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Abstract
We present here a convergence proof for spectral approximations for
hyperbolic systems with initial and boundary conditions. We treat in detail
Chebyshev collocation, but the final result is readily applicable to other

spectral methods, such as Legendre collocation or tau-methods.
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INTRODUCTION

In the paper [1], we derived stability results for spectral methods
applied to initial-boundary value problems for hyperbolic systems. The paper
demonstrates that one can bound certain weighted 1L, spatial norms of the
solution in terms of norms of the boundary data (homogenous initial conditions
are assumed). The bounds also contain powers of N, which is the degree of
the approximating polynomials.

Here we show that the approximations discussed above actuaily converge to
the exact solution, at least when this solution is smooth. We bound the error
in the numerical method by a power of N multiplying a term which depends
only on the exact solution--more precisely, this is the interpolation error of
the initial value and boundary derivatives. For sufficlently differentiable
functions, this interpolation error will decay fast enough to drive the full
approximation error to zero. We have notAattempted to derive the sharpest
bound of this type, but merely to show that such a bound exists.

The method of proof here is similar to the one in [1,2], where basic
results are first deduced for a scalar equation, and then extended to the full
system, Accordingly, the paper 1is divided into two sections, the first
dealing with the scalar case and the second with the system. By the means of
Gauss-Lobatto quadrature formulas, we first bound the error at outflow for a
single scalar equation. Then we use this estimate, together with the basic

stability result of [1], to bound the overall error for a system.



1. THE SCALAR CASE - CHEBYSHEV COLLOCATION

Given the equation

( u = u [x] <1, £>0
(1.1) < u(x,0) = f(x)
\u(lat) = g(t)9

we consider the pseudospectral method based on collocating at the extrema of

TN+1» where T, 1is the Chebyshev polynomial of degree m

m

Tm(x) = cos(m cos-l(x)).

It is shown in [3,4] that the pseudospectral approximation v = vN(x,t)

satisfies
(1.2) ¢ v(x,0) = B £
v(l,t) = g(v),

with the projection operator Py defined by

PN f is a polynomial of degree < N

(1.3)

(PN £)(x) = £f(x) at x = X3 = cos N%%-, 0< j<N.



Define now GN(x,t) as the difference between vy and the projection of wu

GN(x,t) =v - PN U

This function satisfies the equation:

9 ou 9 .
5—-5 (x,t) = 3;-6N(x,t) - [PN % 5§'PN u] + T TN+1
(1.4) GN(x,O) =0
= 0.

GN(l,t) =

We note at this stage that the polynomial (1+x)§ is of degree 2N+l

N N+1

and therefore may be integrated exactly by the Gauss-Lobatto quadrature
rule. This results in the following
1 (1+x)§

——-(l + x ) 6 (x ) T
J

N N+1 m N+l _
__I\Tz —O,

2

—— N+ (%5)
Yy 1 -x

(1.5)

=2, ¢ =1 for 0<j<N,

since 1 + xyg.; = 0, SN(XO) =0 and Tﬁ+1(xj) = 0 for j = 1,e¢+,N. In
fact, because of the term (l1-x) and the boundary condition, the indices in
the quadrature sums may run only from 1 to N (instead of O to N+1).

Defining

du

3
Q = 3% By @) = Pyag s

multiply (1.4) by (1 + x)(SN and integrate to get



2
1d 1 (1+x)6N (x,t) - fl (l+x)6N(x,t) 5 5 (x.t)a
2 dt -1 — X -1 — 3x N X
Y 1 -x Yy 1-x
(1.6)
I (1+x)6,,(x%,t)Q
+ f N N dx.
-1 /1 - x*
An integration by parts on the right-hand side produces:
2 2
I (1+x)6 (x,t)dx 1 S§o(x,t)
1d N 1 N
5 5 f dx = - & f dx
2de ) 2. 2
/1 - x (I-x) V/ 1 ~ x
(1.7)
1 (14x)8, (x,£)Q(x,t)
+ dx.
-1 /1- %2

We again use the Gauss-Lobatto formula and reach

2
1 d 1 (l+x)6N(x,t)

TqE ] T
Yy 1 -x
2
N 6_(x.,t) N
__ N*3° _m _ b1
w .l T=x Eﬁ'sz LE) g 1 X Gy, )0 (xy )
j=1 J j=1
(1.8)
2 2
. g Sh(xpp0) 62 (cl) + T ‘Z‘ Sn(xyn8)
2N .40 7T = x, 8N °N ’ 2N A1 - x,
j=1 J j=1 J
N
b1 2 2
+ N z (1+ Xj) (1 - xj)QN(xj’t)'



Equation (1.8) yields immediately--since 6N(x,0) =0 —

1 (1+x) 2
(1.9) [ ——s (x t)dx + Z" j § ( -1,t)dt < f 1oy (x, t)] |
=X
where
(1.10) e, )] ]]2 = 2 If (1+x,)% (1-x,)Q3(x, ,t)
. Q(x, ﬁ-j=1 xj xj QN xj, .

In the next section we will need a different version of (1.9), in which

the time integral is weighted by e—2nt, n > O:

(1.11) [ eTnt f L) 20x,t)axdt + g f e 2N 62(-1,t)dt

1 . -2t 2
<u g e 1oy G, )11

This form matches the Laplace-Fourier transforms which are used in the basic
stability estimates.

It should be noted that the bound on 6;(—l,t) obtained in (1.11)

(112) [ e 2n,nae < a0 [ e | |o 0| [17 ar
0

4N
is very crude. A better estimate can be found for the boundary error u(-1,t)

- v(-1,t) by taking the Laplace transform of (l.1) and (l.2) and analyzing

the difference. This approach was used by Dubiner [5] who obtained



(u-v)(-1,t) ~ %—. The same bound holds for Py u - v, since, for smooth

functions, Py u approaches u faster than any power of %-.

2. CONVERGENCE PROOF FOR SYSTEMS

Consider the first-order hyperbolic system of partial differential

equations

ou _ du
(2.1) 3E - Asn s x| <1, t>0
where

u = u(x,t) = (u(l)(x,t), u(z)(x,t),-..,u(n)(x,t))'

1s the vector of unknowns and A 1is a fixed nxn coefficient matrix. Since by
hyperbolicity A 1is similar to a real diagonal matrix we may, without loss of

generality, take it diagonal:

I1

(2.2)

al a

The solution of this system is uniquely determined if we specify initial

conditions



(2.3) u(x,0) = £(x) = (£5(x), £11(x))

and boundary conditions
u'(-1,8) = Lo"T(-1,6) + g'(e)
(2.4)

uII(l,t) = RuI(l,t) + gII(t).

In these formulas, £ and g = g(t) = (gi(t), glI(t)) are prescribed n-
vectors, and
(uI, uII)
(2.5) (fI’ fII)
II)

I
(g7 &

is the partition of these vectors into inflow and outflow components——
corresponding to the partition of A in (2.1b). L and R are constant
reflection matrices of order & x (n-%) and (n-%) x &, respectively.

We shall discuss only problems whose solutions decay in time and

therefore postulate:
ASSUMPTION I. There exists a constant vy > 0, such that

|R] |L] <1~y < 1.



(|a] and |v| denote the Euclidean norm of a matrix A or vector v,
respectively.)
In a pseudospectral Chebyshev approximation to (2.1), one seeks a vector

v = vy of N-degree polynomials such that

oV _ oV -
(2.6a) 3¢ - Agx tT(e) Tg (x).

The multiplier 1 = (TI, TII) is determined by the boundary conditions

vi-1,0) = wll-1,6) + glce)
(2.6.b)
v, = reln,e) + gT(e).
Initially, v 1is defined by collocation:
I I .
v (x,0) = £ (x) at x = x_, J = 1,2,00¢,N+1

(2.6¢c)

VII(X,O) = fII(X) at X . j = O’I,DOO’N.

i
‘_‘N

In [1] the stability of the approximation (2.6) has been established, under
zero 1initial conditions. Here we shall prove the convergence of VN(x,t)
to u(x,t) as N tends to infinity.

We define a pair of projection operators P= (PI, PII) by requiring that
for any function F, PLF and pIlF be polynomials of degree N at most,

satisfying:



(PI F)(xj) = F(xj), j = 1,2,00¢ N+l

(2.7)

('t F)(x;) = Flx,), j = 0,1,000,N.

Note that two distinct sets of nodes are used for collocation = cf. (2.6¢c).

We can state now the main convergence result:

THEOREM. Let ¢ = sN(x,t) = v-Pu be the error in the pseudospectral
II)

approximation (2.6) to the hyperbolic system (l1.l1). Let Q = (QI, Q be

the approximation error

I Bul 3 I 1

_ Al _ 9
Q = A (P o <P U
(2.8)
Ql! = AlT(pII aull 5 pIT ITy
9% ox U
Then
(2.9) i e 2 e(x,e)1% dt < @—;—gﬂ / e”2nt IHQ(x,t)HI2 at

0

with K independent of N, o(N) as defined in (1.12) and




_10...

(2.10)
2 1 I, 2 d 1 I1 2 d
be(x, 1% = [ (1=x) e (x,0)|° —E—+ [ (+x) |eM(x,0)] X
-1 V1 -x2 "1 V1 - x>
Ilaex,e)| ] = ? (1-x )% (4x) [Ql(x,, 002
’ Vg h j i’
+ T § ()% (1= ot lx.,0)] 2
Nz o 3 ] ypobe

(Here we generalize the seminorm defined in (1.11).)

Proof: Let r be the solution of

( 5 5
r_,3r
Fr A 9x
r(X,O) = u(X,O)
(2.11)
rl(-1,t) = ul(-1,¢t)
Kr”u,t) = oML,

and let s be the pseudospectral Chebyshev approximation to (2.11), i.e.:

(
ds as .
'a—t = AK + TN+1(X) e(t)
s(x,0) = Pu(x,0)
(2.12) <
sI(—l,t) = uI(—l,t)
sII(l,t) = uII(l,t).

\



~-11-

It is obvious that r = u, but s does not satisfy the boundary conditions
(2.6c) and therefore its multiplier 6 is distinct from t. In any case, for

§ = s - Pr, we have:

(2.13)

[ e ya(x,e)1? de + El—- [ e 2 |5%(1,e0)|? at
Nn 0

e [sTh-1,0)[ae < £ 1 &2 |]fatx, 00| |* at.
0

+
=]
s}

o

This is clearly a restatement of (l.11). Next, we compare the spectral

solution s with v -- as defined by (2.6). We can show that

(2.14) [ e v ? at < g-N / e—znt[IGI(l,t)|2 + |GII(—1,t)|2]dt.
0 0

Indeed, v-s satisfies:
E—-(v-s) = 3—-(v~s) + T, (1-6)
ot 9x N+1

(v-s)(x,0) =0

v = sD -1, = vt - sT(-15e) + Leti(-1,e) - ul(-1,6) + gt

IL_ sMy1,0) + wstlc-1,1),

L(v

IT = 1T,

(-1,t) = R(vE - s1)(1,8) + RS(1,¢0),



-12-

and the inequality (2.14) follows from the stability estimate in [1, Theorem
5-1]-

Now, since Pr = Pu we have
€ -0 = v-s,

and, hence,

o]

P I
[ e gex,en? de < [ e yax,e)1? de + [ e y-s1? ge.

0 0 0
The first term is majorized in (2.13) and the second in (2.14), thus
establishing the theorem.

Again, we emphasize that the bound for u - vy 1s the same as the bound
for Pu - vy ——which we just have computed--for smooth functions u, which
Pu approaches rapidly.

We conclude with two remarks:

a. The stability estimate of (2.14) explicitly uses boundary values.
This 1s why these have to be bounded beforehand, which was done in the
preceding section, formula (1.10).

b. Our result applies not only to Chebyshev collocation, but also to
other spectral methods (which, however, have to satisfy assumptions I, II and
III of [1]). 1Indeed, the only quantity that varies with the spectral method
employed is the coefficient weight at %1 for the Gauss-Lobatto quadrature.

Once it is known that this weight is ~ lE' -—-which is the case for Gegenbauer

N
collocation, as shown in [1]--the same proof follows through. 1In particular,
it is sufficient to evaluate outflow errors for a scalar equation in order to

estimate errors at both boundary points for a system.
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