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The Atmospheric Mutual Coherence Function From the First and
Second Rytov Approximations and Its Comparison to
That of Strong Fluctuation Theory

Robert M. Manning
National Aeronautics and Space Administration
Glenn Research Center
Cleveland, Ohio 44135

Abstract

An expression for the mutual coherence function (MCF) of an electromagnetic beam wave
propagating through atmospheric turbulence is derived within the confines of the Rytov approximation. It
is shown that both the first and second Rytov approximations are required. The Rytov MCF is then
compared to that which issues from the parabolic equation method of strong fluctuation theory. The
agreement is found to be quite good in the weak fluctuation case. However, an instability is observed for
the special case of beam wave intensities. The source of the instabilities is identified to be the
characteristic way beam wave amplitudes are treated within the Rytov method.

1.0 Introduction

In the early studies in the late 1950s of electromagnetic wave propagation through atmospheric
turbulence (Ref. 1 and 2), the weak fluctuation theory known as the Rytov approximation made
considerable strides in the understanding of the scattering mechanisms inherent in the random permittivity
field of the troposphere. Within the structure of the theory, propagation quantities such as the log-
amplitude and phase fluctuations took precedence as well as their characterizing statistical parameters,
i.e., the corresponding correlation and structure functions of these quantities. Only in the special cases of
plane and spherical waves were these quantities related to the prevailing statistical parameters of the
electric field of the wave, i.e., the second order statistical moment known as the mutual coherence
function (MCF). The case of beam wave propagation was examined (Ref. 3) but an expression for the
MCEF was never given. The theory, however, had its limitations and was replaced with the strong-
fluctuation theories based on the parabolic equation (Ref. 2). In this treatment, the relevant propagation
quantities were necessarily the statistical moments of the electric field of the propagating electromagnetic
wave; the concepts of log-amplitude and phase fluctuations did not, nor needed not, enter into the
structure of strong fluctuation theory. Furthermore, since the MCF was the statistically most significant
quantity for applications and experiments, strong fluctuation theory considered not only this quantity for
the special cases of plane and spherical wave propagation but also for the more general beam wave case.
It was found, without explanation, that the results for the MCF of the plane and spherical wave cases as
calculated from the parabolic equation method were identical to those from the Rytov approximation. Due
to the success of the parabolic equation method, Rytov theory fell by the wayside and the calculation of
the MCF for the beam wave case was never carried-out within weak-fluctuation theory and a comparison
was never made to that of strong-fluctuation theory.

It is the purpose of the present study is to essentially finish bridging the gulf between the Rytov
approximation and the parabolic equation method by considering the MCF of the beam wave case within
the Rytov approximation and comparing it to the results of strong fluctuation theory. By definition, the
weak fluctuation theoretical results should directly follow from those of the strong fluctuation results in
the limit of weak fluctuations. This will be shown for the beam wave scenario. In the interim, it will also
be shown that the traditional form of Rytov theory used in the classical studies is incomplete (Ref. 4); the
subtleties between the order of the Rytov approximation and the order of magnitude of the permittivity
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fluctuations was overlooked for a complete and unified application of the theory. Finally, a surprising
limitation of the beam wave modeling within Rytov theory is identified and studied.

2.0 Recapitulation of the Rytov Approximations

Using the field decomposition for the electric field of a wave propagating predominantly along the
x-axis of a coordinate system situated in a random medium, viz.,

E(7)=U(7)exp(ikx) 1)

in the stochastic Helmholtz equation, characterized by the stochastic permittivity field ?:(F ) ,

V2E(F)+k*E(F )+ k€(F)E(F)=0 ()
one has for the complex amplitude
2 — —
V3U(F)+ J aU(zr) s 2V, kK28(7)U(7)=0. 3)
X X

In the event that the wavelength A of the propagating wave and the size of the smallest inhomogeneity /,
characterizing the stochastic permittivity field is such that A << [,, one has that

2 —_ —_
02U (F) <2ik8U(r) @)
ox? X
allowing Equation (3) to be approximately written
V%U(?)+2ikal;—(r)+ k2&(F)U(7)=0 )
X

which is a parabolic differential equation of the diffusion type.

The most straightforward way of dealing with this scenario is to employ Tatarskii’s method of
solution employing the Rytov transformation (Ref. 2). The idea is to decouple the stochastic factor ?:(F )
from the resulting stochastic field U (? ) in Equation (5). To this end, one can employ the transformation
(the Rytov transformation)

U(7)=exp(w(r)) (©)
in Equation (5) and obtain

_oy(F)
Dik
"0

X

FVRY(F)+ (Vpu(r))” +K2E(F)=0 7

which now a non-parametric relation but also a nonlinear one. Solving this equation via a perturbation

expansion in the quantity v= <§2> , one has

U(F)=Uo(F)exp(y:(7)+ w2 (F)+-) (®)

in which Uy(F) is the initial field distribution and
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(7)1 [ 7507 U°(7'>]d3r' ©

= 2( Up(7’
v, (F)=- JGP(F,f’)[prl(F’)] ( UO( )]d%' (10)
is the second Rytov approximation. Here, the parabolic equation Green function is

1 j exp(ik(ﬁ— f)’)z/(2(x — x’)))

Frl)=— — 11
Gp(r.r) (475 — (11)
Writing the complex amplitude U (? ) in terms of an amplitude A(F ) and a phase S (? ),i.e.,
Uo(F)=Ao(F)exp(iSo()).  U(F)= A(F)exp(iS(F)) (12)
and using these representations in Equation (8) gives
- - A(F) ~ ~
+ +.=1 — 1S -S
()l 2L i(si7)-50) .

=x(7)+iSi ()

in which X(F) = ln[A(?)/AO(F)] is the log-amplitude and $; (?) = S(?) - So(?) is the phase fluctuation.
Hence, letting ‘P(? ) =V (F ) + \|12(F )+ .-+, one can write for these propagation parameters

1(7)=Re{y) (7F)+ ya (7)+ -} = %(xy(r)w*(f)) (14)
and
§1(7) = Im{y) (F)+ wa (7) 4} = %(\P(F)—‘P*(F)) (15)

These random quantities can only be described by statistical functions such as averages, correlation
functions, etc. For example, the spatial log-amplitude correlation function is given by

By (7.7) = ((W(R)+ ¥ (7)) (¥(R)+¥'(R)))

=—(P(7)P(R)+P(R)P (%) + P (7)P(R)+ ¥ (7)¥ (7)) (16)

Similarly, for the spatial phase correlation and log-amplitude/phase cross correlation

Bs(7.7) = %Re{(‘{’(ﬁ PE(%) - (¥(7 )9 (7))} (17)
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and
Bys () =5 m{ (5 (7))~ (#(7 )9 ()} (18)

However, at this point, it is necessary to consider the relationship between the order in |§:| of the statistics
of \p,-(f ) and the order of the Rytov approximation.

3.0 Connection Between the First and Second Order Rytov
Approximations —The Necessity of Using Both

It is assumed, without loss of generality, that the average or statisti%al mean <§(F )> =0. Thus, by
Equation (9), <\|11 (F)> =0. However, by Equation (10), WZ(F) ~ (é(?)) and its mean is non-zero. That is,
one must consider the second order Rytov approximation, which is of second order in the random
permittivity, for a non-zero mean field. Hence, one has from Equations (14) and (15), to within the second
order Rytov approximation (i.e., of second order in the permittivity fluctuations)

(x(F))=Re{(wa(7F))}.  (Si(7))=1m{(w2(7))} (19)

Now the correlation functions formed using \yl(f ) as required by Equations (16) to (18), e.g.,

<1|11 (171 )Wl (?2 )> are also of second order in the permittivity fluctuations by Equation (9). Hence, again, to
within second order in the permittivity fluctuations, only the first order Rytov approximation need be
used for these quantities. Thus, for a solution to within second order in |§:|, by Equations (14) and (15),
one need only keep the (? ) in the evaluation of the spatial correlation functions. Hence, Equations (14)
and (15) reduce to

A7) =Re{wi ()} =3 (wi )+ wi(r). i) =tmfwn (7)) = - (wi(F)-wi(r))  (20)
where
By (7 72) = 2 Re{(wi (3 )wi (7)) + (wi (7w ()] e
and
Bs(7 )= Re{(wi (3 )wi (7))~ (w1 (7 Jwa ()] 22)

Similarly, for the cross correlation of log-amplitude and phase fluctuations
ooy 1 - - ANV
Bys (7.72) =5 1m{ (w1 (7w, (7)) - (v (7 )wi 7))} @3)

Therefore, only the product averages <\p1 (7 )y, (7 )> and <W1(F1 )wf(?2)> need to be evaluated for these

correlation functions. Of course, from these correlation functions come the associated variances
(5)2((7) = BX(?,?) , (5%(}7) = BS(?,?) , and st(F) = Bxs(F,F). Finally, the structure functions

D, (f] 7 ) = <(X(f1 )— X(fz ))2>, etc., can be calculated using Equation (20). Both the mean values given by
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Equation (19) and the correlation functions of Equations (20) to (23) are second order quantities in the
permittivity fluctuations [g].
What is important in the foregoing is the salient fact that the first moment given by the second order
. . . ~(=\\2 . . R . .
Rytov approximation, being ~ (S(r )) , is just as statistically significant as those correlation and structure

functions found using the first order approximation (Refs. 4 and 5). Any application requiring the
correlation and structure functions is incomplete without the consideration of the first order moments <x>

and <S1 > This circumstance will be demonstrated by the application of Rytov theory for the calculation

of the MCF of the propagating wave field.
Complete expressions for the log-amplitude and phase fluctuation statistics of a beam wave are given
in Appendix A.

4.0 The Mutual Coherence Function Within the Rytov Approximation

In the original applications of Rytov theory to stochastic wave propagation, correlation and structure
functions were calculated and compared with experimental results. The MCF, i.e., the second order
moment of the associated electric field was relegated to strong fluctuation theory and the parabolic
equation method. However, with the proper accounting of the second Rytov approximation, an MCF
expression can be derived based on Rytov theory.

Using Equation (1), the MCF for a beam wave is defined by

Ta(Lp1p2) = (E(Lp1)E"(Lp2))=(U(Lp1 U (L)) (24)
Substituting Equation (13) into Equation (8) and using this intermediate result in Equation (24) yields

Do(L,p1,p2)=Uo(L.p1)Uo(L.p2 )<6XP[X(L,F)1 )+ (L2 )+i(Si(Lpr)-Si(Lpy ))]> 25)

At this point, it is advantageous to recognize that the ensemble average as indicated in Equation (25)
can be written in terms of the corresponding characteristic functional

<exp[X(L,[31 )+ X(L,f)z ) + i(Sl (L’r)l ) -8 (L’r)l ))]>

= (explig{x(L.pr)+ A(Lp2)+i(Si(Lp1)-Si(Lpr ))}M =

q==i

At this point, it is convenient for notational purposes to let X(L,r)l ) = X(l), etc., and to write

x(1) =%1(1) + x2(1) where y;(1) is the first order Rytov approximation for % (1) and (1) for the second
order approximation of the quantity; similarly for § (1) =3 (1) + 87 (1) Since, as mentioned above,
quantities up to the second order in the fluctuations |§:| are only being considered, one, can perform a

cumulant expansion of the right side of Equation (26) up to second order in the parameter ¢ and obtain
(Ref. 6),

(explig{xu(L.pr)+ A(Lp2)+i(Si(Lp1)-Si (L,ﬁl))}]>‘q=_i=exp[iq1<, —%qz X, +} |
=27

ZCXP|:K1 +%K2i|

where the first cumulant K, is given by
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Ky = (0 (D)+x2(0)+ 1212 (2)+ {81 (1) + S2(0)} - {81 (2)+ 52(2)}) (28)

and the second by

K= <(;¢1 (D+x2(1)+x1 (2Hx2 (2)+i{S1 (1) + 2 (1)} - i{ 81 (2)+ 52(2)})2>

(29)
2
QM+ x2()+ 02+ (2)+ {81 (1)+ S2 (1)} - i{s1(2)+ 52(2)}>
From the discussion in Section 3.0, Equation (28) reduces to the simple result
Ky =2(x2) (30)

upon remembering that <X2> and <Sz> are independent of transverse position (as indicated by
Equation (A13)). Expanding the square terms in Equation (29) and ignoring terms of order higher than

|§:|2 gives
2= () + 22)° )2 {0+ 12))50)-5(2) = ()~ 52))’) 61

Finally, substituting Equations (30) and (31) into Equation (27) allows ensemble average in Equation (25)
to be written

1

(oxk-)=ex 3 {(x0)+ 1))+ () ) 0)-5CI) -3 (5= s e 200 @2
By definition, the phase structure function is
Ds(12)=((s0)-5())°) (3)
But
() +x2)) )= 530)+28,1.2)+ 532) (4)

found by expanding the square within the average. However, again by definition the log-amplitude
structure function is

D,(12)= <(x(1)—X(2))2>=0%(1)—2Bx(1,2)+0%(2) (35)
() +12)) )= 203(1)+203(2)- D, 1.2) (6)

Finally,
() + 2@)(S(1)~ S()) = 055 1)~ Bys 1.2)+ Bys (2)~031(2) G
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where it is noted that, in the general case, according to Equations (A9) and (All), Bys (1,2) # By (2,1)
and Gyg (1) #O0ys (2) Using Equations (26), and (27) in Equation (32) gives

(expl--]) = exp{_% Dy (12)+63(1)+03(2)+2(x)+i{oy,(1)-0,4(2)- Bxs(1,2)+BXs(2,l)}} (38)

where Dy (1,2) =D,y (1,2) + Dg (1,2) is the wave structure function.

An interesting occurrence of a linear combination of the cross log-amplitude/phase correlations
appears as an imaginary term in Equation (38). Again, for the general beam wave case, this term does not
vanish. Using Equations (A9) and (A11), one has for this linear combination

Ays =0y,(1)—044(2) - Bys(1,2)+ Bys(2.1)

L oo
2 k2 K2 (39)
=—(2n) (?]j jlm{JO(KP(z,l))— JO(KP(l,Z))}exp{—T(L— x)y,}d)s(lc)lcdlcdx
0 0
where P(i , j) = ‘Yf),- -¥P j‘. This statistical parameter as well as all the other relevant parameters are
evaluated in Appendix B for the Kolmogorov spectrum of turbulent fluctuations. Substituting these
results into Equation (38) gives
L 5/6
L-x 5 kP3
exp[--]) = exp| —4.352k2C2 Red | F| —= i———2— |} |dx
fexol-+1) Xp[ {(( k Y’j {‘ ‘[ 6" 4(L-x)y
L L—x )3 5 kP2
+i(2.176)k2C? I F{|-= 5-——2— 40
i ) n_([( P YI] 1 1[ 6" 4(L-x)y; (40)
kP3
Sy PR P - N | 7N
6 4(L - X)'Y]
Equation (40) can be simplified considerably. To this end, one notes that
P2(12)= B3 = P} @41
In addition to this, the integral representation of the confluent hypergeometric function
21=b exp(z/2) 1 b—a-1 a-1
Flabz)=—F————— | (1-¢ 1+1¢ explzt/2)dt 42
i) ST [ e e @)
yields the fact that
lﬂ(a,b;z*)a]ﬁ*(a,b;z) (43)

for real a and b. Adopting the notation

5 kP2
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one has from the above considerations,
VR(R3 = (PF) (44)
Thus, it is found that (using Im{z} = (1/2)|z-z"])

tmf (B3 oA (8 ) = 1 (3 o6 (72) (43)

and
Re{17i(R3)} = 5[ (R3 Jruri (72 (46)

Substituting Equations (45) and (46) into Equation (40) finally yields the simplified result

L 5/6
D= _ 202 L-x S ._L
(exp|---]) = exp| —4.352k Cn'([(y](x) ; ) 1171( o 4y1(x)(L_x)]dx (47)

As required by Equation (25), one now needs to consider the product of the initial fields of a beam
wave; using Equation (A1), one has

2 2
U0<L,m)uz;(araz>=%exp[—g[%]{m(p%+p%)+i[az—(a%w%)L](p%-P%)}] )

where W2 = WO2[(1 - Och)2 + (x12L2] is the beam radius at a distance L from the output aperture. Finally,

using equations (47) and (48) in Equation (25) gives for the MCF for a beam wave, to within the second
Rytov approximation, propagating through Kolmogorov turbulence

Wy k( Wg .
Fz(“’l*’z):W—%ex"[‘iﬁw—%){%(p%+p%)+l[az—(a%m%)LKp%—p%)ﬂ
L 5/6 5 p2 (49)
L—x
-exp| —4.352k2C2 Fl->1L—2L |d
on s [t [ 6" 4vz(x)(L—X)] )

k
0
To make contact with other formulations in what is to follow, it is advantageous to place this result in
terms of the sum and difference coordinates of p; and p,, viz.,

= _p1tp2
Pc = >

s Pa=pP2—P1 (50)

Solving these for p; and p, and substituting into Equation (49) and using the definition for P221 gives for
the beam wave MCF to within the second order Rytov approximation
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W k( Wg 2
Do(Lpepa)= er P!—E(W—%J{2G1[P%+%j 21[(12— ‘112+0°2) ](Pc Pd)}}

L 5/6 _ )

L—x 5 klyrPa—2iviP.|
-exp| —4.352k2C2 Fl-=1- d
P n'([[YI(x) k ) 1 1( 6" ay(L-x) |

(5D

5.0 Relationship of the Rytov MCF With That of Strong Fluctuation
Theory

It will now be demonstrated that the result of Equation (51) agrees with the weak fluctuation
approximation of the similar result obtained using the parabolic equation method of strong fluctuation
theory. First, however, the plane and spherical wave cases will be considered. In the plane wave case one
has Wy — o0 and Ry — oo. Thus, a; =0, o, = 0, 71(n) = 1 and y»(Mn) — 0. In this limit, the asymptotic
expansion of the confluent hypergeometric function yields

5/6
) 5 —kp3 ] 1 [ kp3 ]
1 Kl -—=.1 = 52
! [ 6 aa(n)(L-m) ) T(116) 4r2(n)(L-7) 2

Using this expression in Equation (51) gives for a plane wave

T pu(Pe Pa L) = Do (Pa L) = exp|-1 457k2C3p3 L (53)

The spherical wave case is defined by W, — 0 and Ry — oo. Hence, a; — oo, &, = 0, y1(1) = M/L and
Y2(Mn) — 0. The same asymptotic form of Equation (52) applies and Equation (51) in this case gives

_ kW ik 5/3 4
T2 (Pe-Pa ,L)Z(z—LO] eXp[——pc pd}eXP[_l ASTK*Ciip 5“J(n/L) /
. ’ (54)
kW ik 2(265/3
= (7] exp[— 7 Pe- pd}exp[—0.546k Cipy L]
Considering the case in which p, = 0 (i.e., the MCF about the propagation axis) and normalizing this
result with respect to I',,(0,0,L) gives
T g0 porm (0.pa ,L) = exp|—0.546k2C2p3 3L | (55)

Thus, Equation (51) gives the same results as does strong fluctuation theory in these limits.
Now for the comparison to the general beam wave case. Consider the general solution for the beam
wave MCEF as calculated within strong-fluctuation theory, given by Equation (20) to (73) of (Ref. 7), i.e.,

L Wi T S o
o (PespasL)= ﬁ Iexp[—apf, — bk + Py Ky +ipe Kg—H(Pa.Ka.L)|d*ky (56)

where

NASA/TM—2011-216974 9



2 2 2
a=— 1422 | bsw—zw—o[(alL)2+(1—oc2L)2]
2WE o 8 8
_ (57)
1 o

CEE_OHL—OC—T(l—OCzL):|
L oer

H(()d,f(d,L)EZTcHI J 1—exp{—ﬁ< (pd+%}H¢n(k)d2Kdn (58)
0 —ooL

Here, @, (Tc) is the spatial spectrum of refractive index fluctuations. (The definition of A has been

slightly modified from that of Ishimaru to facilitate some calculations later in this development.) The
problem now reduces to showing that Equation (56) reduces to Equation (51) in the limit of weak
fluctuations.

51 Average Intensity (p; =0)

At the outset, it is instructive to consider the slightly simpler case of the average intensity of a beam
wave given in strong fluctuation theory by

B, B, wg ¢ o B}
<1<pc ’L>> =17 (pc ,O,L) = ﬁ jexp[—bKZlﬂpc Kg— H(O,Kd ,L)]ded (59)

From Equation (58), one has for an isotropic turbulent spectral density

H(ky,L)= 21tk2.L[ ]ol:l—exp{—ifc[K%)HCI),,(K)L{ZKCZT]

0 —o

; (60)
2,5 KaM
= (2n)*k2| J[l Jo( p ﬂd)n (k)xdicdn
0 0
Using the Kolmogorov spectral density for refractive index fluctuations
®,(x)=0.033C2k11/3 (61)
in Equation (60) and evaluating the resulting the k-integral using analytic continuation yields
H(xy,L)=0.547k'3C2 18333 (62)
Since, in the isotropic case, H (Tcd ,L) =H (Kd ,L), Equation (59) becomes in plane polar coordinates
2
< pe.L))=—L j exp[ bx3+ip, K cos8— H(0,k4.L)|d0x sdx 4
" (63)

w2
_Wg

xp[ bx3—H(x, ,L)]JO(dec)Kdde

]
b

NASA/TM—2011-216974 10



The use of Equation (62) in Equation (63) results in an integral that cannot be analytically evaluated.
However, in the case of weak fluctuations, i.e., H (Kd ,L) << 1, the exponential in Equation (63) can be
expanded to yield

B, /4
<1(pc L)> = Tojexp[—bel](l — H(xg.L)+Wo(Kape )k adK g (64)
0
Using Equation (62) in this result allows for an analytic evaluation and gives
Wi 1 p2
I1(p.L))y=—2~ —kc
(1(pe-L)) == b{eXp( 4bj
5/6 5
YR s LN PRTETorYS TE) B Y LI vl P
6 b 6 4b

Finally, applying the Kummer transformation

11 p? p? 5 p?
Fl 2 1-Pe | expl ~ P2 | g -2 1. PE 66
11[6 4b] eXp[ 46 "N 6 4 (66)

and using the definition of b from Equation (57) in Equation (65) results in the average intensity in
strong-fluctuation theory in the weak-fluctuation limit

_ w2 202 1 5/3 5 952
<I(PC,L)>=W—%exp(—%){1—2.91k1/3C,%L8/3(W) R _E’;u% e 67)

This result should now be compared with that of Equation (51) from Rytov theory for p; =0; in this
instance, Equation (51) becomes

(1(po.L))= W_gexp(_ 2ng

(65)

w2 w2
L 5/6 (68)

L-n 5 . kya(n)p?

. —-4.352k2C? T Rl -——1—F————1|d

exp ng(h(ﬂ) A J 1 1[ 6" (L-n) n

Using the definitions of y,(1) and o, the argument of the confluent hypergeometric function gives
2 2 2

2 2

(L=n) welaprz+(1-onr)’] W2

where the last result comes from using a relationship in Equation (57). Thus, this function becomes
independent of 1. Equation (68) is then reduced to
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(16, ,L>>—W—°2exp(— 2"%]

w2 w2
5/6 (70)
5 . 2p2

L
L—
exp —4.352k26,%1Fl(—g,nmmvz(n)Tﬂj dn
0

within which the n-integration can now be performed upon using, once again, the definitions of (1) and
o as well as Equation (57). This gives

T LY 3 1"
=M gn=osie] 2 |-s53p8i3) L
j(”(") k ) " (8) (W) a

0

Substituting this into Equation (70) yields the average intensity in the weak-fluctuation limit of Rytov
theory

2

B} W, 202 1YY" 5 2p2
<I(pC,L)>=W—OzeXp[— WF])Sjexpl—2.91k1/3C%L8/3(W) T W‘/’; (72)

6

the series expansion of which agrees with the result of Equation (67) (this fact was first noted in (Ref. 4)).
Hence, the average intensity of a beam wave as calculated from strong fluctuation theory agrees with that
of Rytov theory in the limit of weak fluctuations.

A digression must now be made with regard to the limits of applicability of the first Rytov
approximation before graphical depictions of the comparison of general results is given. As derived in
(Ref. 4), the requirement that the second Rytov approximation can be neglected for correlation functions
of log-amplitude and phase fluctuations is given by the condition |<X>| <<1; for a general beam wave this

18

—1187C2K7/6 11116 Rel (1)°'6 F(—é 117 ioL J
()] Cik e{(l) 2R\~ e <«<1 (73)

Hence, the limits of applicability are seen to be functions of the parameters of the particular beam wave
being considered. Take for example, the propagation conditions given by L = 2500 m, C2 =5x10715 m*?,
and A = 0.63x10°° m. In the case of a collimated beam wave (Ry — o), the behavior of Equation (73) as a
function of W, is displayed in Figure 1. The plot begins at the spherical wave limit and asymptotically
reaches the plane wave limit. The function |<X>| peaks at the value of Wy ~ VLA = 04 m, i.e., that size of
the first Fresnel zone. As can be seen, the condition of Equation (73) qualitatively breaks down around this
value.

Graphical depictions and comparisons of the general results of Equation (51), with p; =0, and
Equation (63) are shown in Figures 2 to 5. Here, the normalized intensity of the collimated beam wave
cases are shown for initial waist radii W, of 0.0005 m, 0.005 m, 0.05 m, and 0.5 m; the first value is
essentially for a spherical wave case and the last value effectively represents the plane wave case. In all
cases, the following propagation parameters prevail: L = 2500 m, A = 0.63 u, and CZ =5x10"15 m?>?. As
can be seen from Figure 3, the results of Rytov theory begin to diverge at p. = 0.2 m. This phenomenon is
at its extreme in Figure 4. The results once again coalesce in Figure 5.

NASA/TM—2011-216974 12



Collimated Beam Wave

0.8 L=2500 m
07 A=0.63 um
- an=5.0x10‘15 m-2/3
0.5
) 4
0.3
0.2
0.1

0.03 0.1 0.13 0.2 0.25 0.3

W, (meters)
Figure 1.—Average log-amplitude for a collimated beam wave.

Collimated Beam Wave

W,=0.0005 m
L=2500 m
(x)|=0.155 %=0.63 um
1 C,2=5.0x10-15 m-2/3
S o.sf /
o
_," Rytov Theory
N -
Z’? Strong Fluctuation
o 0.4¢f Theory
=
= .z

n.1 n.2 n.z2 0.4
pq (meters)

Figure 2.—Normalized intensity for a collimated beam wave of waist size=0.0005 m.
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Collimated Beam Wave

W,=0.005 m
L=2500 m
() =0.206 %=0.63 um
C,2=5.0x10-15 m23
) 1 Rytov Theory
<
< o.af
~
= ., Strong Fluctuation
a 061
S Theory
S ]
D n.4r
0.2

.\\\""‘—‘ 1 1
0.1 0.2 0.3 0.4

pg (Meters)
Figure 3.—Normalized intensity for a collimated beam wave of waist size=0.005 m.

Collimated Beam Wave

W,=0.05 m
(x)|=0.521 L=2500 m
A=0.63 um
C,2=5.0x1015 m2
. 1E Rytov Theory
o
o
4 0.8
y Strong Fluctuation
= 0.6
> Theory
S)
4 0.4
<
0.2

0.3 0.1 0.15 0.z

pq (Meters)

Figure 4.—Normalized intensity for a collimated beam wave of waist size=0.05 m.
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Collimated Beam Wave

Wy=0.5m
L=2500 m
() =0382 %=0.63 um
C,2=5.0x10"1> m23
- 1
o
<)
4 0B}
Sy
= 0.&t
<
S .4 RytovTheory
= ozl Strong Fluctuation
- Theory
0.1 0.2 0.3 0.2

pg (Meters)

Figure 5.—Normalized intensity for a collimated beam wave of waist size=0.5 m.

Since the fundamental foundation of Rytov theory and its various approximations are based on the
parabolic equation, Equation (5), such intensity divergences cannot arise from this fact since they are not
observed within strong fluctuation theory, which is also based on the parabolic equation. As will be
shown in Section 5.2, stable results are obtained for the MCF across all ranges of beam wave waist radii.
In addition, since palatable results for the intensity are obtained for the limiting cases of plane and
spherical waves, it is thus doubtful that such divergence phenomena are occurring due to the neglect or
mistreatment of some propagation related mechanism or use of the paraxial approximation. Therefore, the
beam structure becomes suspect. But again, such is not the case in strong fluctuation theory so whatever
the source of the intensity divergences are, it is only peculiar to the way the beam wave structure is
treated within Rytov theory. The study and identification of this intensity divergence behavior will form
the subject of Section 6.0.

One can now proceed to examine the complete expression for the MCF as given by Equation (56) and
compare it to that of the Rytov theory, Equation (51).

52 MCF

From what has been gleaned from the examination of the intensity, one should consider the weak
fluctuation limit of Equation (56) from the outset, i.e.,

w2

Fz(ﬁc Pd ,L)z ﬁ Jexp[—apfl — ng, +cPg-Kg+ipe- T(d]

—oo

{1=H(pg.xq.L)+}dky (74)

=T5(Pe P L) =TS (e pa L)+

NASA/TM—2011-216974 15



where

- wg T
Fz(l)(pc,pd,L) 8;1 Iexp[ ap3 — bk +cpy- Ky +ipe-Kqld? ey (75)
and
T2 (Peopa.L) = Jexp[ ap? — bk +cpy - Kq +ipe - Kq|H(Pa-Ka.L)d? Ky (76)

The evaluation of Equation (75) is straightforward:

_ w2 N
T(pePa L) = -exp(~apa) expli(pe —icpa)- RaJexp(-bx3 )%\

= —exp( apfl )J Jo (|f)c - icﬁd|Kd )exp(—ngl )Kdde 77)
0

W ( 1 j e —icpa|” +4abp?
=| —— || = |exp|—
4 \2b 4b

Equation (76) becomes, with the use of Equation (58),

o [ oo
TP, pasL) = 211:k2 j j jexp[—apg—bK§+cad-r<d+iac-r<d]
—o0 ) —oo
(78)

. {1 - exp{—ifc (pd + %JH@,, (K)d2xdnd?x 4

Here, the x,;-integration will be performed first followed by the x-integration. To this end, one has

I3 (peparL)= sz J{n +15}0, (R)dnd>« (79)
—o ()
where
T, = ]oexp[—apg, — b3 +i(pe—icpa) Ky ld?ky (80)
and
I, = TGXP[—apﬁ—bez+i(ﬁc—icﬁd) Kd]eXp[_lK Pa— —% }ded (81)

—o0

The evaluation of Equation (80) follows that of Equation (77):
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— L2

- 4abp?

T =2n L)exp _|Pc icpy|” +4abp3 (82)
2b 4b

Similarly, Equation (81) becomes

2

Pe—icPy _%

4b

1 — =
Ty = Zn(ﬁjexp(—apg —iK- pd)exP _
(83)

L2
- 4abp3 - 2
=27 L exp—|pc chd| TPy exp| —iS - K- LU
2b 4b 4bk?

where

213 (pe—icPa )+ 4554
4b

S

(84)

Substituting Equations (82) and (83) into Equation (79) gives

S W2 (1 5 o5 2+ dabo?
Fzz(Pc’Pd,L)=To(ﬁjznkzexp{_h)c lcpdib a pd}
T
0

Using the isotropic Kolmogorov spectral density given by Equation (61) yields for the x-integration

(85)

[ — —iS-%k— n’ 2 )72
J {1 exp( iS-« i HCD,,(K)d Kdn

—oo

T o M )2
J [l_exp[_,S.K_ T K2J:|(I)n(K)d2K—O.O33(2E)C,%

—oo

oo

1= Jo(|S]x)exp| — n’ k2 | [k8/3dx
.[ (‘ ‘ ) 4bk?

0

(1 s\ n2 V' [ s [sfk
_(27’5)(0033)Cn(5J(—r(—g)J(mj lFl —g,l, nz

where analytic continuation was used to obtain the final result. Using this in Equation (85) and
substituting Equations (77) and (85) into Equation (74) finally yields

(86)
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De.p W (1 Be—icpa|” +4abp?
Ty (Pe.pa.L)= To(z_b)ex{_ pe Pdib pd}

87)

: 1—4.351k2C%_[ [427) 1A —%,l;‘ ‘712 n+---
0

Using the definitions for a, b, ¢, and S, and employing the transcription 1 — L— 1, one obtains, after
some rather involved algebra,

o p2+ﬁ +i(oc2—(oc2+oc2)L)f) P
1 ] ey 1 2 c Pd
exp| —

FZ (r)c ’r)d ’L):[ 2

(OLIL)2+(1—OL2) (oclL)2+(l—oc2)2

(88)

L 5/6 ~ -
L- 5 . KyiPa —2iv2P.
: 1—4.351k20,%j [—yz(n)Tnj IFI[_E,I;WJWJW
0 Y2 n

The first two factors of this expression describe the overall beam wave structure; what is important to
note here, however, is that the expansion given by the third term agrees with the corresponding weak
fluctuation expansion of Equation (51).

Graphs of the normalized MCEF’s of the entire expression of Equation (51) with that of Equation (56)
are shown in Figures 6 to 8 for a collimated beam wave subtending the spherical to plane wave limits.
The largest discrepancy between these results occurs at #, = 0.05 m; however, the Rytov results do not
diverge as they do for the associated intensity of Figure 4.

Collimated Beam Wave

W,=0.005 m
|(x>| =0.155 L=5000 m
1 2=0.63 um
C,2=1.0x10"14 m23
.\H\"'-.
n.gt ‘x&

0.6} Strong Fluctuation

.
Ll /\§\H Theory

"'\-\.\_\_.
Rytov Th S
0.zl ytov Theory “‘\_\h

I',(L,0,py) T»(L,0,0)

—

o.o0s 0.0l 0.013 0.0 0,023 0,03

pq (meters)

Figure 6.—Normalized MCF for a collimated beam wave of waist size=0.005 m.
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T5(L,0,pa)/ T5(L,0,0)

Collimated Beam Wave
W,=0.05 m

|<)C>| =0521 L=5000 m

=0.63 um
C,2=1.0x10"" m23

mE Strong Fluctuation
0.&} Theory
0.4} / /
uZr Rytov Theory
0005 0.01 0015 0.0z 0025 003

pg (Meters)

Figure 7.—Normalized MCF for a collimated beam wave of waist size=0.05 m.

I'y(L,0,py) T'5(L,0,0)

Collimated Beam Wave
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(x)|=0.382 L=5000 m
A=0.63 um
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0.} Strong Fluctuation
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Figure 8.—Normalized MCF for a collimated beam wave of waist size=0.5 m.
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6.0 Limits of Beam Wave Parameters Imposed by Their Use in the Rytov
Approximation

As shown in the last section, the calculation within the first and second Rytov approximations of the
intensity of a beam wave propagating through turbulence revealed a divergent instability in the
predictions for beam waves of waist radius on the order of the prevailing Fresnel zone. The MCF,
however, remained stable in this situation. It thus becomes important to identify the source of this
divergence for such beam waves.

As shown in previous treatments, all orders of approximation of Rytov theory possess the
combination of initial field distributions

_ _n Uplxp
R(Lp:x.p)= % (89)
where for a Gaussian beam wave, one has Equations (A1) and (A2), viz.
Uolp)= 1+1iocx eXp{_(%a) 1 f zfxx} ©0)
with
a=0+i0y, O =—-7F, 0(25L (C2Y)]
kW; Ry

For simplicity, and without loss of generality, consider the collimated beam wave case in which Ry — oo,
i.e., oy =0. Substituting Equation (90) into Equation (89) gives

: 72 2
R(L,ﬁ;x,ﬁ’)—HlalLeXp—kal{ P P H

T tiogx 2 |1+ioyx  1+ioyL
_1+ioyL exp k) o p?
1+ 2|1 | '
oy x i Alﬂx AlﬂL
i (92)
20 1/ _; 2( 1/ _;
1+i(X1L k p (%Xl lx) p(%cl lL)
Triex 2 () Vo (1) Vap
V) %l "
:—1+l_a1Lexp A+&S}
1+iogx L 2
where
1 1
E_k oy 0’2 /Xl 2 (93)

VaS e (afoe

is the amplitude factor describing the evolution of the wave amplitude and
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X L

1 ’ 2 1 ’ 2 i
+ +L

(Al) g (Al)

is the phase factor.

An important condition for the convergence of any integral expression in which Equation (92) finds
itself is A <0. Thus, consider the amplitude term within the exponential of Equation (92) more closely,

Ve

AE—EK(x)p’2+£K(L)p2, K(z)=—r=4— (95)

2 2 2
1 2
(%61) Tz

Look now at the first term of on the right side of Equation (95) and consider the two cases (1/ o )2 >> X
and (1/0c1)2 << x2, i.e., using the definition of a;, Wy >+/Ax and Wy < v/Ax .

S

P g %4)

2

6.1  Case (i) (1/a;)* >> x2

Take the worst case in which x = L. Thus, K(x) ~ K(L) =0 and one has for the first term on
Equation (95)
k k p’2

SK(p? ~ZK(L)p? =2 0up =

— 96
: T (96)

For any integral over p” in which the expression of Equation (92) occurs, most contributions over the
integration range come from p’2 / WO2 <1. Taking the equality to hold in the worst case and using this
condition in Equation (96) yields

k .k ,
EK(x)p 2 EK(L)p 2.1 97)

Substituting this intermediate result into Equation (95) gives for the condition of convergence of any
integral involving Equation (92), i.e., 4 <0,

A:—1+§K(L)p2 <0 (98)

62  Case (i) (1/a;)* << x2

Once again, taking x = L, one has K(x) = (l/ocl )/L2 . Hence, for the first term on the right of
Equation (95)

k n_k o _ ko o _KWE W_o2 P
F KCop2 ~ KL= 0 = o~ 5 ©9)
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But by assumption, W <<AL.However, in most propagation scenarios, p’> /AL in the significant
range of integration over p’; there is thus an indeterminate size for the last term of Equation (99). At this
point, without further analysis, it will be taken to be ~1. Therefore, once again the condition
—K(x)p2~=K(L)p? ~1 (100)
obtains and Equation (95) gives for a convergent integral condition

A:—1+§K(L)p2 <0 (101)

which is identical to the result in Equation (98) of Case (i) (Sec. 6.1).
Using the definitions given above, Equations (98) and (101) reduce to

oL
———<1 102
1+afl? (102)
which can be further reduced to
2 W2
p/—O < (103)
1+A2L2 [ m2w
This finally can be simplified once more to yield the constraint
A\2[2
p 0 TCZWOZ ( )

existing between the beam wave and propagation quantities.

This condition holds for all types of collimated beam waves and can also be a good indicator for
convergent and divergent beam waves. It gives the possible range of values of the transverse coordinate
for which the intensity of a beam wave remains stable within Rytov theory. For plane (W, — <o) and
spherical waves (W, — 0), the condition holds trivially. The condition shows itself for nominal values of
Wy. For example, as shown in Figure 3, a case in which the intensity divergence was noted to occur is
given by Wy =0.005 m, A =0.63 um and L = 2500 m. This gives through Equation (104) p < 0.1 m, which
is just before the intensity divergence sets in. However, the case for which W, = 0.05 m shown in
Figure 4, i.e., right at the Fresnel zone length, gives p < 0.05 m; the intensity divergence occurred well
before this value. The discrepancy is be due to the fact that an asymptotic analysis on either side of the
quantity VAL was used to derive Equation (104). One can expect a disagreement in situations in which
Wo ~ VAL . A more complete analysis than that given above is needed to cover such cases. Suffice it to

say that the condition Wy ~ VAL precludes the use of Rytov theory to describe the behavior of beam
wave intensity.

Thus the source of intensity divergences for beam waves within the confines of Rytov theory has
been identified and an expression is given for the stable range of intensity predictions. The fact that the
MCF remains stable over these transverse ranges is connected with the fact that the difference coordinate
over which the MCF is evaluated is symmetric about the beam wave axis; the centroid coordinate is taken
to be zero in these cases. Thus, the divergences that arise off axis are more or less canceled by performing
the field comparison across the difference coordinates as is done to obtain the MCF.
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7.0 Conclusion

A closed form solution for the MCF based on the first and second Rytov approximations has been
derived and compared with that from strong fluctuation theory. The agreement between these two
approaches is quite good in all beam wave cases that satisfy the weak fluctuation case save for the
intensity distribution for a collimated beam wave. In the region where the initial beam waist size is on the
order of the first Fresnel zone length, the solution in the Rytov case diverges. The source of this
divergence is found to be in the way a beam wave is modeled within the Rytov approach; it arises from
the ratio of the complex amplitudes that occurs within the theory.
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Appendix A

One has for a beam wave of waist radius W, and a phase front radius of curvature Ry both measured
at the output aperture of the transmitter, an initial field distribution of unit amplitude given by (Refs. 2
and 3)

_ _ 1 ko) p?
Uo(7)=Up(x,p)=——exp|—-| — Al
o(F)=Us(x:p) 1+i0(xeXp{(2jl+iocx} S
where
. 2 1
o=0;+i0y, O =—7F5, Op=— (A2)
kW Ro

using Equations (9) and (11) with Equation (A1), one obtains the correlation expressions

oo

<\|11(L p1)w1(L.p2) =—%J Jexp i Q)H2 (L—x,x)Fe(¥)d?kdx (A3)
0 —oo

and

L oo
N, - k? = 2k (%
(wi(Lp)Wi(Lp2))= T-[ Jexp(n(- P)H(L-x.x) Fe(¥)d?kdx (A4)
0 —o
where the complex coordinates are Q= y(ﬁl - f)z) and P=yp; —7'p, with
=vy(L,x)= =Yr—1Y7, >0
Y=YLx)= = YR -
_(=—opx)(-0,L)+ ofLx _ o (L—x)
(-l +a??r C(I—apL)? +ofr?
and
ix2
H(L—x,K)Eexp —E(L—x)y . (A6)
Finally, the two dimensional spectral amplitude of the permittivity fluctuations is given by
F, (T() = 275(138(1?) where (Dg(fc) is the associated three-dimensional spectral density
The solution to the second Rytov approximation yields (Ref. 4)
Tk L x oo
(va(Lp)=(wa(L))=-i% [ | | vex)m2(x= v x)x2F(R)d?cav'ax (A7)
0 0 —oo

a result that is independent of the transverse position.

From Equations (21) to (23), one obtains in the case of an isotropic spatial spectrum of fluctuations
(Ref. 3)
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’ 0 (A8)
+J0(KQ)eXp|:—K72( —X)Y:|}¢8(K)Kdl(dx
and
2\E = 2
BXS(L,@lpz):_(zn)Z(%)j | Im{JO(KP)exp[—K—(L—x)’yI}
0 0 (A9)
+JO(KQ)exp[_§(L_x)y}qng(K)mdx
In particular,
Y (k25 T ' 2
o2(Lp)=(2n) (?j [ ] Re{JO(ZzyIKp)exp{—T(L—x)yl}
§ 00 (A10)
+exp[— Lz (L - X)Y:|}(D£(K)Kd1(dx
and
L
GXS(L,ﬁ)=—(2n)2(%)J. J. Im JO(Zi'YIpK)exp|:—K72(L—X)'Y[:|
00 (A1l)
+exp[_§(L_x)y}q%(]c)mmx
In addition, one has for the log-amplitude and phase structure functions
L o
DX(L,ﬁl,ﬁz):(zn)z[%]J. j Re{ (o 2ivrpy )+ o (20vr%p2 )~ 2J0(kP))
> 00 (A12)

K2 _ ix?
-exp —T(L— x)yr | F2(1-Jo(xQ))exp —T(L— xX)Y | @ (1) xdxdx
Finally, for the mean log-amplitude and phase fluctuations (Ref. 4)

e Pl ] T Tt -t oulspaaras i

In these expressions, Y; =— Im{y} > 0. Before an evaluation of these various equations is given for the
Kolmogorov spectrum of turbulence, an expression for the MCF will be developed.
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Appendix B

Using the Kolmogorov spectrum for permittivity fluctuations <I)£(K) =0.033C2k~11/3 where, in terms

of the refractive index structure constant CZ = 4C2, and evaluating the requisite functions needed in
Equation (38), one obtains the following results from Equations (39), (A10), (A12), and (A13)

Dy (1.2)= Dy (L.p1.p2)=Dy(L.p1.p2)+ Ds(L.p1.p2)

5/6
L
=—0.816C2k7/611/6 0€12
(1-0nL)” +0fL?

L 5/6 Bl)
5 2p? 5 202 (L—xj (
V1R === R == == | [+4.352k2C?
(11(6 W2]11[6 W2 n‘([ X Vi
kP3
Red | K —2,1;——12 dx
6 4(L—X)'Y]

6 51117 ol
o2 L, =2.176k7/6[11/6C2| R — |i5/6, F, —_—— =
2(Lp) RN PN T676 76 1ol

5/6 (B2)
3 oL 5 2p?
-1 = 5 a1t ey
8N (1-0aL)” + 0212 6 W
6 51117 oL
=-2.176k7/6CZLM6 Req| — i3/, R| —=,—,—; B3
) g e{(ll)l 2 1( 666 1+iocL)} (B3)
L 5/6
L— kP2 kP2
A, =2.176k2C2 (L=x)nt Im{ | F —5,1;—¢ -\ —5,1;——12 dx (B4)
xS
k 6 4(L—X)’Y1 6 4(L—X)’Y1
0
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