K x 1 vector of state variables, 6,
which describes the state of the world and provides the fundamental dynamic
relétions of the model. I assume that the state vector, 0, follows a

continuous time vector Markov process of the Ito type,
¢D) de = ue(e(t),t)dt + Iy (e(t),t)dz(t)

where throughout this paper, uz(e(t),t), represents the expected rate of
change in variable & at time t, given that the state vector is 6(t).
Ze(e(t),t) is a K x K diagonal matrix of instantaneous standard deviations,
The main diagonal consists of: ol(e(t),t),...{GK(B(t),t); where os(e(t),t)
1s state variable s's instantaneous standard deviation at time t when the
state of the world 1s described by 6(t). The dZ(t) variables are

correlated Wiener Processes having zero mean and unit variance per uait of



time.4 Thus, the unanticipated change in state variable s at time t is
equal to og(e(t),t)dzs(t).

The intertemporal development of the state variables determines the
production and credit opportunities available to the economy. They include
Suéh variables as technological growth, the money supply, institutional
arrangements, tax and tariff structures, the price of intermediate inputs,
etce The state variables provide the dynamic nature of the model. More
specifiéally, the probability diétribution of important variables such as
aggregate price levels, exchange rates, and deviations from PPP, depends on
the current level of the state variables, 6, which are themselves changing
randomly over time,

Remembering the notational convention described above the remaining
structural equations may be specified.

Each country's inflation rate 1s assumed to follow an Ito-type continuous
time Markov process,

dPi Koo '
(2) 7 = Kp (8(t),t)dt + I by (8(t),t) o (8(t),t)dz () 1 =1,..0,n
i i s=1 1
where. Py is éountry i's domestic price level, and where throughout
bi(e(t),t) quantifies the sensitivity of variable 4&'s rate of change to
unanticipated movements in state variable s at time t, when the state of the
world is 6(t). Note that the expected change in country 1's domestic price

level at time t, Hp (6(t),t), 1is made conditional on all information
i

4A real valued function z on [t,t'] 1s a Wiener process if: (i) =z
is a continuous process with independent increments, and (i1) 2z(t') - z(t)
has a normal distribution with mean zero and variance t' -~ t. For a more
rigorous definition of Wiener processes and their applications in economics
and finance see Malliaris and Brock (1982).



available up until time t.

The instantaneous nominal return on the N nominally risky assets 18>
dQ - K g
(3) ==y, (8(t),t)dt + I b, (6(t),t) o (6(t),t)dz (t) 1 =1,...,N
Q Y e=1 & s s |

where Qq 1s the nominal price of asset 1 in home currency terms.
The nominal exchange rate. is assumed to reflect not only relative price

differences but PPP deviations as well:

(4) Sgs = D

J

'dl"d
e

g 17

where Sij is the amount of currency 1 exchangeable for a unit of currency j
on the spot exchange market, and Dij represents PPP deviations between
countries 1 and j.

There are three Iimportant stylized facts about PPP deviations which
should be incorporated into an international model. First, PPP deviations are
the rule rather than the exception. Second, PPP deviations between, for
example, the U.S. and France are different from PPP deviations between the
U.S. and Japan. Third, although Darby (1983) finds a significant MA term,
much empirical work (Adler and Dumas (1983)) suggests that PPP deviations are
not statistically very different from a martingale.

This paper recognizes the empirical evidence and models PPP deviations
accordingly. PPP deviations are modeled as a sub—system of stochastic
differential equations.

dD

K
(5) ._D.ij = (8(t),t) + ¢ bls) (e(t),t) o (8(t),t)dz (t)
13 13 e=1 D1 s s

5Note that a nominally risk free bond is also representable within
equation (3). Simply let the uncertain component of dQ/Q equal zerc for the
nominally risk free return, i.e., set the b's equal to zero,.



Note that dDii/Dii = 0 by definition, and each country has a different
stochast.ic PPP relationship with each other country. The expected change in
PPP deviatlons 1s not necessarily zero. Thus, while a martingale is not
inconsistent with the above formulation, I do not restrict PPP deviations to
be a random walk.,

Assuming identical consumption bundles, Dij can be interpreted as the
real exchange rate —— by which I mean the relative cost of the same bundle of
goods in two different countries, e.g., let 1 = Germany and j = U.S., so
that S;4 = D.M./$, Pj = D.M./bundle(Germany), Py = $/bundle(U.S) then
Dij = bundle(Germany)/bundle(U.S.). The real exchange rate may be different
1f a different representative bundle of goods is chosen.6

This model is partial equilibrium in the sense that unspecified state
variables provide the fundamental dynamic relations of the model. It is not
general equilibrium in the sense of Arrow-Debreu because technological sources
of uncertainty are not explicitly related to the equilibrium prices. Cox,
Ingersoll, and Roll (1985) (CIR), and Brock (1982) construct general equilib-
rium assiet pricing models in a domestic setting. Production possibilities are
explicitly modelled as a set of linear stochastic activities where it is these
direct technological shocks that ultimately induce stochastic contingent claim
prices. They, however, construct their models in a completely real setting
with no aggregate price level. Since the model used in this paper incorpor-
ates stochastic inflation rates in each of n countries, a money market and

aggregate price level would have to be added to the CIR and Brock models: a

non—-trivial task left for future work.,

6The assumption of identical consumption bundles is made for expositional
purposes. It plays no role in this paper.



It 1s not necessary, however, to model explicitly the microeconomic
components of risk for the framework to be consistent with a general ejuilib-
rium model. In order to be consistent with general equilibrium, prices must
be endogenously determined through the equilibrium of supply and demand.

Since all random shocks are captured as elements of the state vector, 6, and
assuming asset supply and demand schedules are functions of the state

variables which follow Ito processes, then the resulting equilibrium prices

will also follow Ito processes.7 Thus, the economic model presented is

consistent with endogenously determined prices.

III. An International Arbitrage Pricing Model with PPP Deviations

This section follows Ross and Walsh (1983) and applies the APT developed
by Ross (1976, 1977) to the model presented in Section II in order to price
internationally traded assets in a world with PPP deviationms.

This section 1s divided into three subsections. The first subsection
demonstrates that the framework presented in Section II 1s consistent with
real asset returns following a linear return generating process, which is a
neceésary component in any APT approach. The second subsection derives an
intertemporal, international asset pricing equation using the arbitrage
pricing approach. This equation specifies that the real return on asset {1
evaluated in country j, for example, is a linear combination of asset i's
sensitivity to unanticipated movements in the state variables. The third sub-
section gives an intuitive explanation behind the "pricing” of an asset's

sensitivity to specific shocks.

7This section borrows heavily from Breeden (1979) and Richard (1979).



IITI.A The Linear Return Generating Process

To facilitate exposition, let:

68 = os(e(t),t)dzs(t) 8 = 1,.e.,K

b? = b;(ﬁ(t),t) for all s and j

and

uj = uj(ﬁ(t) !t)

It shoul.d be remembered, however, that (1) b; 1s a time varying, state
dependent parameter, and (2) Gs is the unanticipated movement in state
variable s, and is distributed normally with mean zero, and varilance

o (68(t),t)dt.

Equation (3) then becomes

(3") in d l; b 6
y Yy s=1 Y 8

For simplicity, assume that asset 1's home country is country i. Then,

the instantaneous real return on asset 1 in country j is (after using Ito's

Lemma and collecting terms)

k
(6) 0§ = a§ + I B:’j Gs
s=1

where ;5;‘ 1s the real return of asset i in country j, a§ is the expected

real refturn of asset i in country j, Bi’j(= b2 - b2 - b5 ) 1ig the
s Q P D
i i 1j
sensitivity of the real return of asset in country j to an unanticipated
movement. in the state variable s. (See Appendix A for the derivation of
equation (6)).

Not.e that B:’j consists of three components. The first component,

bg » signifies the sensitivity of the nominal return of asset i to changes in
i
state varlable s. The second component, bs represents the sensitivity of

Py
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asset 1's home country's price level to changes in state variable s. These
two components are the same regardless of the country in which final evalua-

tion is to occur, The third term, bg indicates the sensitivity of

1]

purchasing power parity deviations between asset i's home country and country
j, the country in which the real return of asset 1 is being evaluated. This
term is what causes the real return of assets to be evaluated differently
internationally. Models in which PPP is assumed to hold are specilal cases of
the above formulation (see Hodrick (1981), Kouri (1979)).

The real return on any asset computed by any country is thus seen .to
follow a linear return generating model. This satisfies the quintessential
assumption of the APT., The other assumptions necessary to use the arbitrage
pricing approach are perfectly competitive capital markets, frictiorless asset
markets, and that the number of stochastic state variables affecting asset
returns is relatively small, i.e., K << N.8 1In the parlance of the APT
literature, there are only a few systematic components of risk existing in

nature, 61,...,6K; these are called systematic risk factors.,

ITII.B The IAPM

Given these assumptions, it is possible to derive an international
arbitrage pricing model with PPP deviations. Following Ross (1976) and Roll
and Ross (1980), consider an individual in country j who is considering a
change in his portfolio. Let X; (1 =1,...,N) equal the amount purchased

or sold of asset 1 as a fraction of total real wealth, where "real"” 1s defined

in country j terms. Since purchases of assets must be financed by sales of

8There is an entire literature on the APT's “"necessary” conditions. See
Ross (1976) and especially Ross (1977) for the original presentation, and see
Dybvig and Ross (1985) for a recent 1list of relevant citations.



11

other assets, the new portfolio must have the same real value as the old

portfolio in equilibrium. Thus,

Portfolios that use no wealth such as Xj = (x},...,x?) are called arbitrage

portfolios.
Ccnsider an arbitrage portfolio, Xj, chosen to have no systematic risk,
i.e., unanticipated changes in the state variables will not affect the real
return to residents of country j holding Xj. Formally this 1s written:
N

r sldx! -
]

j 0 for all s
i=1

This arbitrage portfolio, Xj, will have real return to residents of

country j,

xJ!& =X' o +X' Bl 6 4+ ..+ X Bl S =xX'a

] J 3 j1 j K K iy
where
~ al 1,j
] J Bs
~ . . i .
a, = . , Qa, = . , B = .
: &N . GN ° BN’j
h| 3 s

Notice that Xj is a special arbitrage portfolio: it has no risk and
uses no wealth, Therefore, the real return on Xj must equal zero in
equilibrium or, a riskless and costless pump of consumption goods would exist!

Using simple linear algebra we can now solve for the equation of expected
real asset returns from the vantage point of a country j resident. Any
vector, Xj, which is orthogonal to the constant vector and to each of the

coefficlent vectors, Bi,...,Bj must also be orthogonal to the vector of

K)

expected returns. The algebraic consequence of this statement is that the
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expected return vector, 91’ must be a linear combination of the constant

vector and the BJ vectors. Thus, there exist K + 1 weights such that
7 -+ gl jpd
7 “j A°+AlBl+...+xKBK

with the understanding that if a riskless real asset exists for residents of
country j it would have real return Xg, with an expected value of ag = Ag.

For asset i in particular:

(8) . u§ = ag + A{Bi’j + eee + A%Bé’j

Intuitively, equations (6) and (8) are easily explained. Equation (6)
expresses the notion that the real return on asset i evaluated in country j is
equal to its expected value plus the effect of random shocks. The magnitude
of these unanticipated shocks is measured by § = (61,...,6K) and the
sensitivity of the real return of asset i in j is captured by sl,Jd =
(Bi’J,...,Bé’j). Due to stochastic PPP deviations these sensitivities depend
on the asset's home country and the country in which the real returr. of that
asset 1s being evaluated. For example, unanticipated changes in the U.S.
money supply may affect the real return on U.,S. securities evaluated in
Germany differently from the real return evaluated in Italy. Equation (8)
states that the expected real return of an asset will depend upon tte
sensitivity of that asset's real return to shocks. That is, a risky asset —--
one whose real return is expected to be very sensitive to unexpected changes
in fundamental state variables —— would also be expected to,have a
compensating higher real rate of return than a less risky asset.

The effect on the expected real return of an asset due to that asset's
exposure to unanticipated shocks is captured by the A's. These A's are

called factor risk premiums. They indicate the market price of any asset's

sensitivity to various shocks. An asset's sensitivity to these common shocks
y
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is8 called the asset's systematic risk, and is signified by B%,...,Bg. The

relevant shocks in the economy are 61,...,6K and are called systematic risk

factors,

III.C Factor Risk Premia: Intuition

To see why the factor risk premiums are the market price of systematic
risk consider a world with only one factor. The international arbitrage

pricing model derived above tells us that

The expected excess real return on asset i in country j above the country j
risk-free rate depends upon the exposure of asset i in j to the lone risk
factor times a constant, Ai —— constant in the sense of not changing across
assets 2valuated in country j. The factor risk premiums must be equal across
assets to rule out riskless arbitrage profits. This constant, Xi, is the
market orice of a unit of systematic risk. That i1s, a unit increment in asset
1's systiematic risk increases the expected real return of asset i in j by
N,

This unifactor example can be extended by forming portfolios with unit
systema.ic risk on each factor and no risk on other factors. FEach A may

then be interpreted as

j_ s _ 0 =
9) J\s aj aj s 1,e00,K

which is the excess real return, or factor risk premium, on portfolios with

only systematic risk factor s. FEquation (8) can then be rewritten as

i_ o _ 1__oy,i,] K_ 0ypi,]
(10) aj aj (ctj aj)Bl + eee + (aj j)BK .

This section derived an intertemporal, international arbitrage pricing

model with PPP deviations. Equation (8) is the intertemporal arbitrage
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pricing equation. It indicates that the expected real return on asset i
evaluated in country j is a linear function of asset i's exposure to a set of
systematic risk factors. These exposures, or sensitivities, are then weighted

by the factor risk premiums to yield the expected real return of asset 1 in j.

IV. The Optimal Portfolio and the Risk Factor Premiums

This section has two related objectives. The first is to derive the
factor risk premium's economic determinants. This bolsters the economic
foundation of the IAPM, and enhances its empirical usefulness. The section's
second objective 1s to solve for the optimal portfolio of country j's
representative individual. This is important because it allows the IAPM to be
extended to such issues as currency substitution and exchange rate wvolatility.

It is important to note that the arbitrage approach alone cannot be used
to obtain an optimal portfolio equation. Therefore, we must hypothesize a
representative individual and solve for his optimal portfolio. This utility
maximization approach, however, is also insufficient because assets cannot
easily be priced within the context of the above model. The two approaches

used together are necessary to derive a meaningful optimal portfolio equation.

IV.A The Individual Investor Choice Problem

It is assumed that each investor chooses that consumption and portfolio
strategy that maximizes the expected value of utility over an infinite time
horizon. The instantaneous utility function is assumed to be a strictly
concave function of consumption. The choice problem for the representative

investor of country j is

(11) Max  E [[” e7Pt yd(c, (t))de]
{Cj’qj} °0 J

Sete
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(12a) | de = quj' ajdt - det + quj' lpjdz

(12b) aj - 1=1,

where: W& is the real wealth held by the representative individual of
country j.

ay is the vector of representative investor j's invested wealth

1
3

the optimal proportion of j's wealth invested in asset 1.

shares, i.e., the first component of q is q., and it signifies
C; 1is j's instantaneous real consumption ‘
V. 1s the matrix containing country j's real asset return sensitivi-

ties to shocks. It is derived in Appendix B.

E is the expectation operator evaluated at t = 0,
p 1s a discount factor.
1l 1is an N x1 vector of ones.

.The first constraint, equation (12a), specifies the intertemporal budget
constraint. The accumulation of real wealth occurs when real capital gains on
assets exceed instantaneous real consumption, Cj‘ It is assumed that no
other source of income exists. The second constraint, equation (12b), merely
states that the summation of portfolio shares over assets is equal to one.

This utility maximization problem can be solved using stochastic optimal
control theory.9 For simplicity, I will drop the j subscripts, indicating
the hom2 country of the representative individual., The subscript will

reappear at important times,

IFor a mathematical explanation of stochastic optimal control see Fleming
and Rishel (1975), Deterministic and Stochastic Optimal Control. For a more
heuristlc presentation with economic applications see Malliaris and Brock
(1982), Stochastic Methods in Economics and Finance.
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Let J(W,8) represent the value function, i.e., J 1is the solution to
equation (11) for given levels of real wealth and state variables., The
fundamental principle of stochastic dynamic programming lets us transform the

problem given in equation (11) to

0 = {Max} [u(C) - pJ + J W(q'a) = C] + 1/2 wawz[q'ﬂq]
C,q

+ JyoWla'e] + G[1- q'.1]
where G 1is the Lagrange multiplier. Q 1s the covarlance matrix of real
asset returns. ¢ 1is the covariance matrix of real asset returns with the K
state variables. @ and ¢ are country specific and implicitly have j
subscripts. They are defined more rigorously in Appendix B. Jy, and Juw
are the first and second partial derivatives of the value function with res-
pect to real wealth., Jwe is a K x1 vector of second partial derivatives

of the value function with respect to real wealth and the K state variables.

The first order conditions for the problem described above are:

(13) u,-J.=0

2

(14) JWa+J WQe* +J Wd -Gl =0
w ww w -

8

Equation (13) states that at an optimum consumption will be withdrawn
until its marginal utility equals the marginal utility of wealth.

Equation (14) can be solved for the real asset return vector on optimally

invested wealth.,

(15) a = RQgq* + 0A + G/WJw .1

where: R —Wwa/Jw; the coefficient of relative risk aversion

A=-J /J; a k x1 vector
wb' w

|~
]

N x 1 vector of ones

and, q* = vector of optimally invested shares of real wealth.
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Now, form a minimum variance portfolio with shares q°, such that it has
zero covariance with optimally invested wealth, and zero covariance with the
state variables, The real rate of return on this portfolio is

\] ] | \]
o = qo a = WRqo Qq* + qo dAq* + G/W.quO o 1

a = G/WJw
Substitute o 1into equation (15) and reintroduce the j-subscripts to

obtain:

-~ o -
(15a) aj uj e 1 Rjnjq; + <bjAj.

Solving for optimal portfolio shares, qg, ylelds

* = _1.__ ~1 _0 - -1
(16) qj Rj Qj (<>Lj aj) l/Rj Qj cbjAj

Equation (16) expresses the optimal portfolio shares for a representative
investor from country j. The expected rates of return in equation (16) can be

obtained from an TIAPM of Section III, equation (8).lO

IV.B The Factor Risk Premiums

‘The factor risk premiums may now be obtained from the existing equations.
Let q¥ be the vector of portfolio weights with unit systematic risk on the
sth factor, i.e., q°® 1s the vector of portfolio shares whose expected rate
of return, 0?, depends only on state variable s. Assuming, with some loss
of generality but with worthwhile gains in clarity, that the state variables
follow independent diffusion processes, the following expression can be

derivec (Appendix C derives equation (17) and also solves for the factor risk

10Assuming asset returns follow a linear return generating process,
market equilibrium implies that the no-arbitrage condition holds. Therefore,
the TAPM and the optimal representative investor model are consistent, and the
expected real returns generated from the IAPM can be used in the optimal
portfolio equation.
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premium without assuming the state variables are independent)11

2

dC
(17) of = & = (R)) (g5 o

h| 3 3j dejCj

where Rj represents Investor j's coefficient of relative risk aversion,
dc

deCj

variable, and oi is the variance of factor s.

is the partial elasticity of consumption with respect to the sth state

The left hand side of equation (17) 1is the same as the right hand side of
equation (9). Both equations identify the risk factor premium. The equili-
brium risk factor premiums are seen to depend positively on the individual's
level of relative risk aversion, and on the factor's own variance. The sign
of the risk premium can be positive or negative depending on thejéign of the
partial elasticity of wealth with respect to the relevant state var:ilable,

Since the sign of the risk premium, A, can be reversed by reversing the sign

of the state variable, I will assume that A is always positive,

V. The IAPM's Dynamic Nature and Its Empirical Applicability

This section 1s divided into two parts. The first subsection cdescribes
the intertemporal nature of the international arbitrage pricing model derived
in Section III. The second subsection briefly outlines how the IAPM can be

empirically implemented,

11This section borrows heavily from Roll and Ross (1980) and Cox,
Ingersoll, and Ross (1985). They derive different expressions for A, This
is because they make different assumptions regarding the independence of the
state variables. In the text, I follow Roll and Ross while, in Appendix C I
follow Cox, Ingersoll and Ross (1985), Both of these papers derive the factor
risk premiums in a domestic setting but, the familiar reader will recognize
that the extension to the international setting is trivial,
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V.A. The Dynamic Nature of the IAPM

Up until now, I have been lax in distinguishing ex ante from ex post
perceptions., 1In order to apply the international arbitrage’pricing equation,
howevar, this distinction is important, Therefore a little backtracking and
clarification is necessary before explaining how the IAPM can be used.

Given the model specified in Section II and assuming rational
expecf:ations, equation (6) describes both the ex ante perceptions of the return
generating process and the ex post realization. The real return on an asset is
its expected value plus the effect of shocks on the asset's real return.

Equation (8), on the other hand, is an equation describing an asset's
expected real rate of return. The B's in equation (8) are expected values;
they zre the expected sensitivity of the asset's real return to unanticipated
movements in the state variables. The expectation of Bi’j(t) is formed
conditional on the expected state of the world at time t. (Recall that

i,j _ .s s - 1S
B’ = bq (8(1),) = b3 (8(),1) - b3 (8(1),0)).
1 b ij

A more rigorous characterization of "expected state of the world” can be

obtained by integrating equation (1)

(18) 8(t) = 8(0) + [* u(8(v),w)av + [* & (8(v),v)dz(v),
0 0 6

where cquation (18) represents the actual state of the world at time te It

obviously includes the unanticipated movements happening the instant before

time t,

The expectation of 6(t) at time t-h is

B LO(O/T, 1 = 8(0) + [* pcow),mav + [*™ 5 (ocvy,v) az(w)
t-h 0 0 0

where h 1is positive, and It—h represents Information available at time

t-h. The expectation of B;’j(t) is formed conditional on an information set
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that does not include the realization of shocks between t-h and t, 1

e€e,
the expectation of Bi’j(t) is formed conditional on tgh[e(t)/ltwh] not
8(t).

These expectations of systematic risk are then welghted by the factor
risk premiums to yield the expected real rate of return (equation (8)). As
the expectations of systematic risk, B:’j, vary intertemporally the expected
real return on assets will also varye.

In conclusion to this clarifying subsection on the intertemporal behavior
of the IAPM, I pose a basic question: Why do expected real returns vary with-
in the context of an intertemporal international arbitrage pricing model? By
looking at equation (8) and using Section IV, the answer is clear. The
expected real rate of return on an asset will vary through time as the asset's
expected exposure to systematic risk varies. For example, as the expected
values of Bi’j,...,B;’j change, the expected real return on asset 1 in
country j will change. Additionally, changes in attitudes toward risk, and
perceived alterations in probability distributions governing unanticipated
movements in the state variables, i.e., changes in factor risk premiums will
also induce changes in the expected real returns on assets. These dynamic

considerations must be accounted for in any meaningful econometric work

utilizing the IAPM,

V.B. Empirical Application of International APT

In order to estimate an asset's expected real return within the context
of the IAPM, one can either specify the systematic risk factors bel:eved to
induce risk, or use factor analysis. This subsection will briefly outline the

econometric methodology required for using the IAPM when systematic risk
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factors are prespecified.12
In order to determine which economic state variables —— systematic risk

factors -— influence real returns, and in order to construct estimated real

returns using the IAPM, it 1s necessary to:

(1) chocse a set of assets and systematic risk factors, §'s;

(2) estimate each asset's real return sensitivity to the chosen systematic
risk factors, 1i.e., colléct a time series of B's for each asset from
equation (6);

(3) estimate equation (8) in each time period, i.e., using the estimated
systematic risk coefficients, the B's, from step (2) as predetermined
variables and realized real rates as proxies for expected real rates as
the dependent variables, equation (8) may be estimated and the risk
factor premia, the A's, retrieved.

The results are a time series of systematic risk estimates, B's, a time
series of risk factor premia, A's, and hence a time series of estimated
expected real rates of return, a's.

- The most difficult econometric step in the above procedure is step 2.
Estimating the exposure of each asset's return to the chosen systematic risk
factors involves the collection of a time series of B's from equation (6).
Econometrically this entails recovering a series of time-varying parameters,
and using this series as the explanatory variables in equation (8). Equation

(8) 1s then estimated in order to determine which systematic risk factors are

lzlt should be emphasized that use of the IAPM is a separate issue from
the debate surrounding the APT's testability. The seminal article in this
area 1s Foll and Ross (1980), where they conclude that the APT is testable.
After using factor analysis, they find that about five risk factors seem to
explain stock price movements in the U.S. For criticisms of the APT and its
testability see Shanken (1982) and Dhrymes, Friend, and Gultekin (1984). For
a response to these papers, see Dybvig and Ross (1985).



24

Similarly, the difference between the expected real return of asset 1

evaluated in country i and the expected real return of asset j evaluated in

country 1 can be expressed as either

{
(22") o - ol = (u -u ) - (w, *u, -w, ) + Var(P,)
1”5 Q, o, 2, “Pij tu 1
- Var(Pj) + Cov(Pj’Dij)’
or
(23") dood o3 (aaliipdslyy
i i s s s *

These two sets of equations (ga%ations (22)-(23) and equations (22')-(23'))
are needed to derive the two versions of the risk premium.
Substituting equation (22) [(22')] into (21), rearranging, and using

equation (19) we obtain

(24) RP = Cov(P;,P;) + Cow(Py,Dyy) = Cov(Py,Dyy) = Var(Py) - iy + (dj=a))
~ ’
(24') RP = Cov(P;,P;) + Cov(Py,Dy;) = Cov(Py,Dyy) - Var(Py) + (og=ap).

Now we can express the risk premium using the IAPM by substituting (23)

[(23')] into (24) [(24')] to get

(25) RP = Cov(Py,Py) + Cov(Py,D;y) = Cov(Py,Dyy) - Var(Py) - ",
K
o__0 i i’i - j j,j
+ (o aj) + sfl {ASBS X By }
(25") RP = ,ov(Pi,Pj) + Cov(Pj,Dij) - Cov(Pi,Dij) - Var(Py)
K
+ oz ook (ehhipdily,
8 8 S
s=1

Equations (24), (24'), (25), (25') are all expressions for the forward
foreign exchange market's risk premium between countries i and j. ZEquation
(24) states that the risk premium is a function of the expected real return

differential evaluated in the home country, the expected change in the real
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exchange rate, and four terms which capture the explicitly stochastic nature
of the model employed. Equation (24') is the same as equation (24) except
that the real return differential is specified using the IAPM developed above,
In equation (25), the expected change in the real exchange rate is embodied in
the expscted real return differential, The expected real return differential
in equation (25) is evaluated solely 1n country 1 terms, and thus considers
expected changes in the real exchange rate. The difference between equation
(25) andvequation (25') 1is that the expected real return differential is
specified using the IAPM,

Korajczyk (1985) estimates a model that closely resembles equation (24).
He, however, does not construct an explicitly stochastic model, and thus, he
does not. derive an expression for the risk premium that contains the first
four terms on the right hand side of equation (24). Korajczyk (1985) assumes
that ex ante PPP deviations follow a martingale process. This assumption has
two important implications: (1) real asset returns are independent of
residence, and (2) the expected change in the real exchange rate is zero.
Given these assumptions, Korajczyk (1985) estimates an equation of the form
RP = a +'b(<§-1%) + u. Using three stage least squares, he finds that the
expected real return differential is useful in predicting the forward forecast
error. This represents an encouraging step toward the conclusion that the
forward bilas is due to a risk premium rather than market inefficiency.

Although Korajczyk's (1985) paper is a seminal contribution, it can be
improved upon in at least two ways., First, given the IAPM developed above, it
is possible to test for the risk premium's existence within the context of a
specific asset pricing model. Using the IAPM to analyze the risk premium's
existence 1s an improvement over past work because now the risk premium's

determinants are fully articulated by a theoretical paradigm explicitly
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designed to characterize risk. The second lmprovement which can be made is to
allow for ex ante real exchange rate changes. This extension is presented in
Levine (1986),

Estimation of equation (24') or (25') will consider each of these
improvements, Using equation (24') has the advantage of being able to
distingulish the relative explanatory powers of ex ante real return differences
and ex ante real exchange rate movements. It has the disadvantage that real
exchange rate movements would then have to be explicitly modeled. U¥stimation
of equation (25') has the advantage that it can be estimated complet.ely within
the context of the IAPM., The next step is clear: estimate equation (25')

using the empirical techniques outlined in Section Ve

VII. Conclusions

This paper has applied techniques developed by Merton (1973) and Ross
(1976) to the problem of pricing assets and deriving optimal portfolio shares
in a model where investors' real returns differ intefnationally. I derive an
intertemporal, international arbitrage pricing model incorporating both
stochastic PPP deviations and stochastic inflation rates. Imposing (1) the
no-arbitrage condition; and (2) the condition that the supply and demand for
assets are always equal, this paper obtains equilibrium asset prices and
optimal portfolio shares.

The IAPM relaxes more assumptions than previous International asset
pricing models, e.g., stochastic PPP deviations, stochastic, imperfectly
correlated inflation rates, and time-varying covariances are permitted without
concomitant restrictions on agents utility functions. Furthermore, rhe IAPM
is empirically tractable. Because of these features, the model can form the

basis of applied theoretical and empirical research,
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This paper applies the model to the forward exchange market's risk
premium. The lack of an empirically tractable quel of the time-varying risk
premiun has hindered empirical inquiry into the sources of iﬁtertemporal
variation between forward and corresponding future spot exchange rates.
Section VI derives an equation of the risk premium that in future work will

allow Investigators to discover the risk premium's economic determinants.
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Appendix A

This Appendix provides additional steps in moving from equation (3') to

equation (6),
Recall that equation (3'), the nominal return on asset i in country j
(assuming i is its home country), is

in ~

K S
dt + I b §
q "

(A1)
Qi s=1 Qi

The instantaneous real return on asset i in country j is d[Qi/PiDij]/

Qi/PiDij‘ After using Ito's Lemma this becomes

d[Qi/PiDij] i dq;  dp, db, ; i dq, dp,

(A2) - -
Qq/ByDy4 Q Py Dyy Py
dq.dp dp, dD a?.  ap?
Q;dD, 4 19035 9Dy5 1
- qQ,p M) M
1913 1P13 b, Py
Now use equations (2), (3) and (5) to obtain:
dlo;/eypy 1 Moy ey o,
(A3) QTPD = [ SR S T cov(Qi,Pi)
17P1Py; 1 1 1]

+ Cov(Pi’Dij) + Var(Dij) + Var(Pi)]dL

K
8 s s
+ [ E dZSos(b - b, - by )]

s=1 Qi Pi 13
The following multiplication rules have been used:
(dt)2 = 0
(dt)(dzg) = 0
(dzs)(dzr) = correlation between state variable s and

So that:

Te
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=

b o dz ] * [ § b ¢ 4z ]
bl
1 Y 88 g By s s

COV(Qi ,Pi) = [
S

™

and the remaining covariances and variances are similarly defined.

The term in the first pair of brackets in equation (A3) is the expected
real return of asset i evaluated in country j. Let this term equal a;.
Let. Blsd = pS -~ ps - 8
, s Q

and § =o0dz .
s s s

Equation (A3) then becomes

Qg /pyDyyl K
= »J
(A4) —~6;7F———1— =a + 1 B s, Q.E.D.

1743 s=1

Appendix B

This Appendix more rigorously defines %j’ Q. , and ¢j.

Sirnce capital gains are the only sources of income, the instantaneous

change in real wealth of a country j resident is

Ny 1 K13
(B1) dwy = I qj(gjdc + I B oSdZS) - det.
' i=1 s=1
Let
i,] i,]
B1 Gl cos Bk °K
Yy o : .
N,j N,j
By7op eee By
(Bl) then becomes
= W.q! - + Woq! ¥,
(B2) dw Wqu ajdt_ det quJ q)sz

where qﬁ is the N x K matrix containing the sensitivity of each asset's
real return to changes in the fundamental state variables according to a

resident of country j.



30

After maximizing utility subject to the given constraints, the following
matrices are constructed:
, 1s an N x N matrix of real asset return covariances according to
reslidents of j.
¢, 1s an N x K matrix of covariances between real asset returns and the K
state variables,
The (l,m)th element of Q, 1s the covariance between the real return

3

on asset £ and the real return on asset m, and is equal to

K 2,3 K m, j
= . * ’
ﬂj(z,m) [ ¢ BS ostS] [ & Bs ostS].
s=1 s=1

The (a,x) element of & 1s the covariance between the real return on

h

asset a and the state variable x, and is represented by

K
0.(a,x) = [ £ B*dgdz ] * gaz .
3 =] S 8 8 X X

Appendix C

This Appendix derives the factor risk premium for a representatlve
Individual from country j, equation (16), assuming that the state variables
follow (1) independent diffusion processes, and (2) correlated d: ffusion
paths,

Consider first the simple case when the diffusion processes are

independent., Equation (15a) is rewritten:

- o0 = * .
(Cl) aj aj e 1 stzjqj + q’jAj

Now, form a (hypothetical) portfolio whose expected real rate of return,
q?, depends only on state variable 8, and has unit systematic risk with state
variable s. Multiply (Cl) by q?, which represents this hypothetical

portfolio's vector of asset shares, and replace A, to obtain:
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J
S o _ "wb 2
(CZ) Gj QJ. = F OS,

where (é = qjs ¢j because this portfolio only varies with the s state

variable,

Using the implicit function theorem on equation (13), we know that

Jwe - _ucch/des
w e
= (—uCC.C) dC
Mo des(C)
From Bellman's Principle of Optimality, we know that ( . ) = ( T ) =
C \

investors' coefficient of relative risk aversion. Thus, equation (C2) can be

rewrittan as

(c3) o - a2 = (R) (=2 FNOL 02 Q.E.D.

ae .(c

The second part of this Appendix derives the factor risk premium in the
case of covaring state variables. This section follows directly from Cox,
Ingersoll, and Ross (1985), and is merely included here for completeness.,

The hypothetical portfolio, q?, i1s now more accurately interpreted as a
portfolio whose excess expected real return has only the risk of factor s but,
the sth factor covaries with the other state variables. The factor risk

premium then hecomes

-3 K Jwe

Ty (cov(w*,o Q)+ I (=) (cov(e_,6 0],
_ J X' s
w x=1 w

o - o= [(—
] N

where W* 1is optimally invested wealth, Note that if the conditions of the

first part of this Appendix are imposed, the first term in brackets disappers,

~Jwe

and of the K following terms only 2 cov(es,es) would remain. For a

J
w

more detailed explanation see Cox, Ingersoll, and Ross (1985) and Roll and

Ross (1980),
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