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FOREWORD

The growth of technology has been accompanied by numerous
consequences harmful to the environment. Among these negative
effects is noise. In recent years, as noise sources have become more
prevalent and more intense, the general population, inereasingly an-
noyed by noise, particularly from aircraft, trucks, and machinery,
has exerted pressures for laws and regulations to establish allowable
limits on noise. As a consequence, the reduction of noise has become
a significant cost of doing business.

One of the problems of noise abatement and legal restrictions is
that of quantitatively defining the level of a noise when it becomes
annoying. There is no precise answer to this problem because the
Individual, his environment, and the exposure ecircumstances all
strongly influence the result. However, annoyance is closely related to
loudness, which is much less influenced by nonauditory effects. If
{wo sounds are annoying, then the louder sound tends to be more
annoying. Loudness provides a simpler specification than annoyance
for noise abatement and legal purposes.

For both abatement and legal purposes it is most important to be
able to predict the loudness of sounds. The relationship between the
sound and loudness is determined by the operation of the intervening
auditory system. Previous loudness caleulation schemes are question-
able because they have incorporated this operation in a sketchy and
dubious fashion.

The purpose of this publication is to present a new gquantitative,
analytical model for the operation ¢f the human auditory system as
it pertains to loudness. The resulting theory provides a practical
means for calculating the loudness of any steady sound from given
information regarding the sound. It is hoped that this new model
of the aunditory system will provide important new insighis con-
cerning the manner in which the loudness sensation develops and
that the resulting loudness calenlation scheme will become accepted
as o replacement for existing schemes.
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INTRODUCTION

If the attention of a listener is consciously directed toward per-
ceiving sounds, then he is capable of estimating the relative magni-
tudes of pairs of sounds. The judged magnitude of a sound heard by
a listener is called its loudness. By making quantitative judgments
of the relative loudness of purefone stimuli at measured sound
pressures and by adopting one tone and sound pressure as a ref-
erence, a quantitative relation between loudness and sound pressure
can be established for pure tones. The resulting loudness scale is a
ratio scale because it is derived by judging ratios of loudnesses.
Next, by subjectively equating the loudnesses of other sounds to
that of the reference tone the loudnesses of the other sounds ean be
determined.

(Analogous procedures have been adopted to evaluate the relative
noisiness, annoyance, or other sensations induced by sounds. How-
ever, noisiness and annoyance, for example, involve the emotional
state of the listener. This implies that nonacoustic neural processes
affect the judgment (ref. 1}. These processes have not been evaluated.
Moreover, noisiness and annoyance judgments should be quite vari-
able because emotional states vary widely among individuals as well
as for any given individual at different times (ref. 2). It is reason-
able to expect, however, that a listener in a given emotional state
will judge the louder of two similar sounds to be noisier and more
annoying as well. Thus, the loudness scale may sometimes serve
equally well as a noisiness, or annoyance, scale (ref. 3). For these
reasons, noisiness and annoyance will not be considered further.)

"This report is concerned with the loudness of steady sounds.
Steady sounds are defined as those having statistical properties in-
dependent: of fime. Ifor practical purposes a sound can be regarded
as steady if its statistics vary slowly over a few auditory integra-
tion periods, say over a second or so, With this relaxed definition the
class of steady sounds is very important because it is very common.
As will be shown, the loudness of a steady sound is not necessarily
steady.

The main purpose of this report is to propose and test a new psycho-
physiclogical model for predicting guantitatively the loudness of
steady sounds. The model is termed a psychophysiological model
because it is constructed from both psychoacoustic and physiological
information. The present theory utilizes new ideas, particularly
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power summation and frequency interaction, to account for loud-
ness in place of the older concepts of loudness summation and
inhibition of discharges. Because of its almost complete departurs
from previous models (e.g., refs. 4, 5, 6, and T), it is hoped that this
new model will provide important new insights concerning the man-
ner in which the loudness sensation develops in the auditory system.

The proposed model was synthesized from data obtained using
specific sound stimmli, that is, the development of the model pro-
ceeded from the specific to the general. However, the subsequent pre-
sentation will be in reverse order, that is, the general theory is
presented and then analyzed to obtain specific results. In the process
of analysis an attempt is made to show how the model is related to
physiological and psychoacoustic observations other than loudness.
Loudness levels predicted using the model are compared, where
possible, with available londness judgment date, which are believed
to consist of most of the published data.

OPERATION OF AUDITORY SYSTEM

The complete auditory system consists of a complicated transducer
which transmits the informaticn in sound waves acoustically, then,
mechanically, then hydrodynamically and, finally, electrodynamically
to the brain (refs, 8 and 9). The fundamental equations of acoustics,
solid dynamies, hydrodynamics and electrodynamics are well known.
However, the geometry of the auditory system is so complicated that
a mathematical analysis of the complete physical systemy has not
been achieved. Moreover, the processes involved in the hydrodynamic
to electrodynamic conversion are not well understood. Because of
these and other difficulties it is more feasible in predicting the loud-
ness of sounds to consider what the auditory system does rather than
how it does it. The latter approach invelves analysis of the physical
system, whereas the former approach, adopted herein, involves,
instead, an analysis of the operational characteristics of the system.

A block diagram of the basic auditory system is shown in figure 1.
In the outer, middle, and partly in the inner ear the wave is filtered
and is physically represented by mechanical and hydrodynamical
motions, In hair cells in the inner ear the mechanical motion becomes
coded in the form of constant amplitude, impulsive, electric-potential
discharges (up to several hundred per second in each active neuron)
propagated (at speeds up to 100 m/s) along auditory nerve fibers
(approximately 30000) toward the brain. In the mechanical-to-
electrical transformation additional filtering probably oceurs. In the
auditory nerve the waveform can be depicted by the number of dis-
charges occurring as a function of time. The discharges occur only
in association with part of the waveform, so that 4 partial-wave
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Ficure 1.—Operational diagram of audifory srstem.

rectification of the waveform appears in the auditory nerve. In the
brain, possibly by means of a metastable chemical reaction, the
energy transmitted in the discharges gets summed over a short, run-
ning time interval, the auditory integration time (approximately
0.1 s). The auditory integration time is the time taken to build up a
steady response to a steady stimulus. The sum determines the in-
tensity of the subjective sensation, that is, the loudness.

Flenceforth, for convenience in terminology only, quantities such
as the effective sound pressure, physical power, and the neural dis-
charge rate will all be referred to the suditory integration time
(0.1 s rather than 1.0 s). Thus, the effective sound pressure is the
root-mean-square value over the auditory infegration time; the
physical power is the energy transmitted during the auditory inte-
gration time; the discharge rate is the number of discharges which
occur during the auditory integration time, and so forth.

In order to prediet the loudness of any steady sound stimulus, con-
sider, first, a previous model of the system (ref. 10) used to predict
the loudness of a tone.

Specifically, it was proposed (ref. 10) on the basis of experimental
data (ref. 11) that, in response to a tonal stimulus, the number of
stimulated auditory nerve fibers is proportional to the effective sound
pressure until all available fibers are stimulated. Experimentally,
the discharge rate in each fiber is also approximately proportional to
the effective sound pressure until the fiber discharge rate becomes
saturated (ref. 12). At about 40 decibels above the loudness threshold,
discharge rates in some fibers begin to saturate. However, other,
previously unstimulated, fibers exceed their stimulation thresholds
as the sound pressurve is increased, so that the total discharge rate
continues to increase until all available fibers are stimulated and,
then, saturated, The total discharge rate was expressed (ref. 10) as
the product of the total number of stimulated fibers and the dis-
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charge rate per fiber averaged over all stimulated fibers. Conse-
guently, as the sound pressure is increased, the number of stimulated
fibers increases linearly, but the average discharge rate per fiber in-
creases very little because some fibers have become saturated whereas
others have just achieved their thresholds of stimulation. Hence, the
total discharge rate is essentially proportional to the effective sound
pressure. Since electric potential is proportional fo electric energy,
and all discharges are identical, the total discharge rate is propor-
tional to the total electric power transmitted by the auditory nerve.
Therefore, the total electric power is propertional fo the effective
sound pressure of the stimulus, and the ear is found fo be & nonlinear
detector, specifically a squaring detector.

It has long been suspected (e.g., refs. 13, 14, and 15, chap. 12) on
the basis of experimental evidence (refs. 16 and 17), that, except
near threshold, the magnitude of the loudness sensation in response
to a tone stimulus is proportional to the total discharge rate (total
electric power) transmitted in the auditory nerve. (The fact that
the discharges are summed implies that total eurrent, which is pro-
portional to discharge rate, is proportional to loudness.} As a con-
sequence of'this observation, loudness is proportional to the effective
sound pressure. Since the mean-square pressure is proportional to
the average power of the stimulus, the loudness must also be pro-
portional to the square root of the stimulus power transmitted by the
system.

Experimental evidence (ref. 18) indicates that for individual
nerve fibers the dependence of discharge rate on sound pressure is
the same for broadband noise as for a tone. If it is assumed that the
dependence of the number of active fibers on sound pressure is also
the same for both sounds, then it may be concluded from an analysis
similar to that in reference 10 that, in general, loudness is propor-
tional to the square root of the power transmitted by the auditory
system.

In order to prediet the loudness of sounds more eomplicated than
a lone tone, a broader description of the system is required.

Filtering

The auditory system is a bandpess filter, Psychoacoustic data
(rvefs. 19 and 20) indicate that the filter is passive, and, of course,
nonideal. From the experimental standpoint, it is convenient to ana-
lyze the filter into an external filter In series with an internal band-
pass filter (ref. 21). The external filtering occurs in the outer ear,
which. precedes the eardrum (cf. fig. 1). The characteristics of this
filter depend on the orientation and extent of the sound source rela-
tive to the listemer. The internal filter involves the entire auditory

4



system succeeding the eardrum {cf fig. 1). This filter is weakly
dependent on the effective.sound pressure.

The internal filter may be analyzed into a low-pass filter in series
with a high-pass filter. The low-pass filter is probably associated
primarily with the mechanical part of the auditory system (ref. 8},
whereas the high-pass filter may be associated primarily with coch-
lear processes (parvticularly excitation of cochlear hair cells) in-
volved in converting the signal to electrochemical form.

Neural Response

Mechanical vibrations of a region of the tectorial membrane
within the inner ear (ref. 8) produce excitation of hair cells and,
hence, of the auditory nenrons, Each neuron is specified by its “best,”
or “characteristic,” frequency, that is, the frequency for which its
stimunlation threshold is lowest. Flowever, each neuron may be excited
by a broad range of stimulus frequencies. In figure 2 nominal band-
widths (adapted from ref. 12} of auditory nerve fibers in squirrel
monkeys are shown.

Consider a tonal stimulus. 1f the tone is sufficiently intense and its
frequency lies within the transmission bandwidth of a given fiber,
then the tone periodically stimulates discharges in the fiber (ref. 12).
(Although a periodicity is commonly believed to exist only for
stimulus frequencies less than 5000 Hz, a periodicity which may be
associated with pitch actually exists at all frequeneies (ref. 22).)
At the lower amplitudes of stimulation the periodicity of the dis-
charges tends to be statistically distributed at time intervals which

Sound-pressure
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FIgURE 2—Approximate one-half-power bandwidth of auditory nerve fiber as

function of ifs best frequency with sound-pressure level as parameter.
(Adapted from data in ref. 12. Maximum bandwidths are much greater.)
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are integer numbers of times the periodicity of the stimulus (ref.
28). At higher stimulus amplitudes a discharge tends to oceur more
often during successive stimulus periods. For a large number of
realizations of the stimulus, the number of discharges as a function
of the phase of the stimulus graphically resembles that part of the
stimulus waveform which exceeds some constant amplitude (often
zero in the auditory nerve, refs. 24 and 12). The number density is
effectively zero thronghout the rest of the period. Hence, for each
fiber the waveform appears to be partial-wave rectified. The pre-
ponderance of data indicate that, when all fibers are considered, the
waveform may be approximately half-wave rectified. For periodic
stimuli the trace of the waveform from discharges in single units
over many realizations of the stimulus might be approximated al-
ternatively by discharges over many units for a single realization of
the stimulus. This resembles an ergodic hypothesis.

Stimulation by more than one tone yields a distribubion of. stochas-
tically independent discharges which also tends to duplicate graph-
ically part of the waveform (refs. 12 and 24). Similar results are
expected for any other periodic sound. In fact, it seems reasonable
to expect that the temporal history of the instantaneous number of
discharges over all fibers traces out part of the waveform (suitably
filtered) even if it is aperiodic.

In the mechanical part of the auditory system the trace of the
waveform is defermined by the amplitude of mechanical motions,
whereas in the electrical part of the system the waveform is traced
by the instantaneous mumber of discharges, which is proportional to
total instantaneous power. Therefore, since power is proportional to
the square of the amplitude, the squaring operation in the auditory
system results simply from the transformation of the representation
of the waveform from mechanical to electrical form!

Additional clues on how to model the auditory system are sup-
plied by various observed psychoacoustic phenomena and their plausi-
ble explanation in terms of neural activity. Among possible significant
phenomena are audible beats (refs. 25 and 26), eritical bandwidths
for loudness (refs. 27 and 28) and frequency resolution (ref. 29),
secondary fones (ref. 30), harmonic stimuli (ref. 81), and aural
harmonics and eombination tones (e.g., refs. 15 and 82). The loud-
ness features associated with the beats are claimed herein to be a
consequence of squaring and of the limited auditory integration
time; whereas those associated with critical bandwidths, secondary
tones, and harmonic stimuli are proposed consequences of squaring
and of the broad bandwidths of individual neurcns.

In order to explain beats and other psychoacoustic phenomena in
terms of neural activity, the assumption will be made that stimul;
which emcite the same newron interact whereas stimuli which do not
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excite the same newron do mot interact. This interaction has an im-
portant effect on loudness.

. Beats—The loudness of two tones with comparable amplitudes and
nearly equal frequencies, or of tones which are nearly harmonics of
one another, oscillates because of interference between the tones (refs,
25, 26, and 33 (pp. 14-16)). The loudness oscillations, equal n fre-
quency to physical beats, are referred to as “audible beats.” For
nearly equal tone frequencies the oscillations are called “beats of im-
perfect unisons® (vef. 25); whereas for nearly harmonic tone fre-
quencies they are called “beats of mistuned consonances” (ref. 26).
Subjectively, since tones which produce beats of imperfect unisons
arve separated by less than a critical separation, they cannot be re-
solved. (This defines the critical separation, which is less than one-
third octave, except at the Jower audible frequencies.) The conse-
quence in the case of nearly equal tones, is an intertone—with fre-
guency near that of the primaries—modulated at the beat frequency.
As the separation of the primary tones is increased, the beat fre-
guency increases; but the loudness of the beats vanishes, as will be
shown mathematically.

Two, or more, closely spaced tones stimulate the spme nerve fibers
because the fiber bandwidths are broad. Hence, the beats produced by
interference of two, or more, tones are observed as fluctuations of the
number of discharges at the beat frequency as these discharges trace
out the rectified waveform of the combined stimul (ref. 34). The
period of the beats exceeds the anditory integration time. Loudness is
presumed to be the subjective measure of the transmitted electric
power corresponding to the discharge rate over all fibers, or, alterna-
tively, of the equivalent transmitted stimulus power (ref. 10). If the
auditory averaging time were infinite, the power contribution from
the tone interaction would vanish. However, the averaging time is
finite (0.1 s), so that a time-dependent interaction exists if the
period of the beats is greater than, or approximately equal to, the
integration time.

As two closely spaced tones or harmonics are increasingly separated
in frequency, the period of the beats becomes less than the auditory
integration time, Consequently, the maximum and minimum average
power transmitted by the auditory nerve throughout a running inte-
gration period tend to the same value, independent of the tone sepa-
ration, as does the loudness (ref. 35).

Critical bandwidth—Two critical bandwidths (ref. 86) ave signifi-
cant, namely the critical bandwidth for loudness (ref. 28) and the
critical bandwidth for frequency resolution (ref. 29). The critical
bandwidth for loudness about any given center frequency is the maxi-
mum sound bandwidth for which loudness is independent of band-
width when the overall sound pressure is held constant. The critical
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bandwidth for frequency resolution about any given eenter frequency
is the maximum tone separation for which two, or more, tones cannot
be resolved psychoacoustically. The two critical bandwidth functions
are similar, as shown in fignre 3. As the respective critical band-
widths are exceeded by two, or more, tones, the loudness rises (refs,
37 and 38), and the tones are resolved (ref. 29). The critical band-
widths indicate'an important transition in the neural coding.

Secondary tones.—In addition to the loudness increase and tone
resolution, secondary tones other than the imposed primary tones may
be heard as the eritical bandwidth for frequency resolution is ex-
ceeded. The most prominent secondary tone is frequently the
“periodicity pitch” (ref. 39) with frequency equal to the difference
in frequency of the primary tones. If several primary tones are har-
monically related, then the fundamental may be heard even if it is
not included among the primaries. An audible missing fundamental
has been called the “pitch of the residue” (refs. 31 and 40).

The following explenation for these phenomena is proposed. The
patiern of neural discharges traces a filtered and rectified version of
the acoustic stimulus waveform. This has been demonstrated from
many realizations of periodic stimuli in single units (ref. 30). If two
tones are closely spaced, the intertone is determined by the periodicity
of the envelope of the instantaneous number of discharges. Dis-
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charges occur in botlh positive and negative phases of the beat cycle.
The beat frequency lies outside the transmission bands of the fibers.
As the tone separation approaches the critical value the beat frequen-
cy may exceed the lower cutoff frequency of some fibers which also
transmit the primaries. Then, fibers will be stimulated at approxi-
mately the periodicity of the beat, so that the beat will be transmitted
as if it were 2 veal tone and may be heard a5-a secondary tone. In this
regime, due to the variation of frequency pass bands among fibers, a
mixture of the primary tones, intertone, beats and secondary tones
may combine to produce the sensations of “intermittence” or “rough-
ness” (ref. 25). When the critical separation is exceeded, the primary
tones and secondary tone are dominant (ref. 30). All three tones lie
within the pass bands of the same fibers and are transmitted as audi-
ble tones. This accounts for the periodicity pitch. The piteh of the
residue is similarly explained when the stimulus consists of more than
two tones. Since the auditory system is a squaring device, the sec-
ondary tone is heard as if stimulated by real acoustic power. The
detection of the secondary tone should result from an increase in the
overall discharge rate and a redistribution of the discharges in time
to establish the periodicity of the secondary tome. An increase in
loudness should, therefore, also be expected. According to this argu-
ment the critical bandwidih for loudness is equal to ¢ characteristic
lower cutoff frequency of those nerve fibers which propagate informa-
tion on the primary tones. This comparison is shown in figure 4,
where equality of critical bandwidth and fiber cutoff frequency is
denoted by the “ideal” curve.

'The boundary of the regime of a clear periodicity pitch obtained
from a uniformly spaced, three-tone stimulus heard through ear-

= 104_—'

= [~

£ -

=4 [

8 L O

s T

5

g — 3

3z W

- o =

£

= o I~

= 4= I

=y |

-

. 0

S | |I¢x|rU d 1|!|I|I| | 1]||!|r| | ||I||IJJ
10l 102 10° 10t 10°

Estimated lower cufoff frequency of fiber
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phones is shown in figure 8 for comparison with the critical band-
widths previously discussed. The lowest audible periodicity piteh cor-
responds roughly to the critical bandwidth. (Of course, many of the
physiologically significant frequencies are not precise because of
physiological variations among and within individuals.) The highest
audible periodicity pitch is less than the frequencies of the tones
which produce it. The frequency range over which the periodicity
pitch may be obtained is discussed in the next paragraph.

Ghannels and neuron bandwidiths—Since the critical bandwidths
represent important transition bandwidths in neural coding, it is con-
venient to evaluate loudness by grouping all neurons into artificial
channels having widths equal to the critical bandwidths for loudness.
Bach channel includes every neuron whose best frequency is within
the critical bandwidth for that channel. In most channels the neuron
bandwidths tend to be much greater than the channel, or critical,
bandswidths (refs. 12 and 28). Thus, each channel may transmit a
much broader range of frequencies than the chanmel bandwidth
would imply. ATl frequencies transmitted in a channel may interact
if they excite the same neurons. Thus, if tones transmitted in a c¢han-
nel are suberitically separated, they may generate audible beats;
whereas if they arve supercritically separated, they may generate sec-
ondary tones. The secondary tones can only be gemerated if the
neuron bandwidths (fig. 2) exceed the critical bandwidth (fig. 3).
Neuron bandwidths clearly exceed critical bandwidths for best fre-
quencies in the range from 200 to 5000 hertz, approximately, at mod-
erate sound pressures. These frequencies establish the minimum and
maximum limits, respectively, for which secondary tones can readily
be heard. (See limits of pitch of the residue in fig, 8.)

The preceding channels are “floating” in the sense that their mid-
frequencies or, alternatively, their cutoff frequencies are determined
by the spectrum of the imposed sound. However, the bandwidth of a
channel with a given midfrequency is effectively always the same in
response to a steady sound.

Aural harmonics and combimation tones—These tones are assumed
to be subjective consequences of mechanical nonlinearity, that is, of
functional defects, of the auditory system in response to single tones
or to multitone stimuli, respectively (vef. 41). This is in contrast with
the squaring process, & nonlinear process fundamental in the opera-
tion and interpretation of the system. Although these tones may be
audible, they are usually very weak relative to the primaries, beats,
or secondary tones. Efence, their contribution to overall loudness is
likely to be negligible, except possibly at loudnesses near the thresh-
old of feeling (ref. 32, ch. 7). The contribution of these tones to
overall Ioudness will be neglected.
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Loudness

The loudness of any sound is numerically expressed relative to that
of some precisely defined sound which serves as a reference. Thus, in
order to specify the loudness it is not necessary to know how much
power is transmitted by the system. Only the ratio of transmitted
powers, namely the ratio of the transmitted power of the test sound
to that of the reference sound, need be determined. This can be found
after the test sound and characteristics of the auditory system are
specified mathematically.

MODEL OF AUDITORY SYSTEM

A model of the auditory system previously proposed (ref. 10) for
predicting the loudness of a tone will serve as the basic model to be
further expanded for predicting the londness of any steady sound.

It is assumed that the sensation of loudness in response to a sound
stimulus is measured by the power (energy per auditory integration
time) transmitted to the brain. Physiologically, the power is detex-
mined by the product of the total current (proportional to total
discharge rate) and the potential, which is the same for each dis-
charge. Since the loudness sensation commences for some discharge
rate exceeding zero (ref. 10}, the loudness is proportional to the
amount by which the electric power exceeds some threshold power.
The proportionality constant is a reciprocal power (reference power),
so that the loudness 15 a dimensionless quantity, and the power can
always be expressed relative to the reference power in dimensionless
form.

In the basic model the electric power is proportional to the effective
sound pressure. This results from the analysis of discharge rates in
neurons (ref. 10). From the preceding discussion of the operation of
the auditory system it is coneluded that the extension of the basic
model of the system in response to any steady sound stimulus must
alse include filtering, channeling, squaring, and rectification.

The complete filter, which is separable into an external filter in
series with an internal filter, possesses known characteristics derived
from experiment. The complete filter is a linear, passive, time-invari-
ant, nonideal, band-pass type. Its input is the sound. Its output is
determined from subjective judgments, and therefore, takes into
account the entire auditory system.

In the organ of Corti the overall signal is distributed among vp to
24 parallel channels spanning the audible frequency range (ref. 28),
Each channel has the width of a critical band for loudness in the
sense that it includes all auditory neurons with best frequencies lying
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within the critical band. Each channel should have a different fre-
quency response. Nevertheless, since the speecific response for each
channel is unknown, it will be assumed that the response associated
with each channel is that of the complete system. This may be the
main deficiency of the model. However, this is compensated for by
assuming that only those channels within the limifs of the sound
spectrum transmit appreciable power. Since the transmitted power in
each channel is fo be specified relative to the same overall reference
power, 1t may be assumed that the entire input is imposed in each
channel. Thus, the signal tends to get multiplied by the number of
channels which transmit it. In the limiting case of a tone, only one
channel, that which includes the tone, is activated. The frequency
response is precisely that for the tone. The resulting loudness is found
to be that previously predicted for a tone {ref, 10), as will be shown.

Since the neuron bandwidths exceed the associated critical band-
widths over most of the audible frequency range, signals over a wide
range of frequencies may interact. In the squaring process involved in
the transformation from a mechanical to an electrical signal, both
self-interaction of signals at the same frequency and cross-interaction
of signals at different frequencies occur in each channel. However, be-
cause of the expected decline in response in the channel to frequen-
cles ontside the associated critical band, appreciable cross-interaction
between different frequencies will be assumed to be limited to fre-
quency pairs where at Jeast one frequency of the pair lies within the
critical band.

Since all channels within the limits of the sound spectrum are
assumed to transmit appreciable power, whereas the sound spectrum
may vanish over entire intermediate critieal bandwidths, “empty”
channels may occur which transmif no power in the associated critical
bands. However, the empty channels may transmit power due to the
self-interaction of frequencies outside the empty critical band. As in
the case of nonempty bands, it will be assumed that the cross-power
contributions due to the cross-interaction of frequencies outside the
empty critical bands are negligible.

The pattern of neural discharges is partial-wave rectified. Spe-
cifically, it will be assumed that the pattern is half-wave rectified.

This completes the expanded model which now incorporates most
of the previously discussed psychoacoustic and plysiological phe-
nomena. The subsequent mathematical representation of the model
yields the magnitude of the loudness sensation /7 as some measurable
function of the free-field pressure perturbation » of an arbitrary
steady sound.

12



LOUDNESS OF ANY STEADY SOUND: ANALYSIS

A 1-kilohertz tone imposed as progressive plane waves from the
front at a free-field, sound-pressure level § of 40 decibels is defined
to have a loudness /° of one sone. (All symbols are defined in appen-
dix A.) A sound A times as loud as the tone at one sone is said to have
& loudness of A sones. The sound-pressure level § is defined by

S§=20 log P (decibels) (1)
where

=[(/Tp2,) f¢_ p*(e") d' )% (2)

¥

The quantity (P is the normalized root-mean-square, or normalized
“effective,” sound pressure over the averaging time 7. The time
T'==0.1 second at suprathreshold loudness is the integration time of
the auditory system, that is, the time taken to achieve a steady loud-
ness sensation in response to a steady sound. The instantaneous sound
pressure p is real, and £ is the time. Fially,

Preg=20 pPa
is a reference sound pressure near that at the threshold of loudness
of a 1-kilohertz tone.

According to the proposed model, the overall loudness /° of any

steady sound is given by

L=k (r—17) (8)
where 7, the total neural discharge rate (in 0.1 ) over all fibers, is
proportional to the total electric power transmitted in the auditory
nerve, «” is o constant, and the subscript £ refers to the value at the
lIoudness threshold. Since the electric power is proportional to the
square root of the stimulus power distributed over all neural
channels,

where Af is the total number of transmission channels spanning the
sound spectrum, (Q¢)x is the relative power transmitted in each
channel % to the brain, and « is a constant (x=10—2if / is In sones,
as will be shown. Also, see ref. 10). The relative power 2, in each
channel is proportional to the square of the linearly filtered, in-
stantaneous sound pressure integrated over the running aunditory
integration time 7. The filtered output from each neural channel 1s
given by

g(#)=J2 R () p(& - ")t (5)

where A is the real impulse response of the aunditory system, and ¢
is the output. As a result of the transformation from mechanical to
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eleetrical form, the signal transmitted in the auditory nerve is pro-
portional to ¢° This yields the relative output power

Rel05T) = (/T ) [t 9*(&"}dd’ (6)

involved in equation {4). In equation (6), P¢=oC:(0,567) is a
specialization of the autocorrelation function 2,(#%1"), in which 7
is a delay time. By virtue of equation (6), equation (4) becomes

a 1/2
L= { (/T9%,) 3 ft_ 10 (¥) ],,dz:'}

ar 1/2
B GLEhE TRCACOR Ry )
where, in concordance with equation (6),
Ra= /TP f; 0 () e’ (8)

at the loudness threshold. Equation (7) in combination with equation
{5) yields the overall loudness in terms of measurable quantities.

It may be more convenient to express the overall loudness in terms
of spectral, rather than temporal, quantities. The output a2utocorrela-
tion function is defined by

ReledT) = (/TP ) ¢ _q(t) g +2) ¢ (9)

and is the Fourier transform of the output power-spectral-density
Wq, that is,

Ro(r:t:T) = (1/2x) _f“’_m Wa(wi,T) e dw {10)
where » is the angular frequency. Hence,
Ka(04,7) = (1/2x) f2 Wy, T)do (11)

If equation (9) is combined with the Fourier inverse of equation
(10), then

Wolwt, Iy = (1/T92,,) fo emrdt  q(2)q(¥'+)dt"  (12)
This expression can be further transformed into the spectral form
Walatyl'y = (1/ Pl H (0) P (o)

ref

X (1/2x) = H*(u")P*(o")sine [(o—u”) T/2n]

X oo —a) (t=T/D) ] (18)
as shown in appendix B, where
H(w)= f°_h(z)e-tds (14}

is the Fourier transform of the impulse response A(#) and is called
the frequency response, or system funoction;
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Plo)=f=_ p(t)e—ids (15)

is the Fourier transform of the pressure history and is called the
pressure spectral density; and the asterisk denotes the complex con-
jugate. Also, by definition,

sinc & =sin(#&) /=¢ (16)
Finally, the combination of equations (4) and (11) yields

b1y 1/2
£={(e/em) 3 o (WalotT)Dide]

ir 1/2
—_— {(Ke/gﬂ.)L§ f‘iw [th(m,t,T)]kdw] (17)

where the ,’s are given in spectral form by equation (13). This
alternative form of equation (7) is the desired spectral representa-
tion of the overall loudness.

The threshold, output spectral density W, is defined by shifting
the spectrum, without chenging its shape, so that the contribution
from every chanmnel is subliminal, except for one or more, which
corresponds to the loudness threshold. The threshold terms in equa-
tions (7) and (17) are significant only if the overall loudness is
near the loudness threshold. These equations are defined only for
_[=0. The possibility that />0 for a sound whiech is subliminal at
every frequency is implicit in equations (7) and (17).

In general, the sound spectrum may be partly diserete and partly
continuous. The diserete part consists of tones whereas the contin-
wous part might consist, for example, of random noise. Thus, it is
sometimes convenient to treat the output spectral density W, as if it
were either discrete w,({w.), where n is an integer, or continuous
W,(e) depending, respectively, upon whether the discrete or the
continuous components of the sound are dominant, but alse upon
the method of detemining the spectrum. Of course, a sound can be
specified in terms of both w0,(w,) and W,(o).

Discrete Spectrum

The discrete part of the sound consists of a number of tones, which
can be represented by

P(E) = 3 Aucos(ant + ¢s) (182)
or h
p(t)= _E @ gton (18b)

where the amplitude 4, is real, ¢, is the phase angle of the tone de-
noted by the integer n,
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http:Vq(WAT)]L.dw

an=(1/2) A et

— * p—— = e
a—n—-am w—n_ wn‘.\ ¢—-1‘l— Sbu

According to equation (5) the corresponding ocutput is

g(8)= 3 H (wp)tneten’ (19)

n=—cp

Because the signal transmitted by the auditory nerve is most
conveniently analyzed in channels, three categories of tone separation
or bandspread appear relevant, as shown in figure 5. These are de-
noted as

Category A : Subcritical bandspread (fig. 5(a)) in which the over-
all tone separation is less than, or equal ‘to, a critical bandwidth for
loudness (approximately one-third octave, but greater at low fre-
quencies), Beats of imperfect unisons fall in this category.

(a)

| |
i PeTTp
; Critical,

bandwidth

{b) l {
! ; Critical |
bandwidth

W >5
Critical
_—ibands I“
] ]
- 4]
! /\l | Critical |
bandwidth

{c)

(a) Two tones suberitically spaced.
(b} Two tones supereritically spaced.
(e) ""wo tones hypereritically spaced.
Fieure 5.—Categories of tone spacing relative to channel bandwidths,

16



Category B : Supercritieal tone spacing (fig. 5(b)) in which the
overall tone spacing is greater than a critical bandwidth. This cate-
gory includes beats of mistuned consonances, periodicity pitch, and
the piteh of the residue.

Category C : Hypercritical tone spacing (fig. 5(c)) in which the
tone spacing is greater than the bandwidths of nerve fibers with
characteristic frequencies intermediate to the tones, so that no tone
interaction occurs. The theory for category B also includes this cate-
gory implicitly. Overall loudness judgments of such widely spaced
tones are very diffieult,

Various combinations of these basic categories ocour, The band-
spread of suberitically spaced tones may be supercritical (category
AB) or hypercritieal {category AC), and the bandspread of super-
crifically spaced tones might be hypercritical (categery BC).

The overall Ioudness / for each category is determined as follows:

Cutegory A : Subcritical bandspread.—When the tone bandspread
1s less than a critical bandwidth, equation (7) reduces to

L=L0/Tp) §o ()%= (ERe)®  (20)

where 2, is given by equation (8). By considering equation (19)
the integral in equation (20) becomes

K= (1/1”;:18!), f:ﬁm g2 (&)dt’
e ff 3 S H(s)H(o)e, 0,0 N eam 0bal

M= — g = —0)

-]

~(/ATp,) ff S 3 H(on)E (o) Ands

me=—ce H==—z=cp

% @ TE (W= + by~ 1 T

Define the relative power
wlo g0 ) =4, 4 /2p (21)

ref
where, in particular,
=1 - 42 2
w (mm’mﬂ)_ (mm) —A—mfz ref
if wn=ws. Also, for brevity, let
B,y = ¢~ 1000} b —0,]

Then,

= (T) 3. 3 LB (on) E ) (o) B

- H* (wm)H(m_n) w (wm,m__n) Emj_.ﬁ
+H.((0..m)H(wn) w (w—mgwn) E——m,n
+ A" (w_m)H'(&)_”) w (m_m,w_,,) E..m, —-n] dt’
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The frequencies o, —ay, and e, + o, implicit in the £’s can be gener-
ated only in those neurons which transmit periodic discharges corre-
sponding with the frequencies wy, and wg, 25 well. If v, — o, is less than
the eritical bandwidth, then og—w, lies outside the pass band of those
neurons which transmit w, and e,. Discharges do not occur regularly
with a periodicity corresponding to wg — @, and this tone is not heard.
Rather, v, —wo, is the frequency of oscillation of the envelope of the
output power due to the interaction of frequencies vy and w, On the
other hand, except possibly at low frequencies v, and w, and high
stimulus amplitudes, the sum w,+e, tends to lie outside the nominal
transmission. band of those neurons which best transmit o, and o,
Thus, wm+w, is transmitted very weakly, if at all. Therefore, those
terms which involve w,+w, will be neglected.

Next, the complex, total cross-transmittance ¢ is defined according
to

@ (omwn) =H" (om) H (o) = Gr (omyon) +9Q:(wmswn) (22)

where @, is the real part, and @; is the imaginary part, of ¢. If
O =gy ¢ (©m,y ©s) reduces to the transmittance

@ (wn) =|H (wa} [*=&r (n)

which is real,

The total transmittance ¢ consists of the product of an external
part 77 preceding the eardrum and an internal part _/\/ succeeding the
eardrum, that is,

Q(Wﬂtamn) =.r_7(mm: Wn')c/V(mm:-mn) (23)

or

@ (on) =T (o) N (0s)
1f wm=wn. In parallel with the definition of ¢,
7 (wmson) Eo';le‘ ("’m)c:'l;le(wn) =_[7r(‘"m:"’n) +ﬂ:£74("-°m:"’n) (24)
or
T () =] Helwn) |P=T7r (0n)
if om=uw,. Also,
NV (ompon) =H (0m) H (0n) = Nr{onen) +iN. (ompa) — (25)

or

N (wn) = | M (0n) [*= AN ()

if wn=wus- The external and internal frequency responses M, {ew,) and
FH(ws}, Tespectively, which will be explicitly specified subsequently,
satisfy the conditions
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a)is(m-—-n) 25'7‘3(_“-‘::) =al7£6(wn) (26)

in the case of the external response, and

H(o—n) =H(—an) =H (on) (27)

in the case of the internal response. Therefore,

g(w—m,w_u) ='c7l7£e. (m—m) cj”pce("’-—n) =0‘)‘e' (lﬂ'm) at)ls(‘ﬂn) =g(wm,wn)

whereas

N (o_mywn) =0"J£* (W—m)#(‘"—n) 20’1[(“’!“)‘:74‘ (©0n) =N (omon)

By neglecting the nontransmitted frequencies wn+ o, and adopting
the newly defined transmittance functions, it follows that

d? (1/2T) E E g("’m&%)'w(mma%)

m=1

X‘j‘z [de("-’m:“’n)Em n“**:fV (wm:mn)E mm] at’

where w0 (o_pyw.p) =10 (0mw,}. Because 2+2°=2 0, 2 for 2 complex,
and because 72, is real,

cft)q= % 2 gr(mm:wn)w(wmawn)

m=—1 n=1

KT [ RLN (ompon) B 18
or

Ra= 3 ; T (omsn )W (@myon)

m=1 n—1

X (1T ft_, {dv,.(wm,mn) 00S[ (o — ) &' + bn—bs]

+ N.omsor) S0 (o —en) '+ =] |88 (28)
An alternative form of the equation may be written by noting that
IJV(wmswn) I = [;/Vf.(mm,wn) + Wf (‘-’-’m:wn) ]1/2 (29)
and setting
tan .= A (ﬁimamn)/(er(wmamn) (30)

Then,

c)?q: g g Ejr(“’ma“’n)|s=fV(“’m:‘”n)|w(“’m:mn)

m=1 #n—1

X(L/T) [_pcos[{vm—on)t’ +dn—dn=Oualdt’ (81)
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so that

K= 3 §1 7, (0om) LA () [20 (s

m=1l n=

X sinef (om—wa) T/2r] cos[ (wm—on) (6= T/2) +da—dn—Ouma]
(32)

Thevefore, the overall loudness of tones distributed over a subcritical
frequency band is given by

-4}

£={x= S 03 Te(omn)| A (omon) |0 (cmn)

m=1 =1

X sine[ (wn—wg) T/ 27x]cos[ (on—ws) (E—7T/2)
+¢'m_¢ﬂ_9mn]}1‘é_’ ("zﬁw)% (33)

Since, for subcritical bandspread, loudness is independent of band-
spread if the overall sound pressure is held constant, it is reasonable
to assume that, at the loudness threshold,

Rt = Qe () 0 () (34)

which is the Jone tone result for the characteristic frequency v,/2w,
say the mean frequency of the tones. Because £y may be determined- -
by several tones it follows that several subcritically spaced tones, each
of which 1s subliminal, may produce an audible sound. This possi-
bility is reinforced by electrophysiological experiments (ref. 42).

Except possibly at high frequencies, the transmittance functions
T (amyon) and Af (omy0n) tend to remain constant over a critical
bandwidth, as will be shown. Hence,

gf(‘”mawn) R""gr(“’ﬂ)
and '
|rJV("’m:‘"n) |%6fvr(‘”p.)
so that
jﬁ[,@@(%) % % 10 { gy SINC [ (o 00 /2]
X COS[(mm—w,,) (t—T/’Q) +¢m-¢n] }%_ ("zc)?qf)% (35)
where

Er(op) =T (0p) Nr(op)

-and, as before, w,/2= is the mean frequency of the tones.
The loudness may fluctuate slowly as audible beats if

Vi S €y

20



where y and ¢ are integers. Beats obtained when y=e are called beats
of imperfect unisons (ref. 25). These beats are predicted by the pre-
ceding loudness equations. The sine function aceounts for the relative
amplitude of the loudness oscillations as a function of w,—w, and the
sinusoidal dependence on the time ¢ accounts for the time history of
the oscillations. It will be shown in connection with two-tone loudness
judgment tests by von Békésy that beats might be detectable for
|wm =4 /22==100 hertz, but are strong only if |om—o.|/2x<10
hertz. Beats for which y2e will be discussed in connection with more
widely separated tones.

Category B : Supercritical tone spasing—When the tone separa-
tion exceeds the critical bandwidth, that 1s, for supercritical tone
spacing, the audible range is divided into adjacent channels. The
channels are allowed to shift as a group in accordance with the spec-
trum of the sound stimulus. A method for locating channels is de-
seribed in appendix C. The bandwidth of each channel is a critical
bandwidth for loudness. The neurons associated with each channel
have best frequencies within its associated band. However, except at
the lowest and highest audible frequencies, neuron excitation band-
widths exceed the associated channel bandwidth so that the power
transmitted in a channel will be affected generally by tones outside
the critical band (cf. figs. 3 and 6). The interaction of tones inside
the critical band with those outside the critical band accounts for the
secondary tones.

Consider a sound stimulus consisting of several tones located in ad-
jacent critical bands. None of the tones lies in the same eritical band.
Each tone stimulates all channels whose neurons respond to the tone

Best frequency, Hz
200 1000 4000 17 000

1 -
High sound-pressure
level

Low sound-pressure
fevel

Discharge rate/ Saturation rate

L] U\ IA ST
10! 107 193 10 10°
Character istic frequency wl2m Hz

FIGURE 6.—Nominal transmission curves for individual nerve fihers., {(Adapted
from ref. 12.)
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frequency. The output from a typical channel & may be represenied
by

qx(t) =ﬂ_§ o/ 1 (wn )t o’

where J5.(w,) is the frequency response of channel % to rotational fre-
quency e Since the Jy(w,) are presently indeterminate, they will be
replaced by H (w,), as in the treatment of tones spread over a sub-
eritical band (and as in other loudness calculation procedures). The
total output from all channels can be approximated by considering
only enough channels to encompass the bandwidth of the sound. As
mentioned earlier, the replacement of J by H is expected to constitute
the main weakness of the present model since it implies that the fre-
quency response is the same in each channel when, in fact, the re-
sponse in each channel peaks in the neighborhood of the channel
midfrequency (ref. 12).

In conformity with the treatment of suberitically spaced tones, it
is assumed that frequencies o, e, are not transmitted appreciably
by the nervous system because, generally wn,w, and e+ e, do not ail
lie within the nominal transmission band of the same fibers.

In general, in any channel % which includes a stimulus frequency,

ueq)ﬁ{ S 3 T (omon) | A (omson) | omn)

me=1 n=1

X(1/T) Ji_, 008 [(on—on)t'+pn=t—bundt’ | (36)
- 13
as in the subcritical case, except that /V tones are now spread super-
eritically over N critical bands. By assuming that only self-inter-
actions of all tones and cross-interactions involving one tone in the
channel are significant, equation (36) reduces to
N
=

(a?q)ﬁ( { @ Camo(an)
+2( —8uz) T (wmyor) l(j\f(wm;“’k) l'w (‘”m:w}.)
X(U/T) fi_ ool (onor)t +iu—u=uuldt |} (3D)

I+
1t is quite apparvent from psychoacoustic experiments that, for
supercritical tone spacing, since the secondary tones wm—wy are clear-
ly heard, they must contribute appreciably to the overall loudness. In
order to incorporate this contribution to the overall transmitted pow-
er, the tone interaction must be evaluated in more detail.

Tf the difference frequency w, —wy 18 supercritical, it will be trans-
mitted as if it were a real acoustic signal (ref. 80) and will be audible
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if it Hes within the passbands of auditory neurcons which also trans-
mit o, and oz Whereas the period of beats is of the same order as, or
greater-tham, the auditory integration time, the period of this differ-
ence tone is much less than the auditory integration time. Since
wm —wy, 15 transmitted as an acoustic signal, neural discharges oceur in
only part, approximately one-half, of each cyele of osciliation (refs.
12, 24, 42, and 80). This effect must now be considered in evaluating
the preceding integral of the cosine. Over time 7,

[mm—m;;|T> =%
Define
At=27/|om—w| < <T

The active phase of each cycle of the wave at frequency |em— wi|/2r
during which discharges are generated is centered at the maximum
value of cos{ (on—oi) "+ ¢n—¢r— fur], that is, when

‘f’m—‘f’k—' mk

Wy = Wy

ﬁ=tmw= -

Over each stimulus cycle, during which neural activity oceurs in one-
half cycle, the normalized value of the integral in equation (37) is

(1/80) [+ cos] (omm )+ == G
= (1/2)sine[ (wn —wr) At/4r]
= (1/2)sinc(1/2)
=1/r

In order to be consistent with the other terms in equation (37), which
are treated as full-wave rectified, the preceding integral should be
multiplied by 2. (The reference power is implicitly full-wave recti-
fied.} Since there are oty cycles of wy—oy throughout the period 7,
where ¢ is an integer and 0==y4<1, it follows that over the auditory
integration time

(1/T) J':_TGOS[(mm"wk)t"i'qu'—qsk—ﬁmk]dt'
~(2/7) (c+9)AL/T=2/n

because 5<< <. Therefore, for each channel, equation (37) becomes

N

(c/?q)k=[ 3 {Qr(mm)w(m)

m=1

- (&) (1= 805) T (o) | A Comson) | 20 Comyon) }]

The corresponding overall result for all chanmnels is obtained by
appropriately combining the results from each channel. Tones cen-

b
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tered in adjacent critical bands are a eritical bandwidth apart. For
this condition the preceding equation summed over any two adjacent
bands must agree with the corresponding equation for two tones-sub-
eritically separated by almost one critical bandwidth. Thus,

él (R = (1/2) % % {Q,-(mm)w(mm)

k=1 m—1

+ (4/'”) Bzmr,-(l_smk) r__]r (‘"m"’k) |:/U(Wm:«'-'-‘k) |'w (“’m:-‘“k) } "
~(1/2) 3 [@rcmk)w(mk) + 3 (1—smk){@r(wm)wcwm)

k=1 m=1

- (4/7) 2 T Came) | A Compn) 2 (o) |

where, in the first form, the subscript % denoting the channel has been
replaced in the second form by the subseript 4 denoting the tone in
channel %. The factor 1/2 is associated with the fact that two tones
separated by a critical bandwidth are also approximately centered in
adjacent critical bands. Thus, there is a significant overlapping of
neurons appreciably stimulated by the two tones in the sense that the
two adjacent channels in which the tones are centered are associated
with a power transfer equal to that from one channel bounded by the
tones.

The newly introduced empirical quantity Bu: is 2 function of wm
and a monotonic funetion of wp—wy. Specifically,

Bmx=0  for adjacent tones separated by a eritical bandwidth

Brrn—1 as the separation of adjacent tones approaches two critical
bandwidths,

Pup=1 for nonadjacent tones

Thus Bz differs from unity only for adjacent tones separated by one
to two critical bandwidths, and then only in interaction terms con-
taining m and &. Therefore, in general, the function B.; can be set
equal to unity. The only time its variation is likely to be of practical
significance is in the case of sounds with bandwidths slightly super-
eritical and with nearly equal power in both critical bands.

For adjacent tones the function g,.:5%0 is related psychoacoustical-
1y to the onset of secondary tones and physiologically to the fraction
of the total number of neural pathways which may transmit informa-
tion on these tones. Thus, as the tone separation increases, the corres-
ponding B, tends to increase to unity. However, as this separation
limit is greatly exceeded, Bm: might decline again as the number of
fibers which transmit secondary tones declines. Also, the interaction
transmiftance function @ (w.,w) must tend to vanish when hyper-
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eritical separation is reached since both frequencies, w, and s, can-
not, then, stimulate the same fibers. The loudness of hypereritically
spaced tones will not be studied further.

When the preceding equation is introduced in the loudness equation
(4), it becomes

2£={(2/2) 3] elouia)
+ 3 (13 (Qrom) (o)

m=1

+ (4:/"7) ‘G:m ,‘:7;- ("’m:‘“k) |c/V(wm:"’k) ]'w (‘ﬂ’m}“’k) }:I } -
%

I+ & o]

which is the overall loudness equation for tones supercritically spaced
in adjacent eritical bands, and where

’3’ (Ree)s= (1/2) ”3 [@f(wk)m(m
+ 3 (1—sm>{@f(mm>wt(wm)

wm=1

(88a)

(&) B2, (o ) | A (ormpo) [0 (imo) }] (39)

This threshold expression might seem too large since 10,{wz), alone,
is a threshold value. In order to justify equation (39) consider the
broad range of frequencies for which @, (») is constant. Suppose that
the threshold term in equation (882) is (¥*Q)** With no sum, and
that Qe is given by equation (34), which applies for a suberitical
band of tones. Then, as the tone separation is made supereritical
without changing the overall sound pressure, equation (38a) would
indicate that the loudness rises. This is true for suprathreshold loud-
ness. However, experimental data (ref. 43) clearly indicate that, near
threshold, loudness does not rise but, in fact, may tend to decline.
Both the suprathreshold and threshold loudness results are accounted
for if it is assumed that the power ., is determined in the same
way down to the loudness threshold. Then, equation (89) is valid. Of
course, the threshold term is important only for sounds near the
loudness threshold.

The preceding loudness equation applies for tones in adjacent
eritical bands. Tf the tone separation is superecritical but the tones do
not He in adjacent critical bands, then the equation must be modified
to incorporate the fact that meurons characterizing intermediate,
“empty” channels are effectively stimulated by the interacting tones.
This might be accomplished by multiplying the contributions to
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occupied channels bounding the empty channels by a factor greater
than unity in order to account for the empty channels. An alternative
procedure is to relabel the sums so that they denote critical bands
rather than tones. Then, the preceding loudness equation becomes

ir o
z=(<x2/2) 3 [@f(mafw(mﬁ) + 3 (1= 8,) (@ (o) (0)

+ <4/ﬂm£: ;fr(wmmx) M(%:: |0 (a0} } D’

where the subscripts « and p refer to each of the M critical bands
spanning the total bandwidth of the tones, w (w.0.) =0 if the critical
band is empty, and 8, may differ from unity only in conjunction
with interactions between adjacent critical bands. Also, %(;f?qt);; is

expressed as in equation (39), with the reinterpretation just stated.
Beats of mistuned consonances (ref. 26) represent a special case
in which loudness fluctuations may oceur even though |w,—a.|> >0.
Closely spaced tones produce audible beats. More generally, any tone
pair whieh satisfies you=ev, may yield audible beats, Beats of mis-
tuned consonances oceur when the integers y and/or ¢ are greater
than unity, The possible values of y and ¢ which yield subjective
beats are limited by the fact that the tones must interact, This im-
plies that both tones must stimulate the same nerve fibers. When the
transmittance bandwidths for individual fibers are considered (ref.
12}, it is concluded that possible absolute values of y and € are prob-
ably limited to 5, or so. This conclusion is confirmed by psychoacoustic
experiments (ref. 44), where the maximum number of audible har-
monies was found to be 5 to 7, For y and/or ¢>1, in equation (87),

(L/T) f¢_ . cos[ (wm—wi) ' + G ds— O 18’
= (2/#) SiHG[ (ywm - ewk) T/gvr'y] GC‘S{ [ ('ycum— ew;;) /y] (Zf— T/Q) }

as shown in appendix D. Hence,

L= {(Kz/ﬁ) él [Qr(m)w(m) + ?i 1 (1—81) { @+ (1) (09

+ (4/ W)ﬁfnkgr(mmi‘“k) ]cfv (wm-;\'wk) ] w(wm;wk)
X sine[ (yom ~ ewor) T/ 2ry]c0s{ | (yom—ewr) /v] (E—T/2) }}]} *

replaces equation (38a) in the presence of beats of mistuned conso-
nences. Equation (88b) reverts to equation (88a) in the gbsence of
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these beats, that is, if yo,—eops¢0. Beats of mistuned consonances
may be significant only if |yes —ew] <10 hertz, as in the case of beats
of imperfect unisons. In ficure T the upper limit of the frequency
difference for detectable beats of imperfect unisons (ref. 25) is com-
pared with the critical bandwidth (ref. 28).

Category O : Hypereritical tone spacing—When the tones are sufli-
ciently separated, @ (wm,ws)—0, as will be shown; so that the tone
interaction, and hence the periodicity pitch, vanishes in equation
(40),

Category AB : Suberitically spaced tones spread over supercritical
bandwidth—Suberitically spaced tones cannct be resolved. Super-
eritically spaced tones ean be resolved. Therefore, the output power
from subcritically spaced tones spread over a supercritical band may
be evaluated from the standpoint of loudness by treabing each eritical
band of tones as if it were a single effective tone and then treating the
effective tones from all bands as if they were supercritically spaced
tones. Thus, the output power in any given critical band, assuming
unity transmittance, is

w(mﬂ)={ 3 3 w(omon)sinel (oa—o,) /2]

m=1 n=

XCOS[ (mm—{un) (z’;—T/Q) +¢’m_¢n] }ﬂ'

104,.—
N Critical bandwidth
i (ref. 28)
¥ 10—
& £
S
g L Maximum tone separation
= for beats (ref. 25)
g .2
& 10—
Pt I P T U A B BT Y A IR Y 11 N P PR
10! 102 10° 10t 10°

Geometric mean frequency, ,,/2m Hz

Ficure 7.—Comparison of critical bandwidth for loudness and maximum tone
separation for beats of imperfect unisons.
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as in equation (85). However, the subseript p refers to a critical band.
By using this expression to evaluate the effective power in each
critical band, the overall londness can subsequently be computed from
equations (38) or (40)}.

An elementary interpretation of the sums in equation (40) is as
follows when each critical band contains several tones. The tones con-
tained in each of the critical bands ps%« interact eollectively in each
neuron with those within a critical band « to produece additional rela-
tive output power, ascribed to secondary tones, from the neurons
characterizing the «th band. All contributions to the xth band from the
p bands act independently because they arise from statistically inde-
pendent neural discharges. Therefore, the contributions of the x bands
to the transmitted power in the xth band should tend to be additive in
all fibers which are dynamically active. The same argument applies
with respect to tones in each critical band «s£p interacting collectively
with tones within the critical band p. Since the neuron bandwidths
generally exceed the critical bandwidths the same argument can be
used to aceount for power transmitted by fibers characterizing inter-
mediate, empty, eritical bands.

Category AC : Suboritically spaced tones spread over hyperoritical
bandwidth.—The loudness is evaluated in the same manner as in
category AB, by means of equations (38) or (40).

Category BO: Supereritically spaced tones spread over hyper-
eritical bandwidth.—The loudness is given by equation (40}.

Continuous Spectrum

The Ioudness of sounds with continuous spectra may be deduced in
the same manner as for tones. As in the case of sounds with discrete
spectra, the appropriate expression for the loudness depends on the
spectrum bandwidth. The bandwidth of the sound may be suberitical,
supercritical, or hypercritical.

Subcritical bandwidih.—Sounds with continuous spectra are usual-
Iy specified in spectral, rather than temporal, form. The loudness of a
suberitical band of noise expressed in spectral form is

L=[/2) f* Wolet,T)do]h—[(*/27) f2 WalatT)du]*
(41)

by virtue of equation (17), where W, is given by equation (13). In
order to evaluate W, from spectral measurements, equation (13)
must be approximated. Specifically, by assuming that H(») and
P (o) are constant in frequency intervals at least 20 hertz wide and
don’t vary by orders of magnitude within a few hertz, it is shown in
appendix B that
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Wolot,T) =m(—;—-21-)15(m) 2\P (o) |2/ 772, (42)

where
¢ 1\ _ (1 0T
Ul7—3 { 0 0>t>T
1s the rectangular function. Let )
W{o,T) = D( —~)1P(w)| “/Tp*, (43)

define the relative power-spectral-density of the sound, where, with-
out loss of generality, the dependence of W on ¢ has been suppressed.
(Note that W(w,7") has the dimension [seconds], whereas w (v.) for
tones is dimensionless {cf. eq. (21)).). Then, the loudness is given by

L=1(/2) f*_ Q)W () du]%
=[(&/2x) [° Qo) We(aT)du]* (44)

where
Qo) =[H(o)|* (45)

This formula for loudness can easily be related to experimental
measurements. As defined in equations (1) and (2), the overall
sound-pressure level is given by

8=10 log[(1/Tp,) f}_,p*(#")d#]
However, as shown in appendix E,
(/7 v )PP (E)dE = (1/2x) _[":w W {0, I do (46)
if the temporal integral is stationary. Hence,

§=10log[(1/2x) f* W (o,T)do]

An aundio-spectrum analyzer indicates the sound-pressure level in
frequency bands. Ydeally, in the band denoted by «,

S(ma,(Am)a,T) = 10log [{1/2x) f‘;o W (0,0} de] {47)
where § is to be measured over an ideal suberitical bandwidth

(80), = (03— ua),

geometrically centered at the rotational frequency

ma = -\/'Cﬂa,wb

Thus, the cutoff frequencies are explicitly given by

29



mfé{—(m)ﬁ[(mzmﬁ]% |

oy =3{ (80) F (80 +407] *)

By inverting equation (47) it follows that the relative power in
the bandwidth (Ae} is given by

Q(ma,(&w)a)E (1/2x) I:”:W (0,7) dw
=antilog[§ (w_,(Aw) )/10]

where, for brevity, the variable 7 has been suppressed. Since
(neglecting beats) loudness is found to be independent of band-
width for sounds with suberitical bandwidth, the loudness of a
sound with subcritieal bandwidth may be determined from measure-
ments over a critical band which contains the suberitical band,
that is,

L= 6@ (0) Qor (1) 1%~ (x°@ (0) [Der () e} (48)

where (Aw), (suppressed) spans the pth critical band, which is as-
sumed to contain all the noise. In equation (48), 2, is to be inter-
preted as the acoustic power imposed in {ime 7' in the optical
bandwidth (so that (Ae), can be suppressed). Also, it has been
assumed that ¢ is constant over the eritical band:

Supercritical bandwidth.—If the spectrum bandwidth is super-
eritical, then the relative output power can be predicted in a manner
analogous to that in category AB for tones, except that the relative
power is over critical bands rather than for discrete frequencies.
The relative output power in any given critical band p is given by

[Qq(ww) Jer=¢ (‘*’.u) ch("’.u) (49)

where ¢ is assumed to be constant over the critical bandwidth.
Equation (49) permits the calculation of (9.}, from spectral meas-
urements of 8. Since (Q,). can be calculated, the loudness can be
calenlated from

£=((x2/2) 3[ @ (000 (o0

k=1

+ 3 (L= ) {@r{02) Ber ()

r=1

+{4/7) B2 T (0u0) | A {wpsor) | Qer (psee) }:Dn/z
_[K2§ (‘fe"‘)”] " (50)

K=l
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which follows from equation (40), and where
Qor ("’#rmﬂ') ={[Q, ("’#) Ler (’-"n) 1/ (51)

The interpretation of the sums in equation (50) is similar to that
previously given for the sums in equation (40). Signals associated
with separate critical bands interact because the neuron bandwidths
exceed the critical bandwidths.

Hypercritical bandwidth.—If the spectrum bandwidth is hyper-
critical, then the output power @, and overall loudness / are ob-
tained as in the preceding case.

Mixed Spectrum

A mixed spectrum is defined as one consisting of both discrete and
continuous components. For a sound with a mixed spectrum the
outpub over a eritical band is given by the sum of contributions from
the discrete and continuous parts of the sound spectrum. If a broad-
band spectrum analyzer, say a one-third-octave analyzer, is used to
analyze & sound with mixed spectrum, the tones will be unresolved.
Then, the spectrum may be treated as if it were continuous. This
might be satisfactory if the tones are not closely spaced. However,
it should be noted that since one-third-oetave bandwidths exceed
critical bandwidths over a large portion of the audio-frequency
range an instrument with narrower bandwidths would be preferred.

LOUDNESS LEVEL

It is more common to express the subjective intensity as a loud-
ness level in phons rather than loudness in sones. In general, loud-
ness / and loudness level L are related by

=20 log [ (_£/ FKrprer) +1]

Where L=0 when /=0 (ref. 21). By definition, /=1 sone when
L =40 phons. Hence, K prer=107, with negligible error. Therefore,

L=20log (102 /'+1) (52)
or, for suprathreshold loudness (_/=1),
L=20(log /+2) (53)

For future use, the loudness-level difference between & tones and
any one tone, or group of tones, is expressed by

AL =201og[_f (01,02« « » s0x) /L {wpsagy - . ) ] (54)
so that
L{wyw, ... oy =L(mp,wp, o) FAL (58)
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TRANSMITTANCE FUNCTIONS

The transmittance function @{w) may be evaluated explicitly
from results of psychoacoustic studies (refs. 20, or 19, 45, and
46). These studies show that @, more particularly _J/, is a weak
funetion of the sound pressure p, &s well as of . Specifically,

Q (w;p) =T () N (o5p) (56)

whera p,=p.(pf7) is the sound pressure at the eardrum (ref. 21).

It is convenient to express 7, A, and 2. in decibel notation. Thus,
by definition,

7'=10log 77 (57)
N=10log N (58)

where 7' is the external transmittance level, and ¥ is the internal
transmittance level. The sound pressure at the eardrum p. corre-
sponds to the sound-pressure level at the eardrum S,, in eonformity
with equations (1) and (2). Also, S, is readily evaluated from

Sg=S+T

The total transmittance @ is derived from judged equal-loudness
curves shown in figure 8 (ref. 20). The external transmittance
level 7' has been measured directly (refs. 46 and 46). The curves
tabulated in table I and displayed in figure 9 approximate these
results. Hence, the internal transmittance A, or its level &, can be
determined.

For free-field listening the experimentally derived transmittance
7 can be satisfactorily approximated by an empirical formula given
in. appendix F. The empirical formula and the experimental curves
are in satisfactory agreement, as shown in figure 9.

For listening through earphones the selected model of the outer
ear consists of a larger diameter outer tube, representing the ear-
phone and pinpa, in series with a smaller diameter closed tube,
representing the anditory meatus. For an assumed plane wave the
external transmittance of this arrangement is indeperdent of fre-
quency (ref. 33, pp. 154-156), so that it is sufficient to set 7=1, or
T'=0, in this case,

The internal-transmittance-level function N(w,S,) can be found
(vef. 21) from the equal-loudness curves shown in figure 8 by
subtracting out the external-transmittance-level function 7'(w) for
free-fleld listening (fig. 9). The resultant dashed curves are in
fairly good agreement, especially for suprathreshold loudnesses, with
equal loudness curves for earphone listening reported in reference
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Equal-loudness curves
———— Fqual-loudness curves based on sound-pressure
level at eardrum S, {estimated, see ref. 21}
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FigURE 8,—Equal-loudness curves for plane waves incident from front. (Data
from ref. 20.)
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—— — Diffuse field {ref. 46)
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Freure 9—Bxternal transmittance level function I'{w).

87. The experimentally derived internal transmittance .\ can be
satisfactorily approximated (ref. 21) by the formula

C/V("’:Se) = { (ﬂ/ﬁ’c)z [1+ (wc/“’i)z] [1+ (ﬂ’c/"’u) 2]
(14 (o/w)2] 1+ (m/:mu) 1) (59)
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which originates from the problem of a high-pass filter in series
with a low-pass filter (ref. 47). In equation (59),

wo/ 2 =1000 hertz
is taken as the center frequency,
wu/2r=18 000 hertz

is the upper cutoff frequency, and
e/ 2n = antilog,, (2.1761—0.005706 S;) hertz

is the lower cutoff frequency of the auditory system. The lower eut-
off frequency is a weak function of Sz The experimental and analyti-
cal transmittance levels /V(0,8;) compared in reference 21 are in
good agreement. The analytical curves are shown in figure 10. (The
standard A-weighting for sound-level meters is also shown in fig.
10 for comparison. Clearly the A-weighting is in poor agreement
with the standard transmittance curves for loudness (ref. 20}, espe-
cially at low frequencies.)
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F1eurE 10—Internzl transmittance level function N (w, 8.).

In summary, for free-field (without earphones) listening, @ is
given by equation (56), and the required formulas for 77 and A
are given in appendix ¥ and by equation (59), respectively. For
listening through earphones, 77 =1, so that

2 (0,8:) =N (o,80) (60)

In addition to the total transmittance @(w) (where, for brevity,
the dependence on 8, has been suppressed), the cross-transmittance
@ (wpmyen) 18 involved in those terms of the loudness equations which
represent spectrum interactions.

For free-field listening, in which case the external itransmittance
7 must be considered, the required real part of the external cross-
transmittance 77 (opws), that is, TF.(wme.), can be expressed by an
empirical function given in appendix F. The dependence of‘ this
function on |e,—a,]/2x for various geometric-mean frequencies
Vomen/ % is shown in figure 11. It is apparent that

fwmwn/m
Hz
e 100
. . 1000
8 W —— 5000
o e 10000
e
c.£ 10— -
o B
P N AYS
g2 [
LT N TP Y 1} O W Y T A R R i M
107 10t 10 10° 104

Frequency difference, ,, - &} 27 Hz
Ticure 11.—External eross-transmittance-level function I (wm,ta) -
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Tr(wm,w,,) mT,—(\/mmwﬂ) for Iwm“mnI/Q'irSQOOO hertz

The required absolute value {cf. eq. {38) or (40)) of the internal
cross-transmitbance A/ (wyuyw,) can be determined by comparing the

relation A (wmwon) = (om) Hf (ws) with equation (59) for A («,S).
It is apparent that equation (59) results if

A (wn) = { (Fon/we} [1+ (0o/ w1} 2122 [1+ {we/ wa) ]/

X (1+4wq/wp) =1 (14 das/wu) )8 (61)
since M (—ws) =M (ws). From this it can be shown that
|V (omyn) | = (o +57)° (62)

where
a=(e/d)[(1+o o /u?) (1+e o /o’ )= (om—as)?/aw]  (63)
IBE(G/d) { (1+men/wf) [(mm—wn/wu)] 4 (1+men/{'-‘i) [(“’m_mﬂ) /‘”;]}

(64)
and
o==[1+ (0/w) 211+ (0 f0,)?] (0,0 /%) (65a)
d={ (1 + cummﬂ/mf) 24T (wm _“’,,) /ml:]z} X{{1+ wmwﬂ/&ri) ®
+ (e, —0)/a 1)
(65b)
Also
a/vr(mms"’») = !c/V(“’ma“”n) |COS 6y
Vi (vn0n) = ]d“lf(’wm,mn) |sin 6
where

tan y=5/a
To a good approximation,

| A (amsan) | = | H (Vo) |2 = Alr (Voron)

if |om—w,| < <or This approximation is also valid 1f w;< < (wmyws)
< <uwy. The dependence of | A (ommwa)}| on on~—a, for various geo-
metric-mean frequencies is shown in figure 12. This function also
equals | (wme,) | for listening with earphones.

Since 7 {wmym) can often be approximated by 7 (vewne,) and

SV (myen) can often be approximated by A (\/emuws,), it follows that

Q~("’m:‘”n) ~= (VM) (66)

if Jom—an] < <or and |em—w,]/27<2000 hertz. From figures 11 and
12 it would appear that equation (66) is satisfactory if |wm—ws|/2r
<2000 hertz,-except at low frequencies.
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{(a) Sound-pressure level at eardram §,—=2100 db.
(k) Sound-pressure level at eardrum S.—80 db.
{¢) Sound-pressure level at eardrum 8.=40 db.
Freure 12.—Internal cross-transmittance-level funetion N {wm, ws).

SIMPLE FORMULAS FOR LOUDNESS LEVEL

For large numbers of tones or broadband sounds the lengthy
suramations make the loudness formulas too cumbersome for manual
caleulation. A simple approximation for the loudness level would be
desirable. For broadband, suprathreshold sounds which are not
dominated by a signal at one frequency, each term of the sums in
equation (40), say, contributes only a small amount to the overall
loudness. Morever, the total cross-transmitbance 77, (wgmx) | (wpor) |

is less than, but generally approzimately equal to, the total trans-
mittance ¢ (Veper) (cf. eq. (66) ). Hence,w, (wpywe) = [we {0, we(0g) ]2/2
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for frequencies not too widely separated. In equation (40) the total
ar
value of the self-interaction terms is & 3 w, {w,) when there are no

empty chanuels. The total value of the eross-interaction terms is

AT A M
(4[.,,;) 33 (1_3:“:) wn(wmwx)”‘"‘(é/'”) 2 3 (1_8%) [wGI(‘“ﬂ)w!I(wK)]%

There are A% self-interaction terms and A (4/ —1) cross-interaction
terms. The cross-interaction terms satisfy

Wg(wp) + (8/7) [wq(wp)wq(ws) 177 +0g () L 2[we{wp) +welww)]

which follows from Schwarz’s inequality by assuming that 8/r~2.
Thus, at suprathreshold loudnesses, equation (40) may be approxi-
mated by

L { /)] Jwalon) 2001 ﬁ"”()]}%

ar %
=x[(ﬂf~1/2) gwq(mﬂ)] (67)
#*
Therefore, the loudness level is given by the simple formula
L~20Tog (102 /)
i
<10 log 3 wew,) +10 log (A —1/2) (68)
13

which. follows using equation (53), and where x=10—2 If there are
empty bands, then

B 1—k\ X %
—K[(ﬂf——é—) Ewa(“’.&)] . (69)
and
L=10log § wa(w,) +10 log (M-—lﬁ_—]ﬂ) (70)

Similar formulas apply for sounds with continuous spectra, except
that v is to be replaced.by Q. These formulas can easily be evaluated
by manual calculations. Note that, for each critical band, w,= @,
and that 3w, 1s simply the total transmitted relative power. The
quantity 3 w, can be evaluated from spectral measurements in band-
widths equal to, or less than, critical bandwidths. As a last resort the
quantity 10 log 5 w, can be approximated by the A-weighted, overall,
sound-pressure level §4. Then,

L, 10 1og(y_1T‘]",) (71)
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This may not be a sufficiently good approximation. Specifically, since
the A-weighting tends to underestimate the response (cf. figs. 9 and
10), the loudness levels indicated by this formula may be too low.

Other simplifications are possible. For equally intense tones, w {w,)
is the same for each tone. On the other hand, for equally loud tones,
@ (ws)w(w,) is the same for each tone. Hence, for N equally loud
tones spaced supereritically in adjacent eritical bands (=0}, it fol-
lows from equation (88a) that

L0z, < gy« e e s0x) /L (0n) 2= (1/2) [V + (4/=)F (VN =1)1}%
={@N/=)[(Q1+=/4) N -1]}% (72)

if N>1 (ref. 48). If empty critical bands exist between the tones (<b
eritical bands between tones), equation (40) yields the corresponding
result

j(mhﬂ’zs R ﬂl’N)/_f(mP)
~={(1/2) [(V+E)V+ (&/x) N (N —-1)]}*
={(2N/x) [ (L+a/4) N —1+ak/4]} % (73)

For equally intense, supercritically spaced tones the same formulas
are valid if all the tones lie in the frequency range for which @.~1.
For listening through earphones the maximum number of tones
which may satisfy this condition is about 15, since a maximum of
about 15 supercritically spaced tones will span the frequency range
for which @,~1. For free-field listening the maximum number of
tones is less,

TEST CONDITIONS

Von Békésy (ref. 40) has listed some requirements for good psy-
chological observations. These conditions include precisely defined
stimuli, repeatable experimental conditions, an understanding by the
listener of the particular phenomenon to be judged, and inhibition of
irrelevant sensations. The listener should be unaware of what the ex-
perimenter regards as a “correct” judgment, say, of the loudness (ref.
§0). The experiment should be “blind” in the sense that neither the
experimenter nor the listener should exercise immediate control over
the stimulus, Fach test should involve a single comparison between
the test and reference sounds (ref. 51). Finally, because of the large
errors Inherent in psychoacoustic judgments the data must be aver-
aged property (ref. 52). The importance of averaging sound power
rather than sound-pressure level is well recognized in reading a meter
(ref. 53, p. 1811.) but appears to have been generally overlooked in
evaluating loudness jundgments.

Some of the preceding requirements have been viclated in all psy-
choacoustic studies. The magnitudes of the resulting biases are often
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unknown. However, in comparing experiments with theory, the di-
vergence among the results of similar experiments, when compared
with the theory, may disclose significant biases.

LOUDNESS OF SPECIFIC SOUNDS WITH
DISCRETE SPECTRA (COMPARISON OF
MODEL WITH EXPERIMENT)

In this section the loudness of specific sounds having discrete spec-
tra is caleulated and compared with psychoacoustic deta reported by
various investigators. Sounds with discrete spectra consist of one or
more tones.

In the experiments to be discussed a variety of loudness compari-
son methods were employed and many empirical, londness-calculation
procedures were tested. These will not be discussed herein, This infor-
mation is best obtained by consulting the original references.

One Tone

The sound consists of a single discrete frequency. Equation (18a)
reduces to
2(2) =4, eos(wit+¢s)
Equation {83), or {35), becomes

L= [Qr(en)w (1) % — [ @r(wi )10 (en )] (74)
whera
w(w) =42 /27 (75)

raf

according to equation (21). The quantity « can be evaluated by com-
paring this loudness equation with equation (29) in reference 10,
which is

L=Eprg(P—1) (76)

in the present notation, where X is a function of the number of dy-
namically active and saturated nerve fibers, hence of the sound pres-
sure and frequency. Since the loudness of any sound is specified in
sones relative to that of a 1-kilohertz tone at one sone, equation (76)
may be rewritten for any fone relative to s 1-kilohertz tone at ‘one
gone in the form

L) =K P(a:) ] [P(er) =P (4)] (77)
where
K P (o) 1={E [P (01) 1/ E[Prm: (/2w =1000) 1}
X [1/$Pp—1 (w/2r=1000)]
=10{E [ () }/E[Pr—1(e/2x=1000)1} (78)
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and
Pros(w/2r=1000) =107

is the relative, effective sound pressure of a 1-kilohertz tone when its
lIoudness is one sone. By comparing equations (74) to (78), it is evi-
dent that (2 (w) = [w (@) ]/, and

[@r () 1% =EIP (w1) 1/E [ Pre (0/2x=1000)] (79)
so that
k=10"2 (80)
Therefore,

L=1072[@r (wn)w () 1% ~1072[ @ (02) we (1) T (81)

As shown in reference 10, with o, in the neighborhood of 1 lkilo-
hertz and with sound-pressure levels in the range 84 dB<S <20 dB,
YK =10"% Therefore, ¢, (w,) =1; and, since w>>w;,

L=10-2

follows from equation (81). Corresponding formulas for the entire
acoustic amplitude range are derived in reference 10. For complete-
ness, the Ioudness function given by equation (81) is compared in
figure 13, as it was in reference 10, with psychoacoustic data reported
by Warren, The agreement is excellent.

For suprathreshold loudnesses the special result _/{w:) =K (e1)
P{w) (ef. eq. {77)) resembles an input—output relation for a linear
system. For more complex steady sounds it is, therefore, tempting to
assume that the overall loudness is obtained by summing the loudness
contributions associated with the individual frequency components
comprising the sound. For example, Stevens, following others (ref.
4), proposed several versions of such a procedure (refs. 5, 6, 54, and
88) in which the individural londness components were also unequally
welghted in order o inecorporate empirically the apparent “mutual
inhibition” of neural discharges by different frequency components.

A more careful scrutiny of the preceding specialization of equation
{77) leads to doubt concerning the validity of loudness summation.
Firstly, the nervous system is a physical system and obeys physical
laws. The psychoacoustic quantities, specifically the loudness sensa-
tion in the present instance, are subjective, nonphysical consequences
of physical processes in the nervous system. Input—output relations
generally indicate the amplitude or the power transferred by a physi-
cal system. However, equation (77) relates sound pressure to loudness
in & mixed physi¢al-psychoacoustic system. Thus, equation {77) does
not correspond to the usual input—output relation because equation
(77) does not relate physical quantities nor does it directly indicate
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Froure 13.—Comparisen of judged and calenlated londness for 1-kiloherta
tone.

amplitude or power transference. Looudness is an alternative expres-
sion of the refative overall output power of the physical system.

Two Tones

The sound consists of two discrete frequencies, Equation 18(a)
reduces to

2(2) =A; cos(wd+¢,) + A, cos(wt+o)

For two subcritically spaced tones, equation (38) becomes
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L=10"{ @, (0)w(w) + @r(w2) 0 (w:)
+ 2T (01502) | A (01502) |20 (015092)
Xsinef (w2 —w;) 17/ 2w] cosf (02— wy) (B=T/2) + o — ]} %
~10-2R% (52)
where 6,,~0. I'f the tone frequencies are not too low or too high (200

Hz=(v;,02)==2000 Hz) or if the two tones are closely spaced (say
100 Hz, or less, apart at high frequencies),

= 10—2I:Qr(\1m1m2) {w (ml) +ap (wz) + 2w (m]_,mg)

Xsinel (or—0,) 7/2x)cos] (o2~ ws) (#=7/2) +da—a]} |*
— 102 Q% (83)

where, in the former case, @, (Vaw,) =1.
If the tone separation is supereritical or hypercritical, equation
(40) becomes

L=10"*{{1+£/2) [@-(w)w (1) + r(ez)w(w2)]
+ (47/77) 1822 Dr(wlawﬁ) IJV(W‘I:"-'E) Iw(wlswz)‘) }%

-10- 3 (J?qt)k]% (84)

where the subscripts refer to tone numbers (rather than critical band
numbers) ; & (not the subscript) denotes the number of empty, 1nter-
mediate, critical bands; and B.;=p:. is unity unless the tone separa-
tion is only slightly supercritical.

Von Békésy's experiment (1929) ~—The predicted relative loudness -
of two closely spaced tones with equal suprathreshold amplitudes is
shown in figure 14 as a function of the spacing for comparison with
loudness judgments reported by von Békésy for listening monaurally
through an earphone (ref. 35, p. 285). The theoretical curves (to be
explained)} were derived from equation (83). In the experiment one
tone was kept at a frequency w;/2==>500 hertz, whereas the frequency
wy/2w of the second tone was adjustable. The loudness of the combined
tones was judged relative to the loudness of the 500-hertz tone alone.
Von Békésy reported that the observations were difficult. Because the
tones were closely spaced, beats were significant, thus the observation-
al difficulty. Periodicity pitch was not important because, at the ex-
treme separation, the tone spacing was only slightly supercritical, in
which case £=0, and B..~0, in equation (84). Nearly all the data
were for a suberitical separation in the frequency range for uniform
tronsmittance of the auditory system. Specifically, @ (w1} =@ (Vwrwz)
= (v:) =1. As a consequence of these conditions the loudness of the

combined tones relative to the loudness of the 500 hertz tone is given
by
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Plongwg)/_f (1) =V3{1+sine[ (we—eo:) T/2]
Xeos[(wer—w1) (E—T/2) +da—¢:1}%

which follows from equation {83). For v, and w, given, this function
oscillates temporally between the limits

V2{1+sinef(w:—w) T/2n] }
and
\/2—{1—sind[(mz—w1) T/ 2xr] }*

These relative londness limits for 7=0.1 second are shown in figure
14. For larger values of 7' the central peak would be narrower and
the fluctuations of the loudness limits would occur for smaller fre-
quency intervals, Figure 14 illustrates that, for narrow spacing of the
tones (=10 Hz), the listener tended to characterize the loudness of
the tone combination by its maximum loudness. For greater tone
spacing the judged relative loudness either fell within the limits or
else, on the average, fell about 1.25 decibels below the limits set by the
theory. Von Békésy reported that test results similar to those shown
in figure 14 were obtained for w,/2z =200 and 2000 hertz and that the

o Experiment
Loudness limits given by
Q(wl.wzifi’wl)
= ﬁ{l x sinc[(cuz - wllTl‘zn]}m
where w1f21r= S00Hz, T=01s
6 — 20
&
=
= =
— 2
- 5 15
2 33—
= 3
g Y
- &
g 00— . L0
S g
qr =]
e 2
B 6% .5
2 k)
E N
=
— —onf _ 0 I l 1 4[ ) t I | | y ]
350 400 450 200 o0 600 650

Frequency, w,l2n Hz

Freurk 14.—Relative Ioudness of two equally intense tones as funetion of tone
spacing. (Data from von Békésy (ref. 385).)
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loudness decrease depended on the frequency difference, as in the
present thory, and not on the relative frequency difference. Contrary
to his expectation that the relative londness should tend to unity as
|z — | 18 increased, the present theory and other tests (vef. 36) sug-
gest that the loudness should remain constant, as in figure 14, and
then begin to increase when the tone separation exceeds the critical
bandwidth (115 Hz for Verws/2»=>500 Hz). Von Békésy’s results as
wz—>wy illustrate that a 6-decibel (not the usually accepted 10-dB)
reduction in the sound-pressure level of a tone corresponds to halving
1ts loudness (ref. 56).

Fletcher and Munson’s ewperiment (1933) —From data obtained by
11 listeners with normal hearing, who listened through earphones,
Fletcher and Munson compared the binaural loudness of pairs of
equally loud tones with that of one of the tones alone (vef. 13). The
tonal pairs were as follows:

X wy/ 2, wa/2m,
Pair Hz o i
1 1000 1100 0
2 1000 2000 3
3 1000 125 6

The frequency separation of the first tone pair is somewhat less
than the crifical bandwidth (see fig. 3 or 7), so that equation (83)
should be applicable in computing the loudness. The anditory system
1s equally sensible to both tones of this, and the second, pair. There-
fore, both tones must be incorporated in the threshold term. For the
first two pairs ¢ (@) =@ (w:) =1 (cf. fig. 10), and @ (wy,02) =@ (Vwi,02)
=1, Therefore, for each tone the given loudness level L equals its
sound -pressure level S,

For suprathreshold loudnesses it is convenient to seb w (w) =0 (w2)
= {w,02) =1 when the tones are equally intense and then to compute
the ratio of the loudness of the tone combination to that of one of the
tones. This procedure eliminates the necessity for caleulating w(w,)
if the loudness, rather than the loudness ratio, were evaluated. Con-
sidering equation. (83), the loudness ratio is given by

L)/ o) =V2

for two subcritically spaced tones in the absence of beats. In phons
this Joudness ratio corresponds to a loudness-level difference AZ given
by

AL=20 log[_ﬁ(ml,mg) /_f(ml) 1=38.0 PhOIlS
which is to be added to the loudness level of the lone tone, that is,
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L(e1y0s) =L (e1) +aL

in order to obtain the loudness level L (o1,0.) of the pair.

The judged and calculated loudness levels are compared in figure
15, If the agreement between the judged and caleulated values were
perfect, the data would fall along the diagonal straight line. Kxcept
near threshold (S,=3 dB; see fig. 8), the levels indicated by equa-
tion (83) average about 1 phon less than the judged values. Tt is note-
worthy that, for 100 hertz separation of the tones, von Békésy’s date
(ref. 35) yielded a loudness level about 1.5 phons less than that pre-
dieted using equation (83) whereas Fletcher and Munson’s data
yielded an average judged loudness level 1 phon greater than that
predicted using equation (83). The difference hetween these results
seems to imply that the prineipal difference between theory and ex-
periment may be due to systematic experimental error.

The second pair of tones is harmonically related. The tone separa-
tion is supercritical, and the tones are separated by three empty criti-
cal bands. Thus, equation (84) applies with &=3, and the ¢’s=1. For
the results shown in figure 15 the absolute average difference between
the calculated and judged loudness levels is about 1.5 phons.

The final tone pair is also harmonically related. The tone separa-
tion is supercritical, and the tones are separated by six empty eritical
bands. For these tones, the transmittances are nonuniform; ¢ {w,) =1,
Q@ (we) =045 (of. fig. 10) and @ (wyw:) ~1. Since the tones were equal-
1y loud, it follows that w (w:) =10(w,)}/0.45. The loudness level pre-

100—
v 30—
2 .
£
[
—
— 00—
[-33
E
s 4 Tone frequencies,  Separation
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g f s
g= o0 2T 2
%GUU 1160 Subcritical
006 2000 4
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B l | | [ I
] 20 40 a0 80 100

Calculated loudness level, [, phons

Frevre 15.—Comparison of judged and calculated loudness levels for two tones.
(Data from Fletcher and Munson (ref. 13).)
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dicted using equation (84) is compared in figure 15 with the judged
value for one sound-pressure level. The difference between the calcu-
lated and judged loudness levels is 2 phons.

Small and Thurlow's experiment (1954)—Small and Thurlow,
using themselves as listeners, equated the loudness of pairs of tones
imposed monaurally through earphones to the loudness of a 2000-
hertz comparison tone imposed on the other ear (ref. 57). The follow-
ing pairs of tones were used:

. wi/2m, wa/ 27, .
Pair Hz He i
1 400 1000 3
2 1300 3100 2
3 1900 4400 4
4 1900 ' 5100 8

The primary tones were imposed at unequal intensities. Moreover,
the transmittance funetion @ is not uniform for all frequencies in- .
volved. Finally, the data were displayed in terms of sensation levels
&5 rather than sound-pressure levels.

The sensation level _§ is the level of a sound above its loudness
threshold. In general,

S=8~C (85)
where

S==20log (P/Pr)

and
C = 20 log(P,

18 the sound-pressure level of the sound at its loudness threshold.

The sensation level of each tone alone is shown in figure 16. The
sensation level of the lower frequency tone was held fixed in each set
of tests while the sensation level of the higher frequency tone was ad-
justed. For all of the fixed-level (lower-frequency) tones, it happens
that .§=8. The sound-pressure levels of the adjusted (higher-fre-
quency) tones can be determined from the sensation-level data. The
sensation level of an equally loud, 1200-hertz tone is indicated by the
ordinate in figure 16. Since, for a tone,

L=N+8 (86)

(where N is the internal transmittance level, and the external trans-
mittance level 77=0 when using earphones), and considering that the
ordinate in figure 16 is S (v/2x=1200) and that _S(w/2x=1200)
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=S (0/27=1000)=8 (w/2+= 1000} = Z (/2w =1000) =7 (0/2n=1200),
it follows from this approximation and equations (85) and (86} that

C (0n) =S (0/2m=1200) =N (0s) =S (0s)

Therefore, reconsidering equation (85), there results
8 () =S {w/27=1200) —¥ (o) (87)

where the appropriate values of & (wn) (cf. fig. 10) and, hence, of
& (o) =N (w,) are as follows:

am,
ey Na) | @wn)
1000 0 100
2100 -1.5 i
4400 -3.0 .50
5100 -3.5 K257
O Judged

o 30— O Calﬂlated

g 400 Hz =

T g hilone og-g-—-5--

&

3

&

al -

s

=

¥ -1

3 04— —

p=

= 400 Hz

= 10 albne o 3——8_< |

5

2

5 - 1000 Hz —

= alone

& aled | | les | ] L]
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{a-1) Reference 57, figure T{(a); (n—2) Reference 57, figure 7(b);

listener A.M.S. listener W.R.T.
{a-8) Reference 57, figure 8(a); {a—4} Reference 57, figure 8(d);
listener AM.S. listener W.R.T.

(a) w/2m, 400 heriz; w./2m, 1000 heriz.

FiguRE 16.—Comparison of judged and ealeulated sensgtion levels of unequally
loud pairs of tones. {(Data from Small and Thurlow {ref, 57}.}
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(b-1) Reference &7, figure 9(a); (b-2) Reference 57. figure 9(b);
listener AM.S. listener W.R.T.
{(b-3) Reference 57, figure 10(a); (b~1) Referenee 57, figure 10(b);
listener A.M.S. listener W.R.T.

(b)Y ©1/2x, 1900 hertz; @./27, 3100 hertz.
IMgure 16.—Continned.

Thus, equation (87) can be used to compute the sound-pressure levels
of the adjusted-level tones from the data in figure 16. The difference
between the values of §(w,;) found from equation (87) and those
found from equation (85) using the abscissa values for .§(w,) in
figure 16 and published data on {'(w,) (ref. 19 or fig. 8) is an indica-
tion of the inconsistency of the data (differences as great as 10 dB).
Possibly this inconsistency is not unexpected since there is no guaran-
tee that the listeners’ hearing was equal in both ears.

If w(ws)—0, then, for suprathreshold loudnesses, equation (84)
reduces to

27107 (14 3D @m)u(er) ||

in which the quantity in brackets is excessive by an amount
(1/2)%Q (o) (), unless % is set equal to zero. This has been done
in figure 16, except where the sound-pressure levels of the two tones
are within 1 decibel of each other.

Among all data, except in the instance just eited, the average dif-
ference between caleulated and judged levels appears to be at least as
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{e-1) Reference 57, figure 1l(a); {c-2) Reference 57, figure 11{b);

listenter A.M.S. listener W.R.T.
{¢-3) Reference 57, fizure 12(a); {c—4) Reference &7, figure 12(b);
listener A M.S, listener W.R.T.

{e) /2, 1000 hertz; wef/2r, 4460 hertz and w,/2w, 1000 hertz; w./2m; 5100 hertz.
Frgure 16 —Concluded.

small as the average difference of the observations by the two
observers.

D. H. Howes emperiment (1950).—By listening monaurally
through an earphone, four trained listeners equated the loudness of
pairs of equally intense fones, and two trained listeners equated the
loudness of pairs of equally loud tones to that of a 1-kilohertz refer-
ence tone (ref, 58). The following equally intense component pairs
were presented at sound-pressure levels of 40, 50, 60, 70, 80, and 90
decibels for each component:

. Separation, &/ 2, we/ 2T,
Pair mels Hz Hz ke
1 250 1500 (1420, 2450) 0
2 500 1420 2450 2
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(The mel is a subjective unit of frequency or pitch. A 1000-hertz
tone at a sound-pressure level of 40 decibels is defined as having a
pitch of 1000 mels. A 2000-me] tone has twice the pitch.} For pair 1,
two values of w,/2x are given in the table because these frequencies
were alternated on successive presentations of the pair. Loudness
judgment data were presented separately for each Sound-pre%sure
level and for each tone pair in order to demonstrate the effect of these
gquantities on loudness. However, since the average of loudness judg-
ments by each of the two listeners differed by factors up to 3, the
indicated nonlinear dependence of loudness on sound-pressure level
will not be stressed. Thus, the data listed in table TE, which contains
results for various numbers of tones, will be averaged over all sound-
pressure levels.

Ifor 25(0-mel separation the tones were in adjacent critical bands,
whereas for 500-mel separation the tones were separated by two
empty eritical bands. Since the tone separation was supereritical and
the tone frequencies were in the flat response range of the internal
auditory system, the predicted loudness of the tone pairs should be
given by equation (84) with =0 (250-mel separation), k=2 (500-
me] separation), and the @’s=1. For the equally intense tones ab
suprathreshold loudness it is simpler to determine the ratio of the
loudness of the two tones relative to that of one of the tones and then
express the result in terms of the loudness-level difference AZ {ef. eq.
(54)). The predicted and judged loudness-level differences AL are
compared in table 1T, which includes both the average and median of
the judged level differences. The judged and caleulated loudness
levels L are compared in figure 17.

For the judgment data the average and median differences AL are
6.5 phons for tone pair 1 (250-mel separation) and about 82 phons
for tone pair 2 (500-mel tone separation), whereas the calculated
values are 5.2 phons in the former case and 7.2 phons in the latter
case. Thus, the average difference between theory and experiment is
about 1 phon.

D. H. Howes also presented date on judged loudness levels of equal-
ly intense tones centered at 1000 hertz, and with each tone at a sound-
pressure level of 60, 70, 80, or 90 decibels and spaced 250 mels apart.
The resultant difference AZ between the loudness level of the tone com-
plexes and that of the central tone is shown in table IIT as a function
of the number of tones and the sound-pressure level of each com-
ponent. The loudness levels L are compared in figure 17. In table TIT
the average and median level differences AZ over all sound-pressure
levels are also compared with the theoretieal prediction. For two
tones, with k=1, the disagreement between caleulation and judgment
is about 1 phon for listener J. M. and is negligible for listener D. H.
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TaArLE 1I—LOUDNESE OF EQUAL-INTENSITY ToNe CoMPrLixes CeNTErep AT 1900 FIERIZ
[Data from D. H. Howes (ref. 58).]

S(o)=8{m)=..., Number of tones
dB ) 2 4 5 8 8 11
Tone separation, mels
250 |00 |250 | 500 [250 |s00 | 250 [s00 [250 |600 |250 | 250
AL=L (0%, ... ) —L{wm), phons®

40 7 8 14 13 18 19 20 21 23 22 26 29

50 8 10 15 15 19 20 23 25 25 23 28 31

60 8 8 12 14 16 19 20 22 23 23 28 28

70 ¢ 3 9 14 14 19 16 20 18 21 23 26

80 5 7 9 12 12 16 14 18 17 19 20 23

80 5 9 8 11 12 16 14 16 16 ol 19 21
Average AL, phong 6.5 88 | 11.3]| 132| 152} 18 1781 203 | 208 | 208 | 237 | 263

edian AL, phons 8.5 B 11 135 | 15 19 18 2051 205 215 | 245 27
alculated AL, phons {approx.) 0.2 T2 0.9 20| 129| 15 152 166| 166 | 188 104 | 224

» For equally intense tones.
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Fi6¢URe 17T.—Comparison of judged and caleulated loudness levels for fwo tones.
(Data from D. H. Howes (xef. 58).)

Finally, similar loudness judgment data are presented in table IV
for complexes of equally loud tones (rather than equally intense
tones) centered at 1900 hertz and spaced 250, and then 500, mels
apart at the same sound-pressure levels as before. The test data in
table IV and figure 17 are presented in reference 58 as loudnesses de-
termined from an experimentally judged loudness function of ques-
tionable validity (cf. ref. 10). Thus, Howes’ loudness data have been
reconverted to loudness levels using his table IT in order to compute
the loudness-level differences AZ and their averages and medians,
which are also listed in table IV herein. For two fones, with £=0
(250-mel spacing) or =2 (500-mel spacing), the average difference
between these results and theory is about 1.5 phons for tone pair 1
(250-mel tone separation) and about 2 phons for tone pair 2 (500-
mel separation).

Scharf’s experiment (1959).—By binaural listening through ear-
phones, eight to twelve listeners equated the loudness of a pair of
equally loud tones to that of a reference tone held at a fixed loudness
(ref. 43). By this procedure the loudness of each pair as a function of
tone spacing was determined with constant loudness of each tone as
a parameter. All judgments were made in the vicinity of the loudness
threshold. The 1500-hertz comparison tone coincided with the geo-
mefric-mean frequency of the two tones.

The judged loudness level of each tone and the equal-loudness
curves of Robinson and Dadson (ref. 20 or fig. 8) modified (dashed

53



%Y

Tasre ITE—Loupness oF IQUAL-INTENSITY ‘LONE CoMPLEXES CENTERED AT 1000 HERTZ wWiTE 250-MEL SPACING BETWEBN COMPONENTE
[Data from D. H. Howes (ref. 58).]

Slo)=8(w)=..., Listener
dB T. M. | D. H.
Number of tones
2 3 4 5 6 7 2 | 3 4 5 6 7
AL=1(w,we ...} —E(wn}, phons®
80 3 15 18 24 25 29 5 a3 EN) 21 20 24
T0 b 12 16 19 21 24 7 10 14 18 ap | 22
80 8 i0 16 18 18 20 L4 9 i5 13 16 17
90 8 11 12 14 17 138 5] 8 8 11 13 16
Average Al, phons 7.2 12 15.6 18.8 202 228 6.5 i0 1356 15.8 17.2 19.5
Median, AL, phons 8 15 16 1865 | 195 | 22 6.5 95 | 145 | 155 | 18 19.5
Calculated AL, phons (approx.) 63 | 1057 134 | 1855 | 172 | 186 63 | 10. 154 | 156 | 172 | 1846

& For equally intense tones.
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TapLe IV.—LOUDNESS OF EqUALLY Loup Toxec CoMmriexes CERTEREr AT 1000 HEerrz
[Data from D, H. Howes (ref. 58).]

S({o)=8(w)=...,
dB

Number of tones

2 3 4 5 6 |8 ju
Tone geparation, melg
250 500 250 500 250 800 250 500 250 500 250 | 250
Alr=T {w,0, ...) —L{wa), phons®

30 85 | 105 120| 110 | 145 | 165 180 | 202 | 200 )| ——-u | 280 | o
40 85 9.0 125 14.5 1655 18.5 19.0 19.5 225 | e 280 | ———-
50 7.0 85| 130 140 | 170 | 20.0 200 | 220 280 285 | 300 | 830
60 80| 1201 170| 150 | 180 | 20.0 210 | 250 | 24B| 275 | 285 | 340
T0 8.5 13.0 13.5 15.5 16.0 20.5 20.0 27.b 23.0 290.5 28.0 36.0
80 4.5 7.5 95| 115 | 120 | 145 135 205 160 210} 205 | 27.0
90 4.5 55 85 8.5 11.0 11.0 11.5 8.5 13.0 18.0 17.5 24.0
Avernge AL, phons 6.6 94 | 128 12.9 14.9 17.3 17.6 20.56 20.3 24.9 24.8 30.6
Median AL, phons T0 9.0 12.5 14.0 15.5 18.5 19.0 20.5 22.5 27.5 23.0 33.0
Calenlated AL, phons (approx.) 52 72 99| 12,0 | 129 | 15.0 152 166| 166 188§ 194 1 224

*For equally loud tones,



portion in fig. 8) for earphone listening were used to determine the
sound-pressure level of each tone at the eardrum. These ?alues per-
mitted the overall loudness level to be computed. The predicted over-
all loudness level of the tone pairs as a function of tone separation
with sensation level (not shown) of the comparison tone as parame-
ter are shown in figure 18. For each parameter value the resu.zlts
would fall on a horizontsl line if the measurements and C-Elrlﬁlﬂﬂ.f:'.loll
procedure wers ideal. In the figure the horizontal lines are nominal
Joudness level values of the pair. The dashed line at the bottom of tIEm
figure indicates the interquartile range of the origingl data, that is,
the phon range containing the second and third quartiles of the data.
Tt is evident that mearly all of the calculated loudness levels agree
with the nominal loudness levels to within a difference less than the

interquartile range.

Nominal
loutdeiess
level,
phons
0 il
[N} 0
& 20
LA 10
Plain symbols are duo adjusted
60 1— Tafled symbols are reference adjusted
Nominal expected vaiue

~———~ [nferquartile range
Critical bandwidth

LE
JoS
>

108 a__ A N —
. ot

e e wirt i 1 e PR A A 1L
10! 102 108 1
Tone spacing, Awl2m, Hz

Lowdness level (reference, 1500-Hz tone), L, phons

PrcorE 18.~Calculated loudness level of equally loud tone duo near threshold
as funetion of tone spacing. Arvithmetie-mean frequency, @am/2m, 1500 hertz.
(Data from Seharf (ref. 48).)
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Three Tones
The sound consists of three discrete frequencies, so that
p{8) = A, cos{w b+ ;) +A2c08{wat+ ¢s) +.A3c08 {wst T+ s )
For three tones spaced subcritically, equation (33) becomes

L=107{@r (w1} (01) + @r{@2)10(w2) + @rw3) 0 (w3)
+2£7r(w1;wﬂ) |¢/V(w1,002) |‘w (wl,mo
Xsine[ (w:— w1} I/ 2r]eosP(oe—w) (6~ T/2) + ¢ — ¢1]

+ 277 (w1y0s) | AV (01,05) |10 (01505)
XSiﬂO[ (m3—" m1)T/2‘TT]COS[ (ms‘—wl) (t'—‘ T/g) + ¢3—¢1]

+ 27 (way09} | A (02505} [0 (0305)
X sine[ (ws—we) T/2n]cos (ws—wz) (3—T/2) + po— 2] }

~10-2.Q% (88)

If the frequencies of three tones are not too low or too high, or if they
are closely spaced, then all the §,% in this equation may be replaced
by @.{e:), say, in analogy with the case of two tones.

For three supercritically spaced tones, eqnation (40) becomes

_ £=1o“2lé(3+k) [@r (1)1 (1) + @r(02) 0 (02) + @r(ws) 2w (ws) ]

+ (4/=) [ﬁzlz 27,.(“’15‘“9_ ) laAf(‘"l 5“’2) [w ("’19"’2)
+£7r(¢01:“’3) ld’U(“’l‘}"’a) |'w("’13¢“3)

FB2 T (o, 1. ) | N (o, 0 ) o(o, )]
_10_2[§ ( d?qt)k]% (89)

where the subscripts now denote the tone number, and % denotes the
total number of empty critical bands between the three tones.
Bauvch’s experimeni (1956) ~—DBauch and Zwicker equated the su-
prathreshold loudness of a triad of equally spaced tones, heard
monaurally through an earphone, with that of the central tone alone
(vef. 87). The results are displayed in figure 19 as loudness level of
the triad when held at a fixed sound-pressure level as a function of
the tone separation, which was varied from narrow (1 Hz) to super-
critical (up to & kIz). However, the maximum overall separation was
not sufficient to achieve peak loudness. Loudness levels were judged
for center frequencies w./2r=400, 500, 1000, and 4000 hertz, a variety
of fixed overall sound-pressure levels ranging from 30 to 70 decibels,
and for three ratios, 1/2, 1, 2, of the double amplitude of the outer
frequencies to the amplitude of the center frequency. In addition, re-

sults were obtained for two phases of the center frequency which dif-
fored by /2.
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o Theory at critical separation

Experiment
— o Theory

l Critical

78 Audible beats 1 handwidth |

76— Phase angle,

- 4

" Siot =70 dB ©
§ 72 % w(mli=ww2‘.l=1'.'.'(w3} :
L ~
T | 1 T Lol Lo bl
o
£ 52
£ T Siop= 45 0B
L]
£ A Wiw)) = wiwy) = Wiws) o
= &
S 46
Byl o «Eann Lo Lt
o
g
=
5

2 . Stot = 45 dB

50 i s _
= Wiey ) = Wiyl = Wie) o

a8 2, |Critical -

do}— = bandwidth

pl® | R 'F:'lillll | r||||||[
1 10 100 1000

Tone separation, dwi2m Hz
2 20 200 2000

Overall separation, Awl2x, Hz

(a) Center frequency, 400 hertz.
{b} Center frequency, 500 hertz.

Fioure 19—T.oudness level of three fones of equal intensity as function of
tone separation. (Data from Bauch (ref. 37).)

Since all tone {requencies corresponded to the flat response range
of the auditory system, all the ¢’s in the appropriate loudness equa-
tions (88) and (89) can be set equal to unity. The selected tone-
amplitude ratios and corresponding acoustic power ratios are as

follows:

A:fﬁz:-_"ﬂ.s/.d.ﬂ 1/-1 i/2

a0 (e S {we) =20 () /10 {ooz) 1/16 1/4

Waiot /10 (92) 9/8 3/2 3
where

rwf,,g=w(m1) +4b (wg) +0 (Q}g)
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O Theory at critical separation

Experiment
————— Theory
Tﬁ_ Audible b'eats _—__i Criticalbandwmth:_i
——— >, Phas
74 g \f;“g'e' St = 045
& R S, N :-'.'lwll = Wiwg) = wlws)
v [0 ~
e S
S I 0 v f A M W IR T T
5 .
o EIr—
..3 50_ St0t=45dB
E " T wiwy) = wlwol = wlws)
= e —— .
o A
5 4 | !l|| | ||||!|||
[
2
2 B
S 3%l—
0 -
g 5 Stot = 30 dB
W) = wiwg) = Wi
——_T = N
| Trle-¥ H""\.\
gl © | LT U Lt RN
1 10 160 1000
Tone separation, Owl2x Hz
2 20 200 2000

Overall separation, Awl2z Hz

.(e) Center frequency, 1 kilohertz.
FicURE 19.—Concluded.

From equation (88) it can be shown that, for a symmetric spec-
trum of three suprathreshold tones uniformly spaced over a sub-
eritical frequency range,

LY L= (14 (2/105) {20 (w3502 ) sine[ (w2 — w1} T/ 2]
Xcos[ (ﬁlg_&u) (t— ng) + (¢1+¢3) /2]
X cos[ (2 — by — bs) /2] +w (w1) sine[2 (ve—w;) T/ 2n]
Xe08[2(we—w1) (5—T/2).+da—¢1]})} %

= —2 5‘5
where Le=10""w}k

is the loudness of the triad when its total range is slightly less than
a critical bandwidth. The loudness / fluctuates temporally at the ro-
tational frequencies w;— o, and 2(w.—w;). The maximum loudness is
obtained if .¢,=¢:=¢;=0. For this value of the phase angles the
loudness still fluctuates. However, o listener tends to classify the sub~
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Audble beagg_..CriticalhandwidthI O Theory at critical separation
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3 %ﬁwg dwiwy) = dwiwg) ~
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Loudness fevel of 1-kilohertz tona, L, phons

52—
50 {al
- o St~ 5
“Shon, wiwyl =16 w(mll =16 w{ws)
6l _ iz .
m 1 | L ’ L Tl [ :
1 10 160 1000

Tone separation, Gwl2m Hz

L | | |

2 20 200 2000
Overall separation, Awl?x Hz

(a) Center frequency, 1 kilohertz.
F1gurE 20.~Loudness level of three fones of unequal intensity as function of
tone separaticn. (Diata from Bauck (ref. 37).)

jective infensity of the sound according to its maximum loudness,
which, relative to _/’., is given by
(LS Lor) mor= (L (2/ w101} {200 (1,0) sin6[ (02~ 01) T/2ar]
+40 (0)SInC[2 (0w — 0, ) T/22]} ) %
If the phase of the center frequency is shifted by /2, so that
p1=ep3=0, dbs=n/2, then
(LS Lor) mae= {1H2[w (01) /010r)SIDC[2 (00— 001 ) T/ %] } %
If the adjacent tones are spaced supercritically in adjacent critical
bands, then, since the @’s=1, and w(w) =w(ws), equation (89) re-
‘duces to
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0 Theory at critical separation

Experiment
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(b) Center frequency, 4 kilohertz.
FicuRe 20.—Conclided.

LV Lor=1{(8/2) + (4&/mwror) [0 (02) +2 (03,02) ] } %

For lesser spacings the adjacent tones are spaced subcritically where-
as the outer tones may still be spaced supercritically. Hence the
method for category AB should be appropriate. However, because the
detailed funetional dependence of B, on tone spacing is unknown, in
the present instance, where the value of an individual Bu. may be
highly significant, the londness in the interval between supercritical
overall spacing and eritical individual spacing of the tones will not be
evaluated. However, caleulated levels for critical individual spacing
can be computed. When more tones are involved, the value of an
individual By, 18 not so crueial, since only o minimum number of fre-
quency components is spaced slightly supercritically, in which case
Bun 18 MOsSt sensitive to spacing.

The loudness levels given by the preceding formulas are compared
in figures 19 (equally intense tones) and 20 (unequally intense tones)
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with the corresponding loudness judgment data for the various center
frequencies and sound pressures. The theoretical loudness ratios have
been converted to loudness-level differences AL and thence to loudness
levels Z by means of equations (54) and (55), respectively. In all
instances the predicted loudness levels in the suberitical tone-separa-
tion range are within 2 phons of the judged levels. Moreover, the
effect of the phase of the central tone is properly accounted for quan-
titatively. The small downward digression of the theoretical curves
for ¢=u/2 in the subcritical range is hardly significant. For critical-
ly separated tones the predieted loudness levels are within 2.5 phons
of the judged values in all instances.

D. H. Howes' emperiment (1950) —Loudness levels of the follow-
ing triads were judged as in the preceding two-tone esperiment (ref.
58) :

i Spacing, wi /27, wy /2w, o/ 27,

Triad mels Hz Hz Hz k
1 250 1420 1800 2450 1
2 500 1000 1900 8120 5

The tones were equally intense and spaced supercritically. Overall
loudness judgments were made with each tone at the:sound-pressure
levels previously mentioned. The data and their comparison with pre-
dietions are presented in table IT and figure 21.

The loudness of each triad is given by equation (82). For each
tone, @=-1 for practical purposes. For triad 1, 2=1. For triad 2,
k=5, Hence, the ratio of the loudness of triad 1 to that of the center
tone is

L {ogwegws)/ L (w2)=8.13
The corresponding loudness-level difference is
AT, =99 phons

For triad 2 the corresponding results are

S ory00,03) /_f{w2) =3.98
AL=12.0 phons

These results are listed in table 1I. The average experimental level
differences were AL =11.3 phons for triad 1,'and AZ=13.2 phons for
triad 2. These values disagree with the predictions by less than 1.5
phons.

For a triad of equally intense ftones cenfered at 1000 hertz and
spaced 250 mels apart, the average difference between calculated and
judged loudness levels is about 1 phon for listener J. M. and less than
1 phon for listener D. H., as found from table 11T,
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http:o1,~2,a)/L~c2)=3.98

120 —

100 —

80—

é0 ® Equally Equally Tone  Tone frequéncies,

Judged loudness level, L, phons

infense  Toud  scparation, Hz
tones  fones mels Wy Wy w3
" W I
o v 250 1420 1900 2450
a g 500 1000 1900 3120
20 Ltjti:er
° - ¥, 250 670 1000 1420
o D, H. :
I I | I
0 20 40 a0 80 100 120

Calculated loudness fevel, L, phons

Fi6URE 21— Comparison of judged and caleulated loudness levels for fhree
tones. (Data from D. H. Howes (ref. §58}.)

If equation. (73) is used, for three equally loud tones centered at
1800 hertz and spaced 250 mels (and then 500 mels) apart, the aver-
age difference between caleulated and judged loudness levels is found
to be about 2.5 phons for 250 mel spacing and about 1.5 phons for 500
mel spacing (see table IV).

Howes also reported on an unequal loudness, three-tone experiment
in which the loudness of three tones of unequal intensity was equated
to that of three equally intense reference tones. Both triads were
centered at 1800 hertz and spaced 250 mels, and then 500 mels, apart.
The loudness level of the central component of one triad was set at
60 decibels, which equaled the loudness level of each component of
the reference triad. The low frequency component of the former triad
was set at a fixed attenuation below the level of the central com-
ponent. Then the level of a high-frequency component was adjusted
until the loudness of the triad eqnaled that of the reference triad.

Since @~=1 for all frequencies eoncerned, and since /7 (wymaymg) =
LI ()= (o) = _/(ws)], where the left side refers to the trio of
unequally loud tones and the right side refers to the reference triad of
equally loud tones, it can be shown using equation (89) that
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w(ma)/w(mz)a_w_n{u[M] &[13 L2

(3+k)2 : 20 {wz } o x?
ue (2 BT
- (9—%%&%2)3%3 }”é }2

where g is the high frequency, and «. is the center frequency. When
expressed in deecibels, this ratio yields a sound-pressure-level differ-
ence which is added to the 60-decibel level of the center frequency to
obtain the predicted sound-pressure level §(ws) of the high-frequency
tone.

In figure 22 the measured sound-pressure level of the high-fre-
quency component is shown as a function of the attenuation, in deci-
bels, of the low-frequency component. In the theoretical calculations,
k=1 for 250-mel spacing and %=35 for 500-mel spacing. The two
theoretical curves differ by less than 1 decibel. Although the curves
indicated by judgment data and by caleulations are generally similar
in shape, the experimental sound-pressure level of the high-frequency
tone for equal loudness exceeds the theoretical value by up to 6
decibels. Since the sound-pressure level S{w;) increases by only a
small amount, say 3 decibels, as the low frequency atfenuation is
changed from —10 to —40 decibels, it is possible that the disagree-
ment between theory and experiment is primarily due to experimental
error. It is difficult to imagine how a reduction of power in the low-

Prediction Listener Tone  Tone frequencies,
G6.H, D.A, D.H, separation, Hz
mels W Wy Wy
751 W W I
Fay
c O g < 250 1420 1900 2450
5 — O a < 500 1000 1900 3120
s
2 - d g
¥y &
g« 9 9
2z
S8
wm E
gs 60§
=
2
55 [ | | | { | I |
0 -5 -10 -15 -20 -25 ~30 -3 -40

Aftenuation levet of low frequency component, S(wl) = S{wy), dB

Ficure 22 —Sound-pressure levels of components of tome triad with loudness
equaling that of similar {riad of 60-decibel tones. Tone frequency o./2w,
1900 bertz; §(w:), 60 decibels. (Data from D. H. Howes (ref. 58).)
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frequency component from 10—* to 10—+ that of the ecenter frequency
would require doubling the power of the (most intense) high-fre-
quency tone, especially since the relative power in the low-frequency
tone is so low to start with.

Scharf’s experiment (1962)—Nine trained listeners equated the
loudness of a triad of equally spaced tones to that of the center fre-
quency (2000 Hz) alone (ref. 59). The intensities of the outer fre-
quency tones were varied relative to that of the center tone, but the
overall sound pressure of the triad, or of the comparison tone, was
held constant. Judgments were made for overall separations of 280,
1100, and 2200 hertz and a variety of sound-pressure levels. The first
overall separation is approximately eritical, and the other two separa-
tions are supercritical. Hence, equation (88) should predict the loud-
ness if |ws —wy|/2a =280 hertz, and equation (89) should be appropri-
ate if |m3—m11/2'n-=1100 or 2200 hertaz.

For the suberitically separated triad with a symmetrical spectrum
and the intensity of the outer tones less than, or equal to, that of the
central tone, it was found from tests at overall sound-pressure levels
of 20, 50, and 80 decibels that the loudness is independent of the
intensity of the cuter tones relative to that of the center tone. This

a
result is confirmed by equation (88) since 3, @ (wau)w(w,) =constant

for any given fixed overall sound pressure.ﬂ -
For the corresponding supercritically spaced triads, the following

conditions applied:

. w /2, g2, /2,

Triad Hz Hz Hz k
1 1450 2000 2530 1
2 200 2000 8100 5

For practical purposes, @~~1 for each tone. The tone frequencies are
nearly the same as those selected by D. H. Howes (ref. 58). As shown
in figure 23 the overall loudness rose as the intensities of the outer
tones approached that of the center tone.

1t follows from equation (89) that the loudness of the supercriti-
cally spaced, symmetric triad relative to that of the triad when the
center tone is strongly dominant is given by

_ﬂ(muwzama)f_,f(ongao)
1 18 0,) % wm) ) %
gt el I O S Py

since w{wy) = (0:). The curves given by this specialization of equa-
tion (89) are compared in figure 28 with the preceding data. The
theoretical curves have been shifted so that they coincide with the
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F1eUrE 23.—Loudness of tone triad with symmetric spectrum cenfered at 2000
hertz as funetion of attenuation of outer tones. (Data from Scharf (ref. 53).)

nominal data curve given in reference 59 when the central tone in-
tensity is dominant,

The agreement between theory and experiment shown in figure 23
appears only fair because of the expanded scale and the wide scatter
of the data. This scatter results primarily from a systematic tendency
for the loudness to rise more for the central range of the sound-
pressure level Sy, I agreement with other data (ref. 58 and tables IY
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to IV). This effect is contained only implicitly in the Bg,. The func-
tional dependence of this effect cannot yet be explicitly predicted
from the theory and, more importantly, is not present in data from
all sources (e.g., ref. 13).

In addition to loudness judgments of triads describing symmetric
spectra, tests were also made of the same triads deseribing spectra
with constant slope on a semi-logarithmic plot.

It follows from equation (89) that the loudness of a triad of super-
critically spaced tones with a constant sloped spectrum is given, rela-
tive to the londness for infinite slope (that of the outer tone}, by

L (orpegs) /L (w020,0) = [Eé- (3+%) [1 pwlon) | w(as) ]

8 [/ w0(ox) \% , (w(us) \ wgf:l(l) 3&3; ) %
*5 ) +(W) +(w(w;) w(ml)) |

for negative slope and by

P (wsyonon)/L(00505) ={i; (3+k)[ e CORICICO N 1]

w (0)3) (1 (ma)
+_Ej_[('fﬂ(m1) w (w2) \¥ +(’w(w1) )"" +('w(wz) )V" ]]”5
3 W(m_;) ’w(wg) W(wg) ’LD(mg)
for positive slope.

The experimental and theoretical results are compared in figure 24,
in which the reference sound-pressure level is set to zero when the
spectrum slope is minus infinity. Considering the scatter of the data
the judged and caleulated results are in fairly good agreement. "There
is no evidence that the loudness of the triad depends on the algebraic
sign of the spectrum slope.

The reported interquartile range of sound-pressure level variabili-
ty averaged over all observers was 4 decibels for the experiments on
symmetric spectra and 6.5 decibels for the experiments on sloped

spectra. In the latter case the overall variability was sometimes as
great as 20 decibels.

Four Tones

The explicit expressions given for the loudness of two- and three-
tone complexes should be sufficient to show how the loudness equa-
tions expand as the number of tones is increased.

D. H. Howes’ experiment (1950).—Howes’ studies (ref. 58) of
four or more tones were similar to thoss already described. The fol-
lowing quartets were studied:
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() Triad 1; overall fone spacing, Aw/2r 550 herts.
(b) Triad 2; overall tone spacing, Aw/2r, 1100 hertz,
Ficure 24—Toudness of tone triad centered at 2000 hertz as function of its
spectrum slope. (Data from Scharf (ref. 59).)

Separation, wy /27, we/ 27, wy/2m, wif 2,
Quartet mels Hy, Hz Hz Hz *
250 (1000} 1420 1900 2450
1420 1900 2450 (3120)
500 670 1420 2450 4000

(Loudness judgments for 250-mel tone separation were made by
alternating the first and second row of tones with the reference tone.
Thus, the frequencies 1000 and 3120 FHz were alternated on successive
presentations.) Quartets of equally intense {ones centered at 1000
hertz and spaced 250 mels apart were also studied.

For the tone quartet with 250-mel spacing,

L ("’1:‘"’2"!’3:0’&) /L (wj) =449
which corresponds to
AL =129 phons
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For 500-mel spacing the corresponding results are

S (wpymagoages) /L (0) =562
AL=15.0 phons

In. table 1T the predictions are compared with the judged loud-
ness levels of the preceding tone quartets. For quartet 1 the difference
betsween calculations and judgments is approximately 2 phons, where-
as for quartet 2 the difference is approximately 3.5 phons.

For equally intense tones centered at 1000 hertz and spaced 250
mels apart, the disagreement between caleulations and judgments 1s,
as shown. in table I, approximately 2.5 phons for listener J. M. and
(.5 phons for listener D, H.

For equally loud tones centered at 1900 hertz (quartets 1 and 2
previously tabulated) the disagreement between calculations and
judgments shown in table IV is about 2 phons for 250-mel spacing
and about 2.5 phons for 500-mel spacing.

In all cases the judged and ealculated loudness levels are compared
graphieally in figure 25.

Zwicker, Flottorp, and Stevens' ewperiment (1957)—The loud-
ness of quartets of uniformly spaced, equally intense tones was
judged by comparison with a reference tone at the center frequency
(ref. 38). Judgments were by 6 to 22, apparently naive, subjects
utilizing binanral listening through earphones. Determinations of
loudness were made as a function of tone spacing about the center fre-
quencies 500, 1000, and 2000 hertz and for a fixed overall sound-
pressure level of 57.5 decibels. An additional similar set of tests was
performed using a tone quartet centered at 1000 hertz and at three
other sound-pressure levels.

The tone spacing covered both suberitical and supercritical ranges.
For the suberitical range the loudness of the quartet is given by
equation (83), whereas for the supercritical range, equation (40) is
appropriate.

No information was given as to the phase of the tones at £=0. Tt
is evident from equation (33) and from the results for two and three
tones that phase relations have an important effect on loudness if
adjacent tones are separated by less than 10 hertz. Since a listener
tends to characterize o fluctuating sound by its maximum loudness,
it is to be expected that the four-tone data shown in figures 26 and 27
should tend to rise for overall tone spacing less than 30 hertz. Some
rise appears in some of the data, However, if the rise is actually a
systematie one 16 is certainly minimal, so that the initial phases of
the tones may have been essentially random. The loudness is other-
wise effectively independent of tone spacing for subcritical overall
spacing, in agreement with equation (533). ¥or supercritical overall
spacing the loudness rises, as in the case of three tones. The calenlated
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Equally Equally Tone Tone frequencies,
intense loud  separation, Hz

fones  tones mels Wy Wy W3 Wy
W W I
{mnu 1420 1900 24501

°© = 20 a2 1900 2450 M2
o P 500 670 1420 2450 4000
Listener
O LMY g [ 60 100 14207
10— A DM 670 1000 1420 1900

Trach row was presented alternately

100+—

80— @

60— 93

Judged loudness level, 1, phons

I | I ] I |
0 20 40 60 80 100 120
Calcuiated loudness level, L phons

Ficure 25—Comparison of judged and calculated loudness levels for four tones.
(Data from D. H. Howes {ref. §8).)

and judged loudness levels are generally in good agreement. The rise
1s between 5 and 10 phons for the maximum spacing studied. These
results may be compared with those of D. H. Howes (ref. 58).

Some of the present results are for center frequencies of 1000 and
2000 hertz with 2 maximum overall tone spacing of 1536 hertz {512
Hz hetween tones). I, T, Howes’ results included those for 1000-
and 1900-hertz center frequencies with an overall spacing up to 1230
hertz in the former case and averaging 1575 hertz in the latter case.
Thus, the given conditions in the two experiments are comparable.
The loudness level increases, AL, of the quartels relative to the loud-
ness level of one of the tones are quite similar in the two experiments,
as shown in table V in which the level inereases can be compared
with each other as well as with the calculated values. Among all
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Sound-pressure lavel of comparison center frequency, dB

O Reference adjusted

| O ‘Quartet adjusted
—O—  Calculated values

o mmmwmwmm::a %X/{rfg

(a)
RPN IR TR SRR AT N A
70—
60— Critical bandwidth W
ol l%hhi Ll
70—
= Critical bandwidth

(c} k I
R T .m.t.i Lo bl 11l
100 1 102 103 104

Overall tone spacing, Awl?m Hz

(a) Geometrie-mean frequency, o,/2m, 500 hertz.
{h) Geometric-mean frequency, «./2m, 1000 hertz.
{¢) Geometric-mean frequency, «,/2m, 2000 hertz.

Freure 26.—Loudness level of egunally infense tone quartet as function of uni-
form tone spacing showing effeei of arithmetic-mean frequency ©am/2w,
{Data from Zwicker, Flottorp, and Stevens (ref. 38).)

Sound-pressure level of comparison center

frequency, dB

100—

oh
(=3

O Reference adjusted
O Quartef adjusted
e Calculated values

Critical bandwidth —s

80 —E_B_n_@.—-ﬁ"m

=

[ " _W
] =

0

f

W’ﬁ
88 g

G2
(4]
<|)

|
1

101

I O 0 1Y S RO P DU Y I P B O
107 10°
Overall {one spacing, Awl?m, Hz

FIeure 27T—Loudness level of equally intense tone quartet as function of uni-
form tone spacing showing effect of sound-pressure level. Geomefric-mean

frequency,
(ref. 38).)

w,/2m, 1000 hertz. (Data from Zwicker, Flottorp, and 'Stevens
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TasLE V.—CoMPARISON oF Four-ToNE LoUDNESS DaTa oF D. H. EHoWwES {REF.
58) Axp OF ZWICKER, FLOTTORP, AND STEVENS (REF. 38) wiTH THEORY

Total
Overall | sound- | Experi- Calen-
Refer. | Center tone |pressure| mental Iated
Author ence |Irequency, spacing, | level, AL, AL,
Hz Hz S'tet phons phons
dB
D. H. Howes 58 1600 1575 56 156 12.9
Zwicker, Flottorp, 33 2000 1536 57.5 135 127
and Stevens
D. H. Howsas 68 1000 1230 TG 15.2 13.4
Zwicker, Hloitorp, 33 1000 1536 ] 14.2 14.0
and Stevens

appropriate comparisons the maximum disagreement is about 2.5
phons.

Ziwicker, Flottorp, and Stevens (ref. 88) also reported on an ex-
periment by Scharf who found that the overall loudness level of a
quartet of suberitically spaced (150 Hz overall spacing), equal-
intensity tones is a linear function of the loudness level of a com-
ponent, that 1s, the two loudness levels differ by a constant. This is
in agreement with the present theory, as shown in figure 28.

The loudness of irregularly spaced quartets of tones was also deter-
mined relative to that of a tone approximating the center frequency

O Caiculated values
a0l — O Experiment, guariet adjusted
01, Experiment, reference
adjusted
g
S 6—
-
5 O
2
=
2
T -
g
I I l |
a 20 40 0 80

Loudness level of each component, Liw,). phons

FreUre 2R—Calculated loudness level of quariet of equally intense tones with
suberitical overall spacing as function of Ioudness level of one tone. Geo-
mefric-mean frequency, o,/2m, 1000 hertz; overall tone spacing, Aw/2m, 150
hertz. (Data from Zwicker, Flottorp, and Stevens (ref. 88).)
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of the quartet. Three basic quartets were studied, namely, one cen-
tered at 500 hertz with an overall spacing of 390 hertz, one centered
at 1000 hertz with an overall spacing of 770 hertz, and one centered
at 1783 hertz with an overall spacing of 1053 hertz. In all cases the
overall sound-pressure level of the quartet was 57.5 decibels. The
results are shown in figure 29. For the ten irregularities tested about
the 1000-hertz center frequency, the total calculated and experimental
ranges of loudness variability were only 1.7 and 4.6 phons, respec-
tively. In the other tests the ranges were the same or less. The order
of loudness of the various irregularities ave listed in figure 29. The
judged and caleulated orders of the quartets centered at 1000 hertz
are in fair agreement, considering the restricted range of loudnesses.
Perfect agreement of order is obtained for the other two quartets.
Over all tests the predicted loudness levels are, on the average, about
1.5 phons different than the test levels.

Zwicker, Flottorp, and Stevens concluded that maximum Joudness
is achieved for uniform spacing of the tones. This is in essential
agreement with the present theory according to which, for equal
intensity tones, the power from each tone is summed if the tones are
subcritically spaced overall and each pair is more than 10 hextz apart.
Otherwise, if the overall spacing is supercritical the power inter-
action terms in equation (40) indicate that s significant increase in
loudness can be expected.

Seharf's experiment (1958)—Eight to twelve listeners listening
binaurally through earphones equated the loudness of & quartet of
equally loud tones near the loudness threshold to that of a reference
tone held at a fixed loudness (ref, 43). The loudness of each tone as
a function of tone spacing was determined with constant loudness of
the combination as a parameter. The tones were apparently spaced
in constant geometrical ratio of frequencies, and the reference-tone
Trequency was at the geometric-mean frequency of the quartet. Quar-
tets with mean frequencies of 500, 1000, 2000, and 3000 hertz were
studied. As shown in figure 30, most of the calculated loudness levels
agree with the corresponding nominal levels (horizontal lines) to
within the expected interguartile range obtained using tone pairs
(ef. fig. 18). One cause of the discrepancy between theory and experi-
ment is the fact that the tones were specified according to their loud-
ness rather than sound-pressure level. The sound-pressure levels were
determined by interpolation of the Robinson-Dadson, equal-londness
curves (dashed curves in fig. 8} with the external transmittance ex-
cluded. Any error in the interpolation would tend to be magnified
because, near threshold, the loudness is determined by the difference
of nearly equal quantities. Thus, in figure 30 the deviation from the
nominal loudness level tends to be greatest near threshold.
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Sound-pressure Predicted loud- Ordar of Loudness
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{a) Arithmetic-mean frequency, wum/2%, 500 hertz.
(b) Arithmetic-mean frequency, @um/27, 1000 heriz.
(e) Arithmetic-mean frequency, @e./2%, 1783 hertz.
Freure 29—Londness of irregularly spaced gquartets of egual infensity tones.
(Data from Zwicker, Flottorp, and Stevens (ref. 538).)
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(a) Arithmetic-mean frequency, (b) Arithmetic-mean frequency,
tam/ 2w, D00 hertz. Qam /2, 1000 heriz.
(e) Arithmetic-mean frequency, {d) Arithmetic-mean frequency,
mam/.?ﬂ', 2000 hertz. wcm/z'ﬁ-, 3000 hertz.

Froure 30.—Calenlated loudness level of equally lond tone guartet near thresh-
old as function of uniform tone spacing. (Data from Scharf (ref. 43).)

Five Tones

D. H. Howes’ experiment (1950).—~The following quintets were
studied with monaural earphone listening by four trained subjects
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listening to equally intense tones or two subjects listening to equally
Joud tones (ref. 58) :

intet Separation, w2, e/ 2T, wsf 2T, wg /2, ws/2m,
Quinte mels Hz Hz Hz Hz He

1 250 1000 1420 1900 2450 3120

2 500 304 1000 1900 3120 5100

Similar measurements were made for a quintet of equally infense
tones centered at 1000 hertz and spaced 250 mels apart.

The judged and calculated loudness levels for equally intense tones
are shown in tables IT and IIT. The results for equally loud tones
are presented in table IV. All results are displayed graphically in
figure 31. For equally intense tones centered at 1800 hertz the aver-
age disagreement between test and theory is about 2.5 phons for

Equaily Equally Tone Tone frequencies,
intense  loud  separation, Hz
tones  tones mels W Wy Wy wy Wy
I I 2 I Iw
o v 250 1000 1429 1900 2450 2120
] > 500 394 1000 1900 3120 5100
Listener
1200~ ¢ JM.
A D.H. 250 394 670 1000 1420 1900
160 — (53

T
@

Judged loudness level, L, phons

60 |—
40 (—
20—
l | l | | |
0 20 a0 60 80 100 120

Calculated loudness level, L, phons

Fieure 31.—Comparison of judged and caleulated loudness levels fox five tones.
(Data from D. H. Hewes (ref. 58).)
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TaBLE VI.—DaTa FROM QUIETZSCH'S IXPERIMENTS (REF. 60)
(a) Noige sources and their loudness levels

Subjective
. . loudness
Noise Identification of sound or sound source level,
phaons
1 Murmuring, after passing through a wall. 45
2 Busing truck in stand. 98
3 Ventilator noise at exit of a 5-m long channel. &8
4 Murmuring (spectrum not changed). 60.5
3 Large compressed air hammer in room. 103
8 Murmuring, after passing through wall. 63.0
T Passing freight train at 12 m distance. 9.5
B Musie (spectrum not changed). ilH
9 Lohmann auvxiliary moforeyele in stand, measured 7 m
to right rear. 925
10 Alrcraft motor noise inside test stand (level decreased
by about 44 AB). 101
11 1. Electrieal machine, 105
12 Four-cylinder motoreyele (BMW) in stand, measured at
5§ m distance in cpen, nonbuiltup area. 845
13 Musie, affer passing through wall, 53
i4 Portable drill, drilling aluminum {closed room). 82
15 Four-cylinder motoreycle (BAMIW) (see noise 12). 108
18 Noises, after passing through wall. 49
17 Noige from milling machine, taken at 2 m distance. 83
18 2. BElecirical machine. 105.5
i9 Shaking of sgerews in metzl box. 76
20 3. Electrical machine {(motor-generator). 104
21 Noise at exit of aircraft motor test stand, at 1.6 m
distance toward the side. 92
22 Impulses with noise (impulse rate 80 s). T8
23 Eight fone mixture. 80.5
24 Noise, with uniformly decreasing spectrum. 61
25 White noise (up to 10 kHz). 4.5
26 Dropping of water on roofing felt with stone underlayment, rét%s)
27 Screw machine with felt pad on wooden table, 82
*28 Hissing of compressed air escaping from nozzle. 82
29 1. Automobile horn (fanfare type). 86
80 Impulse noise (pulse rate 2250 s). 69
3 Hammer blows on iron plate. 3.5
32 Tone mixture of 20 harmonic componenis with statistical
phase relations to each other. Ti
33 2. Automobiie horn. 86
a4 Noise, with steadily increassing spectrum. 66.5
a8 TWhite noise, afier passing through wall. 02.5
=36 PBuzzing noise. 87
a7 Jectric bell. 875

2 Nolses 28, 36, and 37 are original sounds (not produced by loudspeakers).
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TasLe VI-—Continued.
(b} Octave-band sound-pressure levels of 37 noises

Geemetrie-
mean fre- Lower cut- TUpper cutoft
quency, -Ooff freguency, frequency,
@, /2, Hz Hz
H=
71 a0 109
141 100 200
283 200 400
566 400 800
1131 800 1600
2262 1600 3200
4525 3200 6 400
9051 6400 12 800
Total
sonnd- Geometric-mean frequency, /2T, Hz
Noise[P*¥ 8l 7y l1a1 |23 | ses [11s1 (2262 [as25 [s0m1
evel,
'S‘;E’ Sound-pressure level, 8, dB (in octave)
1 5. 55 718 T0.5 67 58.5 B0 | <27 ——
2 98.5 97 87.5 85.5 86.5 86.5 835 71 54
a 83 70 69 715 T T4 T4 44.5 50
4 55 31 43 49 52 45 40 28 —_——
5 97.5 87.5 29.5 91 90 8T 87.3 84 81.8
6 53 a3 455 48.5 45 36.5 28 <15 ——
T 88.5 8256 S1.5 0 3.5 T4 45 65.5 83
8 53.5 28.5 38 48 51.5 At 365 21 ——
9 83 67 T0.5 T0.5 3 8.5 9.5 73 635
10 02.5 815 85 81 84 83.5 845 82.5 7
12 95 69 8 85.5 20.5 89.5 88 £6 80.5
12 1 T3 T1.5 1.5 67.5 63.5 55 40.5 44
13 49 295 |, 895 45.5 45 37.5 26 <16 ———
14 680.5 50.5 43.5 46 55.0 87 63.5 615 57.5
15 08 876 955 91 86 52 71 7L 69
16 485 37 45.5 45 36.3 28.5 26 <18 R
ik 70 50 485 | 595 | 6165 | 645 | 68 53.5 1 455
18 95 75.5 79 90 92 865 8.5 9 T4.5
149 61.5 43.5 41 37 56.5 55 56 50.5 49.5
20 94 83 a0 89.6 865 84 75.5 79.5 73.8
21 24 94 78 61 58 56.5 57 58 56.5
22 62 47.8 54.6 5l 51.5 53 Bb.5 55.2 47
23 &4 36 53.5 55 55 55.5 54 54 53
24 485 29 41 445 43 41 335 20 17
25 57 375 40 445 46.5 475 50.5 515 51.5
26 62.5 55 50.5 45 49 51 55 58 51
27 65.5 60 55.5 52.5 a1 50.5 AT 85 53
28 (5] 35 345 26 383 4] 52 66 e
29 70.5 — —— 48 56.58 68.2 67.3 50.8 40
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Tapre VI

—Continued.

(b) Continued

Total o .

sound- eometric-mean frequency, «,/2=, Hz
Noise| ong | 71 | 141 | 288 | ses 1131 |ozen |4595 | o051

ds_-;;“' Sound-pressure level, S, @B (in octave)
30 58.5 —— —— ———— —— ——— 532 50 5 46
81 54.5 415 4Lh 345 40.5 48.5 49.5 49 40
32 53 — 39 41.5 4135 47.5 H5.5 33 O
33 70 S _— H3.b 46.5 47.5 70 58.5 48.5
34 52.6 25 31 205 80.5 35 41, 45.5 50
a5 47 41 4 40 a8 4.5 36 36 34
36 66.5 32.5 40 48 81 64 ta13) 49 58‘5.
Evy 5.5 325 325 405 40 s | 53 60 5

{c) Sound-pressure levels of sach component of noises 23, 20, 30, 32, and 33

Number of Sound- Number of Sound-
the Frequency, pressure the Freguency, pressure
component Hz Ievel, dB component Hz level, dB
Noise 28 18 T 880 28
19 7790 31
; 11; 225 20 8200 33
3 283 55 21 8610 31
5 13132 55.5 Noise 30
8 | s | o T e | me
8 9058 53 2 4 500 50.5
3 8 750 45
Noise 29 4 9000 295
1 410 56.5 5 11250 84
2 820 84 .
5 1930 66 Noise 32
4 1640 66 1 127 a9
5 2050 60 2 254 28
6 2 460 o5 3 381 30.5
7 2 870 44 4 508 a8
8 3280 45 5 635 a88.5
9 3690 38 g T62 40.5
10 4140 d4 T 889 a9
11 4510 43 8 1018 30
12 4 920 42 9 1143 40.5
18 5330 40 10 1270 405
14 5740 a6 11 1397 40
15 6150 34 12 1524 40
i6 6 560 31 13 1651 39
17 6 870 33 14 1778 305
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TARLE VI.—Conecluded.
{¢) Concluded

Number of Sound- | Number of Soundg-
the Frequency, pressure the Frequency, pressure
component Hz level, dB | component Hz level, dB

15 1. 905 89.5 11, 3 520 56
16 2032 38 1Z 3 840 43
17 2159 39.5 13 4.160 Eal
8 2286 375 14 4 480 34
19 2418 38.5 15 4 800 33
20 2 540 38 18 5120 S
Noise 33 ::g :?;g ;g
1 320 53 19 6 080 36
2 640 46.5 20 6 400 38
3 980 42 21 6 720 ——
4 1880 81 22 T 040 40

B 1600 44 23 7 360 43.5

8 1920 50 24 T 680 44.5
T 2240 58 25 8000 39
8 2560 69 26 8320 34
4] 2880 65 27 8640 33
10 3200 852 28 2960 33

250-mel spacing and less than 4 phons for 500-mel spacing. For
equally mtense tones spaced 250 mels apart and centered at 1000
hertz the difference between theory and experiment is about 3 phons
for listener J. M. and is negligible for listener D. H. For equally loud
tones the average disagreement is about 3 phons for 250-mel spacing
and 4 phons for 500-mel spacing.

Zwicker, Flottorp, and Stevens emperiment (1957)—Zwicker,
Flottorp, and Stevens reported on date obtained by Scharf on the
loudness levels of guintets of (assumed) uniformly spaced, equally
intense tones as a function of the level of one component for ear-
phone listening (ref. 88). In one case the overall spacing was 5000
hertz with a geometric-mean frequency of 1800 hertz, whereas the
other case involved an overall spacing of 1800 hertz with a geometric-
mean frequency of 1250 hertz. The judged and caleulated results
are compared in figure 32, Except at the lowest levels (<20 phons),
the maximum absclute difference bebween the caleulated and judged
Ioudness levels of the quintats is less than 9 phons in the former case
and 6 phons in the Jatter case.

Quietzsch’s experiment (1955 )—At least 20 listeners with normal
hearing compared the loudness of a tone quintet with that of &
1-kilohertz tone under conditions of free-field, binaural listening in
an anechoic chamber (ref. 60). The unequally intense tones consisted
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(D= Calculated values
O Experiment, quiniet adjusted
a Experiment, reference adjusted
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Loudness level of each component, L{wy,), phons

(2} Geometrie-mean frequency, w,/2m, (b) Geomeiric-mean frequency, w,/2m,
1800 hertz; overall tone spacing, 1250 hertz; overall tone spacing,
Aw/2r, 5000 hertz. Aw/2q, 1800 herts,

Freure 32—Calenlated loudness level of equally intense fone quinfety with
supereritical overall spacing as functien of Ioudness level of one fone. (Data
from Zwicker, Flottorp, and Stevens (ref. 38).)

Sound Num- Funda-
100 }— num- ber of mental
ber tenes o
5
Hz
D . 29 22 410
2 23 8 11
33
£ g— 2
.
El R 1%
2
w 0
QO
L 3 5 250
2
B 60—
3 C From measurements of sound-
pressure [evel of each tone
O From measurements of seund-
50— pressure levels in ocfave
bands
10 l ] [ ! ! ]
4 50 60 10 30 ] 100

Calcutated [oudness level, L phons

-

FigUrE 33.—Judged loudness level of mulfiple tones as function of calculated
loudness level. (Data from Quietzsch (ref. G0).)
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of an impulsive sound with a fundamental pulse rate of 2250 per
second, plus its first four harmonies. The frequencies and correspond-
ing sound-pressure levels are listed in table VI(c). Actually, the
sound-pressure levels were measured in two ways, namely by measur-
ing the sound-pressure level of each tone and also by measuring the
sound-pressure level of the quintet in octave bands. Of course, the
former method is more appropriate, but the latter method may be
more common, especially if it is not realized that the spectrum is dis-
crete. As shown in figure 83, the disagreement between the judged and
caleulated loudness levels is less than 4 phons In both cases. As in
other cases to follow, the levels calculated from octave-band dats are
greater (by as much as 4 phons) than those calculated from narrow-
band data.

Six Tones

D, H. Howes emperiment (1950).—The loudness of the follow-
ing sextets of equally intense (four trained listeners), and then
equally loud (two trained listeners), tones centered at 1900 hertz was
determined, as-before, by monaural earphone listening (ref. 58) :

g Separation, | w,/2w, we/2m, | wyf27, | w3, | /2w, ate/ A,
extet mels Hz Hsz Hz Hz Hz Hz
1 250 *{(870) 1000 1420 1800 2450 3120
1000 1420 1900 2450 3120 *{4000)
2 800 610 670 1420 2450 4000 6600

= Frequencies in parentheses were alternated.

Judgments were also made for a sextet of equally intense tones cen-
tered at 1000 hertz and spaced 250 mels apart,

The various experimental results are listed in tables 1T, III, and
IV and shown graphically in figure 34. For the tones centered at
1900 hertz the disagreement between the caleulated and judged re-
sults is, for the equally intense tones, less than 4 phons for 250-mel
separation and about 2 phons for 500-mel separation. In the case of
equally intense tones centered at 1000 hertz, the disagreement is about
2.5 phons for listener J. M. and less than 0.5 phon for listener D. H.
For the equally loud tones the disagreement is about 5 phons for
250-mel separation and about 7 phons for 500-mel separation,

Seven Tones

D. H. Howes' experiment (1950).—0Only a septet of equally in-
tense tones spaced in 250-mel increments about a 1000-hertz eenter
frequency was considered (ref. 58). Experimental results and theo-
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Froonre 34— Comparison of judged and caleulated loudness levels for six tones.
(Data from D. H. Howes (ref. 58}.)

retical predictions for these tones are compared in table IIT and
figure 35. For listener J. M. the average disagreement between theory
and experiment is about 4 phons, whereas the corresponding differ-
ence 1s 1 phon for listener D. H. .

Eight Tones

D. H. Howes’ experiment (1950) —Only an octet of tones spaced
250 mels apart about a 1900-hertz center frequency was considered
(ref. 58). The specific frequencies comprising the octet were (394),
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Freure 85 —Comparison of judged and caleulated Ioudness levels for seven
tones. (Data from D. H. Howes (ref. 58}.)

670, 1000, 1420, 1900, 2450, 8120, 4000, and (5100) hertz, in which
the frequencies in parentheses were alternated.

Judgment results and corresponding caleulations are compared in
tables IT and IV and in figure 36 for octets of equally intense and
equally loud tones, respectively. For both complexes the average
difference between ecalculated and judged loudness levels is about
4.5 phons.

Quietzsch’s experiment (1955 )—As in the five-tone test, the loud-
ness level of an octet of tones was judged under conditions of bi-
ngural listening in an anechoic chamber (ref, 60). The equally intense
tones consisted of & TIi-hertz fundamental plus seven harmonics
m=2% where n=1.23, . ... The frequency and precise sound-pressure
level {ave. §=54.5 dB) of each tone are listed in table VI. The tone
levels were measured separately. Also, the level of the octet was
measured in octave bands. As shown in figure 33, the judged and
calculated (narrow band) loudness levels differ by about 3 phons.
For the octave band measurements the disagreement is about 1 phon.
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TieuRE 86.—Comparison of judged and ealculated loudness levels for eight
tones. Tone separation, 250 mels. (Data from D. H. Howes (ref. 58).)

For 16 arbitrary noises and 24 listeners, the standard deviation of
the judged loudness levels was 2.5 phons, whereas the maximum
deviation from the mean for any individual valee of loudness level
was 9.5 phons. Thus, the caleulated value compares favorably with
the test results.

Ten Tones

Fletcher and Munson’s esperiment (1938 )—KEleven subjects listen-
ing bmaurally through earphones judged loudness levels of ten tones
by comparison with a 1- kilohertz tone (ref. 13). Data were reported
for equally loud tones and for unequally loud tones with even num-
bered tones attenuated 5 decibels, and then 10 decibels, below the odd
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numbered tones, where the lowest frequency tone is designated as
number 1. The following tone combinations were studied :

Overall frequency Tone spacing,

range, Sew/2
Decuplet Aw /o w/am,
Hz Hz
Equally loud tones
1 50 to BCO bo
2 3400 to 1865 59
3 100 to 1000 100
4 8000 fo 8900 100
b 1160 to 3170 230
6 260 to 2600 260
T 230 to 5300 530
I of even-numbered tones 5 dB less than
L of ocdd-numbered tones

8 1725 to 2220 H5

L of even-numbered fones 10 dB less than
I of odd-numbered tones

9 1725 to 2220 55

The judged loudness levels are shown graphically in figure 37 for
comparison with the theoretical predictions.

In all examples the overall frequency range extended over at least
two critical bands, Frequently two or more tones are included in one
eritical band. The only empty eritical bands oceurred with decuplet
8, for which Z=1, and 7 for which s#=4.

In order to predict the loudness of suberitically spaced tones the
phase angles of the tones should be known at some precise time.
Fletcher’s experiment included subecritically spaced tones; but the
phase angles were not determined. Tn the absence of these data and
because of the large number of tones comprising the complex, it is
sufficient to assume that the phase angles were uniformly distributed
in the interval 0 to 2» radians. In equation (33) the expectation of
% {omywy) Tor suberitically spaced tones is then zero if w,%w, but
remains unity if o,=e, (so that ¢,.=4¢,). Hence, equation {33) re-
duces to

Jf=10-2[§@f(%)w(mn)]’é ~10-2( Q) %

=1

if the phase angles of the tones are uniformly distributed.
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{a) /2%, B0 hertz; ww/2m 500 (h) /2w, 1100 hertz; owo/2x, 1885

hertz; w/2w, 50 hertz. hertz; 3o/2r, 55 hertz.
(¢) wi/2m, 100 hertz; w,/2w, 1000 {d} /2w 8000 hertz; ©n/2x, 3900
hertz; $w/2x, 100 hertz. hertz; $w/2m, 100 hertz.

Fieure 37.—Comparison of judged and calculated loudness levels for ten fones.
Tones equally loud, except in {h). {(Data from Fletcher and Munson
(ref. 13).)

The probable error of the experimental overall loudness levels was
claimed to be approximately =2 decibels. However, as is evident
from the data in reference 18, for decuplet 8, the variation of judged
loudness for a given selected loudness was as great as 7 decibels be-
tween different tests involving the same set of tones. For supra-
threshold, overall-loudness levels the median loudness-level increase
AL was always within 1 decibel of the average increase. The average
absolute difference between the calculated and judged loudness levels
varies from about 1 to 6 phons for the various complexes. The differ-
ence between caleulated and judged levels does not appear to be sys-
tematic and appears to be approximately the same magnitude as that

87



Judged loudness level, L, phons

O Lleygg) = Lvgyen) +5
O Lepgg) = Lgygr) +10

I | 1 ] f | lm_l { I 1 i

0 2 40 60 8 100 120 o0 20 4 60 8 100 1720
Calculated loudness level, L, phons

(&) w/2w, 1100 hertz; wi/2m, 3170 (f) w/27, 280 hertz; ew/2% 2600

hertz; 8w/2x, 280 hertz. hertz; 8a/2w, 260 heris.
{g) /2% 0530 hertz; oe/2x, 5300 (h) @i /2r, 1725 heriz; o/ 2x, 2220
hertz; dw/2x, 530 heriz. hertz; 8a/2x, 55 hertz,

Figure 37.—Cencluded,

obtained using Fletcher and Munson’s empirical formula, which was
derived to fit these specific data,

Eleven Tones

D. H. Howes' experiment (1950).—Eleven tones spaced 250 mels
apart-about a 1900-hertz center frequency were considered (ref. 58).
The specific frequencies comprising this complex were 160, 394, 670,
1000, 1420, 1900, 2450, 3120, 4000, 5100, and 6600 hertz.

The experimental and calculated loudness levels are compared in
tables IT and IV and figure 88. For the complex of equally intense
tones-the average difference between theory and experiment is about
4 phons whereas for the equally loud tone complex the average differ-
ence is about 8 phons.
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Frevre 38.—Comparison of judged and ealenlated londness levels for eleven
tones. Tone separation, 250 mels, (Data from D: H. Howes (ref. 58).)

Fletcher and Munsow's ewperiment (1983 )—The loudness of the
following eleven-tone complexes was judged by eleven subjects bi-
naurally through earphones (ref. 13) :

Overall frequency \ s
range Tone spacing,
Undecuplet Ao /2,‘7’. Sw/or,
Hz Hz
Equally loud tones
1 1000 to 2000 100
2 1150 to 2270 112
;] 1120 to 4520 840
L of even-numbered tones 5 dB less than I
of odd-numbered tones
4 57 to 627 57
5 3420 to 4020 . 60

I of even-numbered fones 10 dB less than
L of odd-numbered tones

i 57 to 627 o7
7 3420 to 4020 80
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() @1/27, 1000 hertz; wn/2m, 2000 heriz; (b) @:/2x, 1150 hertz; w,/2r, 2270

Swo/8r, 100 hertz

hertz; 8w/2r, 112 hertz.

(c) o/2w, 1120 hertzs; wu /29, 4520 hertz;
8w /25, 340 herta.

Fieore 39.—Comparison of judged and ecalculaied loudness levels for eleven
equally loud tones. (Data from Fletcher and Munson (ref. 13).)
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The experimental results and theoretical predictions are compared
graphically in figures 39 and 40. There were no empty critical bands.

As in the case of the 10 tone data, the probable error of the experi-
mental overall loudness levels was claimed to be approximately *%
decibels. For suprathreshold overall-loudness levels the median loud-
ness-level increase AZ was within 1 phon of the average increase,
except with undecuplet 7 where the median is about 3.5 phons less
than the average value. The divergence between the median and
average is accounted for by one test result. Undecuplet T happens to
be one for which the overall bandwidth is suberitical. For the fone
complex in this case, and also with undecuplet 5, the loudness level
should be given approximately by the sound-pressure level cortes-
ponding to summation of the relative powers over all tones. Where
the agreement between theory and experiment is poor, there is an
implied inconsistency between the data of Fletcher and Munson and
those of Zwicker and Feldtkeller {ref. 27), which were used to estab-
l1sh critical bandwidths.

For suprathreshold tests the average absolute difference between the
calculated and judged loudness levels varies from about 2 to 9 phons.
The difference between theoretical and experimental results does not
appear to be systematie.

Twenty Tones or More

Quictzsel’s emperiment (1955 )—Under conditions previously cited,
the loudness levels of 20, 22, and 28 tones were judged (ref. 60). The

O Muggg) = Ugyen) +2

O Lloggg) = Utdgyan! +10
120— —

10— —

2] . o4
20_ M

(217 N I R N N N I I P
20 40 &0 80 W0 120 O AN 40 60 80 10 120
Calculated loudness level, L, phons

Judged loudness level, 1, phons

—
o
[=
Pt

0

(a) @/2w, BT hertz: wu/2w, 627 herts; (b) @/2r, 3420 hertz; wy/2a, 4020
8w/2x, 57 hertz. hertz; Sw/2m 60 hertz.

FieURE 40—Comparison of judged and calculated loudness levels for eleven
tones. (Data from Fletcher and Munson {ref. 13).)
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20 tones consisted of a 127-hertz fundamental and its frst 19 har-
monies, all at the same sound-pressure level (approx. 39 dB) and in
random phase. The 22 tones, generated by an automobile horn, had
a 410-hertz fundamental plus the first 21 harmonies, all at different
sound-pressure levels listed in table VI, The 28 tones, generated by
another type of automobile horn, consisted of a 320-hertz funda-
mental plus its first 27 harmeonics, all at different sound-pressure
levels listed in table VI(c). The tone sound-pressure levels were
megsured separately and in octave bands.

For the 20-tone stimulus, the disagreement between the judged and
caleulated loudness levels shown in figure 33 is 5.5 phons. The differ-
ence for the complex measured in octave bands is about 1.5 phons.
For the 22-tone stimulus, the corresponding differences are 1.5 phons
and 2 phons, respectively. For the 28-tone stimulus, the disagree-
ments are 2.5 phons for the tone measurements and 3 phons for the
octave measurements. As before, these results compare favorably with
the standard deviation of 2.5 phons among 18 arbitrary noises and a
maximum deviation from the mean of 9.5 phons for any individual
value.

Loudness as Function of Number of Tones Contained
Within Fixed Frequency Band

Seharf’s emperiment (1959 )—Scharf studied the loudness of tone
complexes as a function of the number of tones with the overall
bandwidth, center frequency, and overall scund pressure held con-
stant (ref. 61). All tones were equally intense and located in the flat
frequency response range of the auditory system, The loudness of the
complexes was determined by comparison with a 1500-hertz tone
using eight subjects listening binaurally through earphones. Com-
plexes of 2, 3, 4, and 8 uniformly spaced tones centered at 1500 hertz
were studied for overall bandwidths of either 175 hertz (suberitical)
or 1600 hertz (supercritical) at nominal sound-pressure levels of 25,
50, 75, and 90 decibels.

It was found that, for suberitical bandwidth, the sound-pressure
levels of the complex and comparison tone were equal for equal loud-
ness, independent of the number of tones in the complex. For super-
eritical bandwidth the sound-pressure level of the comparison tone
exceeded (by up to 11 dB, depending on the selected nominal sound-
pressure level) that of the complex when the loudnesses were equal.
Again, the result was independent of the number of tones in the
complex.

Similar resulis were obtained for random noise. Specifically, the
Joudness of a pair and a quartet of equally intense tones with an
overall spacing of 3400 hertz centered at 2600 hertz essentially
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equalled that of o white noise with similar bandwidth and center
frequeney when the overall sound pressure of the three complexes
was the same,

The preceding results for suberitical and supercritical complexes
are consistent with equations (83) and (40) (alsc see category AB
for subcritically spaced tones spread over a supercritical band), re-
spectively, which indicate that loudness depends on input power in
each critical band and not on the number of tones producing that
power. The condition of constant input power in each critical band
was satisfied in the experiment because the tones were equally intense
and uniformly spaced over an interval of uniform frequency re-
sponse, and the overall sound-pressure level was held constant.

LOUDNESS OF SPECIFIC SOUNDS WITH
CONTINUOUS SPECTRA (COMPARISON
OF MODEL WITH EXPERIMENT)

In this section the loudness of specific sounds having continuous
spectra is caleulated and compared with psychoacoustic data re-
ported by various investigators. Sounds with continuous spectra are
here presumed to include no tones. In fact, however, tones may be
present but are not evident either because the bandwidth of the
spectrum analyzer was too broad to resolve them or because their
spectral densities were less than that of the contmuous spectrum.

Effect of Bandwidth

Zwicker and Feldtkeller's experiment (1955 )—The loudness level
of band-limited white noise was judged by comparison with a
1-kilohertz tone as a function of bandwidth with the overall sound-
pressure level held constant (ref. 27). Judgments were made by sev-
eral (possibly as many as seven) listeners utilizing monaural ear-
phone listening. Judgments were made for several sound-pressure
levels and band geometric-mean frequencies of 500, 1000, 2000, and
4000 hertz. Both suberitical and supercritical bandwidths were con-
sidered. The judged and caleulated (using eq. (50)) loudness levels
are compared as a function of bandwidth in figure 41. Among all the
data the maximum increase in loudness level for supercritical band-
width exceeded the subcritical value by about 14 phons, although the
sound-pressure level was held constant. However, near the loudness
threshold, judged louduess tended to be independent of the noise
bandwidth. The agreement between the judged and caleulated loud-
ness levels is generally excellent. The difference between judged and
calculated levels exceeds 5 phons in only one instance. Levels cal-
culated with and without the inclusion of the threshold term show
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that the threshold term is significant only for loudness levels less
than 40 phons and nearly always results in improved agreement with
the judged loudness level. Levels calculated using the approximation
equation (70) are in good agreement with those calculated from
equation {50), except near the londness threshold when equation (50)
clearly yields better agreement with judgment data. However, even
near the loudness threshold, equation (70) yields slightly betier
agreement with judgment data than does equation (50) with the
threshold term omitted.

Niese’s experiment (1961)—~In comparing the loudness of band-
limited white noise by monaural and binaural listening through ear-
phones, loudness judgments as a function of bandwidth were recorded

Judament

O Calculation, threshold term omitted (eq. 204)
] Calculation, threshold ferm included (eq. {50))
B Lol Appraximation {eq. (70}
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{a) Noise geometric-mean frequency ©,/27, 500 hertz.
{(b) Noise geometric-mean frequency o,/2m, 1000 hertz.
Freore 41—Loudness level of hand-limited, white noise as function of band-
width, {(Data from Zwicker and Feldfkeller (ref, 27).)
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(d) Noise geometric-mean frequeney w./2%, 4000 hertz.
Ficure 41 —Concluded.

for both listening modes at a fixed overall sound-pressure level of 60
decibels (ref. 62). Disregarding the judged loudness difference
(which was not conclusive) between the two modes, the judged and
calculated Joudness levels are compared in figure 42 as a function of
the noise bandwidth. The maximum disagreement is 5 phons.
Zwicker, Flottorp, and Stevens’ emperiment (1957).—The experi-
ment of Zwicker:and Feldtkeller on loudness determination as a
iunction of bandwidth at constant overall sound pressure was re-
peated for bands of noise with geometric-mean frequencies of 440,
1420, and 5200 hertz for binaural earphone listening by 12 listeners
(ref. 88). However, loudness comparisons were made with a
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FeuRE 42.—Loudness level of band-limited, white noise at constant overall
sound pressure as funetion of bandwidih. Geometric-mean frequency, o./27,
G000 herfz, {(Data from Niese (ref, 62).)

440-hertz tone or bands of noise rather than with a 1-ldlohertz tone.
Thus the results shown in figure 43 indicate the variation of loudness
level as a function of bandwidth but not necessarily the absolute
Ioudness levels. Although the variation of loudness level as a func-
tion of bandwidth is qualitatively similar to that found by Zwicker
and Feldtkeller, the agreement between judgments and predictions
for supereritical bandwidths is not quite as good as it was in that
former experiment. The disagreement between theory and experi-
ment is greatest at the maximum bandwidth and for the highest
and lowest sound pressures. The judged levels often tend to be less
than the predicted values whereas in the case of Zwicker and Feldt-
keller’s resulis there is no consistent systematic difference. This dif-
ference is especially important when comparing Zwicker and Feldt-
keller’s results for geometric-mean frequencies of 1000 and 2000
hertz with those of Zwicker, Flottorp, and Stevens for 1420 heriz.
Clearly the results of these two experiments are sufficiently incon-
sistent, say by up to 4 or 5 phons, that the disagreement between
theory and experiment cannot be regarded as systematic, except
possibly at very low and very high sound pressures.

Octave Bands

Robinson and Whittle's experiment (1964).—The loudness of
octave bands of noise was judged by free-field exposure to plane
waves incident from the front in an anechoic chamber (ref. 63). The
test data were modified by the authors to correspond to diffuse waves.
The number of Iisteners varied from 20 to 30 with normal hearing.
Judgments were made as a function of sound-pressure level for eight
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Freure 4.—Comparison of judged and calculated londness levels for octave
bands of noise. (Data from Robinsen and Whittle (ref. 63}.)

octave bands with geometric-mean frequencies ranging from 58 to
8000 hertz,

The judged and calculated loudness levels are compared in figure
44, For the octaves centered at 58, 111, 274 (the value in the.original
text appears to be a misprint) and 3750 hertz the agresment between
judged and ecalculated levels is excellent with differences no more
than 2 or 3 phons. For the other octaves there is a systematic dis-
agreement, as great.as 9 phons for the octave centered at 1950 hertz.
Among other experiments a similar disagreement does not appear.
Thus, it seems thaf the disagreement may result from a systematic
experimental. error. In particular, for the octave centered at 940
hertz the sound-pressure level is only about 1 decibel less than that
associated with an equally loud 940 hertz tone. Since the correspond-
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FIGURE 44.—Conecluded.

ing octave bandwidth is 665 hertz, whereas the critical bandwidth
is only 160 hertz, a considerably greater difference in sound-pressure
levels for equal loudness should be expected. This further reinforces
the suspicion that the observed loudness-level differences are attribut-
able to experimental error.

COremer, Plenge, and Schwarsl’s experiment (1959y—A: total of
41 mostly naive listeners with normal hearing determined the loud-
ness of octave bands of noise by comparison with a one-third-octave
noise centered at 1 kilohertz (ref. 64). Listening was in the free
field in a reverberant chamber. Thus, the sounds were diffuse. Seven
noises, each one octave in bandwidth, the lowest with a lower cutoff
frequency of 100 hertz and the highest with an upper cutoff fre-
quency of 12 800 hertz, were studied. Loudness judgments were made
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FIGURE 45.—Caleculated loudness level of Jjudged equally loud octave bands of
noise as function of geometric-mean frequency of octave. (Data from
Cremer, Plenge, and Schwarzl (ref. 64).)

and sound-pressure levels recorded for ome-third-octave reference
noise levels from 50 to 90 decibels in 10 decibel steps.

The caleulated loudness level of each octave noise at each indicated
overall-sound-pressure level is shown in figure 45. For each given
reference level the corresponding caleulated loudness levels of the
octave noises should be the same for each center frequency since they
were adjusted for equal judged loudness. The caleulated Toudness
levels of the one-third-octave reference sounds are also shown in
figure 45. (Actually, these values were estimated from, equivalent
caleulations performed in connection with Zwicker and Feldtkeller's
data shown in fig. 41.) The authors estimated & standard deviation
of about & decibels among the loudness judgments, With the excep-
tion of the caleulations for the highest octave, all calculated loudness
levels corresponding to a given loudness lie within a maximum total
range of 8 phons with a maximum disagrecment with the reference
loudness leve] of 5 phons. All caleulations for the highest octave yield
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a low level, as much as 15.5 phons less than the reference level.
‘Whether this disagreement results from experimental or theoretical
errors is not completely clear, although the fact that the empirical
external transmittance level is approximately 2 decibels less than
the measured value at 9 kilohertz (fig. 9) accounts for part of the
discrepancy.

& Jahn's experiment (1969).—The loudness of noises with octave
bandwidths was equated to that of a one-third-octave band of noise
having a geometric-mean frequency of 1 kilohertz (ref. 65). Judg-
ments were performed in the free field in a reverberant chamber, so
that the sound was diffuse. Judgments were made for fixed intensity
of the one-third-octave reference noise corresponding to measured
loudness levels of 40 and 55 phons. For each loudness level, com-
parisons with octave noises having geometric-mean frequencies rang-
ing from 100 to 12 800 hertz were made. In the former case, 10 listen-
ers were used; whereas in the latter case, six listeners were used.

Preliminary tests indicated that, for equal loudness, the sound-
pressure level of the reference one-third-octave noise should be 2
decibels less than that of the 1-kilohertz tone. Also, for equal loudness
at 1 kilohertz, the sound-pressure level for diffuse waves was found
to be 3 decibels less than for plane waves from the front. (The sign

Nominal Sound-pressure Scund source
loudness [evel, level,
L S 2=
phons 113 oclave),
dB
O 55 50 Diffuse
70— O )] 35 Diffuse
© 40 B Plane waves

—==55 phons

2

2

=N
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@

2 50

@

g

T O e 40 phons

= £

3
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3
20 L o Ladahl I BRI
102 103 1t 10°

Geometric-mean frequency, w,,/2m, Hz

Figore 46.—Calculated Ioudness Ievel of judged equally loud octave bands of
noise as fumcfion of geometric-mean frequency of oectave. (Data from G.
Jahn (réf. 65).)
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of this difference is in opposition to that reported in ref. 46 and
shown in fig. 9 herein.) These results were used to establish the
loudness levels of the reference noises. The measured sound-pressure
levels of the octave noises judged equally loud were used to calculate
the loudness levels of the octave noises. For a given reference level
the calculated loudness levels for all octaves should be the same.
However, as shown in figure 46, this is not the case, except in the
mterval 200 to 2000 hertz. G. Jahn’s data cover the same frequency
range as those of Cremer, Plenge, and Schwarzl (ref. 64), which do
yield a relatively constant londness level, except at 9 kilohertz.
Hence, the two sets of data are inconsistent, except near 10 kilohertz,
where 2 similar falloff in calculated loudness level is obtained. How-
ever, both of these results tend to disagree with those of Robinson
and Whittle at 8 kilohertz, where the calcnlated loudness level is
greater, not less, than the judged level.

If Robinson and Whittle’s value (—2.5 dB at 1000 Hz) of the
external-transmittance-level difference between diffuse and plane
waves replaces the value (3 dB) assumed by G. Jahn, then the
nominal levels (40 and 55 phons) shown in figure 46 must be raised
by 8.5 phons. Consequently, the judged octave levels are in much
beiter agreement with the nominal values over a much greater
frequency range.

Stevens’ ewperiment (1956)—Twelve listeners equated the loud-
ness of octave bands of noise to a variety of reference, band-limited
noises (ref. §). Sometimes the octave noise was adjusted, and other
times the reference noise was adjusted. Judgments were made in a
diffuse sound field. The fixed sound was set at a nominal loudness
level of 72 phons. Octave cutoff frequencies ranged from less than
75 hertz to 9600 hertz.

As shown in figure 47 the dependence of loudness on center fre-
quency appears similar to that obtained by G. Jahn, and the effect
of the choice of fixed sound is negligible in comparison with the
frequency dependence. The similarity of the two frequency depend-
ences is probably fortuitous since the maximum predicted loudness
ocours at 1700-hertz center frequency according to Stevens' data
and In the interval 8 to 5 Idlohertz according to (3. Jahn’s data..
Stevens’ data exhibit good reproducibility but poor agreement with
predicted loudness levels. Consideration of other data reported by
Stevens in the same report suggests that this poor agreement might
be expected. For example, semi-interquartile ranges up to 7 decibels
and standard deviations up to 9 decibels were reported. Thus, the
scatter of the data was relatively large. Also, it is reported that,
for equal loudness, the sound-pressure levels of an octave band of
noise with geometric-mean frequency at 850 hertz (cutoff frequencies,
600 and 1200 Hz) and a 1000-hertz tone differ by only 1 decibel.
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Fieure 47—Calculated loudness level of judged equally Toud octave bands of
noise as function of geomefric-mean frequency of octave and for various
referenee noises, (Data from Stevens (zef. 5).)

The preponderance of other data and the present theory indicate
that the difference should be considerably greater, say 3 to 7 decibels.

Yarious Bands

Zwicker's experiment (1966)~—The loudness of three different
noises was judged by 12 naive listeners with normal hearing by free-
field listening in an anechoic chamber (ref. 66). The three sounds
Stevens’ data exhibit good reproducibility but poor agreement with
consisted of a one-octave, two-octave, and broadband noise which
wers equated in loudness to a 1-kilohertz tone. The spectra were meas-
ured with a one-third-octave, audio-spectrum analyzer. The octave-
band noise at an overall sound-pressure level of 80 decibels was een-
tered at 250 hertz. The 2-octave-band noise at an overasll sound-
pressure level of 70 decibels was centered at 1 kilohertz. The
broadband noise, imposed at an overall sound-pressure level of 70
decibels, peaked near 200 hertz, and its spectral density possessed 2
2-decibel-per-octave slope at higher frequencies.

The caleulated and predieted loudness levels are compared in figure
48. In comparison with the calculated loudness levels, the judged
values were low, although in at least one of the examples the mean
variation of the judgments included the calculated value. (For the
2-octave noise the published tabulated and graphical loudness levels
disapree. The former is 77 phons whereas the latter is 78.5 phons.
The tabulated value is shown in fig. 48 herein.) The result that the
Judged loudness of the one-octave and two-octave noises is low rela-
tive to the caleulated values is inconsistent with the corresponding
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FiGURE 48—Comparison of judged and calculated loudness levels for three
noises. (Data from E., Zwicker (ref. 66).)

results of Zwicker and Feldtkeller and of Robinson and Whittle,
where the judged values tend to be in good agreement with the
predicted values, as shown in figures 41(a) and 44(c), respectively.
However, the present results tend to agree with those of Zwicker,
Flottorp, and Stevens (fig. 48 (a)), where the corresponding judged
values are also lower than the predicted values.

Sums of Contiguous Bands

Stevens’ experiment (1956).—Naive listeners (probably 12 in
number) equated the loudness of bands of noise (usually octaves) to
that of a comparisen noise previously calibrated subjectively against
a 1-kilohertz tone so as to determine loudness levels (ref. 5). The
londness of sums of contiguous groups of these noise bands was also
judged in order to determine how the loudness of the.sum of bands
of noise is related explicitly to the loudness of each band, not to the
acoustic power in each band, However, from the londness given for
each band the corresponding loudness level can be read from a table
{table IIX) given by Stevens, Next, the sound-pressure level at the
eardrum can be approximated from the relation S.(w)=L(w)—
N (w), which applies precisely to a tone. Finally, using the approxi-
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mate value of 8, determined for each band, the loudness of a sum of
contiguous noise bands may be calculated and the result compared
with the judged value, This comparison is shown i figure 49. Ex-
cept for the lowest (75 to 800 Hz) and highest (1420 to 10000 Hz)
bands of noise, the data generally lie within 3 phons of a line dis-
placed about 8 phons from the ideal line, for which judged and cal-
culated levels are equal. Since the displacement is independent of
sound pressure and frequency, the most likely cause of the shift is
experimental calibration error. For the lowest and highest bands an
additional frequency calibration error may have existed. The low
frequency problem is mentioned in the text, and serious nonuni-
formity of the earphone response above 2 kilohertz is evident in
figure 2 of reference 5. Finally, median level values were reported
rather than the higher levels corresponding to the average of power
measurements.
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Freore 48,—Judged loudness level of contiguous bands of noise as function of
calenlated loudness level. {Data from Stevens (ref. 5, table I).)
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Sums of Noncontiguous Bands

Stevens’ experiment (1956).—An experiment similar to that for
contiguous bands of noise was performed using noncontignous bands
(usually octaves) of noise (ref. 5, table III). The loudness of the
bands and of the sum of noncontiguous bands was judged by groups
of 20 or 12 listeners with earphones.

The comparison between the judged and calculated loudness levels
of the sum of noncontiguous bands shown in figure 50 is very similar
to that for contiguous bands in that the resultant data generally lie
within 8 phons of a line axially displaced about 9 phons from the
ideal line. As before, the displacement is attributed to experimental
calibration error.
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Fieure 50.—Comparison between judged and caleculated: lomdness levels of
separated bands of noise. (Data from Stevens (ref. 5, table II1).)
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Effect of Bandwidth Near Loudness Threshold

Scharfs experiment (1959).—In addition to studies of the loud-
ness of equally loud tone complexes as a funetion of tone spacing at
constant overall londness near the loudness threshold, similar studies
were made of white noise near the loudness threshold (ref. 43).
Bands of noise with geometric-mean freguencies of 425, 1370, and
5050 hertz were studied as a function of bandwidth. The noise cen-
tered at 425 hertz was compared with a 425-hertz tone, that centered
at 1370 hertz with a band of noise 2340 hertz wide, and that at 5050
hertz with a band of noise 1730 hertz wide. The center frequencies of
the comparison noises were not mentioned.

In the case of the tones, the loudness level of each of the tones
was given relative to that of the reference tone rather than a 1-kilo-
hertz tone. If the internal transmittance level at the reference fre-
quency differed significantly from that at 1 kilohertz, then the given
data values would have to be shifted by the amount of the reference-
leve] difference in order to compute proper values of the loudness
level. The case of the four-tone data centered at 3000 hertz and near-
est the loudness threshold was the only one for which the correction
might have been required. However, the correction was not included
in the calculations.

In the case of the white noise a correction is elearly indicated for
the data centered at 425 hertz (correction= %3 dB) and nearest the
loudness threshold as well as for all data centered at 5050 hertz The
correction was inecluded in the loudness-level caleulations for the
noise centered at 425 hertz. The correction could not be incorporated
in the calculations for the noise centered at 5050 hertz because the
comparison sound was a broadband noise, and its center frequency
was not specified.

The calculated and nominal (horizontal lines) loudness levels are
comparsd in figure 51, wherein the dashed lines signify the inter-
quartile ranges. Except for two points at the lowest level, the loud-
ness levels calculated for the noise centered at 425 hertz agree with
the nominal values to within a difference less than the interquartile
range. For the other two noises the agreement is not as good, espe-
cially at the broader bandwidths. It is likely that this disagreement
results because the levels used in the calculations are relative to the
comparison noise rather than a 1-kilohertz tone. With the latter
reference the indicated sound-pressure levels would be greater. Near
threshold the transmittence at the outer limits of the noise bhands
would, hence, be inereased. Therefore, the calculated loudness levels
for the broader bandwidths would be increased relative to the calcu-
lated levels for the narrower bandwidths, as desired.
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Fiaure 51.—Calculated loudness level of band of white noise near threshold
as Tunction of bandwidth, (Data from Scharf «(ref. 43).}

White Noise

Feldtheller’s experiment (1856).—In connection. with a comparison
of loudness judgment data for repetitive impulses and a 1-kilohertz
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tone, some data for white noise in the frequency range from 0 to
20 000 hertz were also displayed (vef. 67), apparently for earphone
listening, The sound pressure level of the white noise as a function
of that for an equally loud, 1-kilohertz tone was shown, so that the
calculated londness level of the noise as a function of that of the tone
could be compared. The resultant comparison is shown in figure 52.
The greatest disagreement between the judged and calenlated loud-
ness levels is 8 phons, which occurs in the middle of the studied
sound-pressure level range.

Pollack’s experiment (1951)—The loudness of white noise in an
interval somewhat less than 60 to 5800 hertz was judged in compaxi-
son with a I-kilochertz tone by an unspecified number of listeners
using earphones (ref. 68). No information on the precise shape of
the spectrum was given. other than the fact that the earphone output
was flat within +2 decibels over the range 60 to 5700 hertz. The
judged and calculated loudness levels are compared in figure 53 for
stimulus sound-pressure levels ranging from 10 to 110 decibels, The
agreement for the highest sound-pressure levels is not especially
good, with level differences up to 9 phons and the caleulated levels
on the high side. However, in the middie range from 50 to 80 phons
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Fisure 52.—Comparison of judged and calculated loudness levels for white
noise in frequency interval of 0 to 20000 hertz. (Data from R. Feldtkeller
(ref. 67).)

109



140

120—

100—

+2]
=

=)
=

Judged loudness level, L, phons

T

20—
(e

? I l | | I | ]

0 20 40 60 a0 100 120 14
Calculated budness lavel, L, phons

FigURE 53 —Comparisen of judged and caleulated loudness levels of breadband
{60- to 5800-Hz) white noise. (Data from Pollack (ret. 68).)

the agreement is good, with level differences generally 3 phons, or
less.

Miller’s experiment (1947) —The loudness of white noise in an
interval from 150 to 7000 hertz was judged in comperison with a
i-kilohertz tone by 12 listeners wearing earphones (ref. 69). The
speetrum of the noise was flat to within +5 decibels. The judged and
calculated loudness levels are compared in figure 54 wherein it has
been assumed that the judged loudness levels were based on indi-
cated sensation levels of the reference tone. Otherwise judged and
caleulated levels would differ by 10 phons, the claimed difference
between the sound-pressure level and sensation level of the noise.
Also, the difference is almost the same as that (8 phons) found from
Stevens’ data (see fig. 49) taken in the same laboratory using what
gppears to be similar equipment calibrated in a similar way. The
precise explanation for what appears to be a calibration error is not
evident. However, the error may be accounted for by the fact that
the 1udness threshold for the I-kilohertz tone may have been well
above the assumed reference pressure p.,=20 micropascals.
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TGURE H4.—Comparison of judged and calculated loudness levels for white
noise in frequeney interval 150 to 7000 hertz. (Data from Miller (ref. 69).)
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Tigure 55 —Comparison of judged and caleculated loudness levels for white
noise in frequency interval 40 to 15040 hertz, (Data from Brittain (ref. 70}.)
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Brittain’s emperiment (1939).—The loudness of white noise in an
interval from 40 to 15000 hertz was judged in comparison with a
1-kilchertz tone by 10 naive listeners in the free field (ref, 70). The
spectrum was flat to within 10 deecibels, based on the response of
the sound production system. The judged and calculated loudness
levels are corapared in figure 55 for noise sound-pressure levels rang-
ing from 19 to 84 decibels. The disagreement between the judged
and calculated loudness levels is 10 phons or less in all samples and
usually less than 4 phons in the intermediate range of loudness.

Niese and Kéhler's emperiment (1958)—Thirty-five listeners
equated the londness of bands of noise to that of the geometric-roean
frequency of the band (ref. 71). In the first experiment, londness
was studied as a function of bandwidth with the acoustic power in-
creasing in proportion to the bandwidth. Free-field listening was
used. The judged and calculated results are shown in figure 56 in
which the maximum bandwidth barely exceeds the critical band-
widths in any instance. The agreement, of the judgments and calcu-
lations is good.

The second experiment was similar, except that the overall sound
pressure was held constant. This experiment was to determine
whether amplitude-modulated and frequency-modulated noise would
result in a different dependence on bandwidth. The results for free-
field listening are shown in figure 57 and for earphone listening in
figure.58. No difference is evident. However, for supercritical band-
widths the loudness rise reported by others is not observed.
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for each doubling of bandwidth. Free-field listening. (Data from Niese and
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112


http:figure.58

Theory Experiment Geomelric-mean

frequency,
wyl2n Hz

o 600 e
— 0 1000 -
—— © 4000 =2

e—o—o- A _o 05

AT N AR A B e

A e B

/

Lot RN } |I||rI||

O0——-0 (W .. N,

%_
—
=
=3
&, W
£ 2
Q9
EE
& 0
£3 ol
S g
35 OF
w®
E% -
3
- (b}
60
10?0

10t 107 103

Bandwidth, Aw{?m Wz

{a) Amplitude modulated noise.
(b) Frequency modulated moise,

Freurs 57.—Comparison of judged and calculated loudness levels as function of

bandwidth

for various mean frequencies at constant overall sound pressure.

Free-field listening. (Data from Niese and IKdhler (ref. 7T1}.)

8
|

oo
)
!

T

(@)

Theory Experiment Geomeiric-mean

frequency,

wyl2Zm Hz
600
1000 =
4000 22"

-

— o ——

|
|
@ ¢00

4 £ B @-—"_@_.—-O—DJ@

TR S T R 1 1 B B AN

I

=]
=

Loudness level (reference, geometric-mean
frequency, w127, L, phons
g

wl

L 1ol Lo ol Ll

6 L)
100

10t 102 10°

Bandwidth, Aw!2m Hz

(2) Amplitude modulated noise,
(b) Frequency modulated neise.

Fisure 58 —Comparison of judged and caleulated loudness levels as function
of bandwidth for varions mean frequencies at constant overall sound pressure.
Harphone Listening (Data from Niese and Xoéhler (ref. 71).)

113



Broadband Noises

Liibcke, Mittag, ond Pord’s experéments (1964).—These experi-
ments (ref. 72) and the following experiment by M., Jahn (ref. 78)
are especially important because the loudness of the same magnetic-
tape recordings of machinery and other noises was judged inde-
pendently by three different groups at three different facilities by
means of free-field and earphone listening. In Berlin, 10 subjects
listened through earphones. In Stuttgart, 12 subjects with normal
hearing made judgments under free-field conditions in an anechoic
chamber, The imposed sound-pressure level of all sounds was about
80 decibels, The sound-pressure-level spectrum was reported for one-
third-octave bandwidths. Loudness levels were determined by equat-
ing the loudness of the test sound to that of a critical band of noise
centered at 1 kilohertz, rather-than to a 1-kilohertz tone. The latter
two sounds were assumed to be equally loud at the same sound
pressure,

The judged and caleulated loudness levels are compared in table
VII and in figure 59 (a). The disagreement between the two results
15 less than 8 phons for nearly all of the examples. Except for two
of the noises, the maximum disagreement is less than 3.5 phons. Of
the exceptions, the spectral data for the noise designated K24 may
be erroneous since the tabulated data do not agree with the spectrum
shown in the original report. (The original published data were
selected from 89 noises.) The difference shown for the octave noise
centered at 1 kilohertz is 5.5 phons, similar to the 6 phon difference
obtained by Robinson and Whittle for a 940-hertz cenfer frequency
(fig. 44(e)). However, this agreement between experiments may be

120 — —
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j 10— —
- loob- |
&
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FIooRE 59.—Judged loudness level as funetion of ealenlated loudness level of
various engine noises (Data from Liibcke, Mittag, and Port (ref. 72).)
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Tasre VIL—LoUDKNESS 0F EN@NE NOISES
{Data from Lilbcke, Alittag, and Port (ref. 72).]
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D8 01 98.7 —2.7 205 91.8 —1.3
D14 915 94.5 —-30 a1 93.2 —22
K1 98 96.4 1.6 i $2.9 41
K10 85.5 94.3 1.2 93.5 92.6 9
Ki1 95 093.1 49 935 9.7 1.8
K19 97 96.8 2 94 934 K]
K21 97 96.0 1.0 ——— —— ———
K24 96 103.8 —-T7.8 | _—_— — —
J5 095.5 939 16 _—_ ——— _—
J12 96 839 21 —_ ——— _——
Oatave 86 51.6 —5.6 ——— ——— _——
SN 96 96.8 —.8 96 02.8 3.2

Absclute average AL, phons 2.1 |Absolute average AL, phons | 1.8

fortuitous since in other experiments a different result was obtained.

The average difference between theory and experiment is 2.1 phons
for free-field listening and 1.3 phons for earphone listening.

The loudness levels of all the sounds studied were recalculated
using the approximation equation (70). The levels given by this
equation usually were higher than those given by the “exact” equa-
tion (50). The maximum difference in loudness level indicated by
the two equations was 1 phon.

M. Jahn’s ewperimens (1965).~—Twenty-eight listeners, some
trained, some untrained, all with normal hearing, judged the loud-
ness (ref. 73) of some of the same recorded engine noises studied by
Liibcke, Mittag, and Port (ref. 72), The judgments were made in an
anechoic chamber by equating the loudness of the engine noise to
that of a supercritical, 200-hertz bandwidth noise centered geometri-
cally at 1 kilohertz. In order to obtain judged loudness levels relative
to a 1-kilohertz tone the measured levels were reduced by 2 phons.
The consequent comparison between the judged and calculated loud-
ness levels is as appears in figure 60. The maximum scatter of the
results about an average is less than 2 phons; however, the average
disagreement between the judgments and caleulations is about 6.5
phons, possibly due to & calibration error. :
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F16URE 60.—Judged loudness level as function of caleulated Ioudness level of
various engine noises. (Data from M. Jakn (ref. 73).)

The caleulated results in figure 60 were from data obtained by
sound-pressure level measurements in one-third-octave bands. Caleu-
lations wsing data obtained from octave-band measurements yielded
loudness levels from about 0.5 to 2 phons higher, which illustrates
the effect of insufficient spectral resolution. A similar lack of resohu-
tion of data measured in one-third-octaves might account for some
of the residual difference between theory and experiment.

Warrenw's experiment (1978).~—A total of 600 naive listeners judged
the sound-pressure level reduction necessary to reduce the loudness
of broadband white noise by one-half (ref. 74). Listening was
through earphones or in the free field in a semi-reverberant room.
Careful efforts were made to eliminate experimental biases. Over the
sound-pressure-level range from 45 decibels through 90 decibels,
halving the loudness was found to correspond to a sound-pressure
level reduection of 6 decibels. This implies that loudness is propor-
tional to the square root of the imposed acoustic power, in complete
agreement with the presently proposed theory over the frequency
range for which the auditory transmittance is uniform, say from
about 200 to 4000 hertz for listening through earphones,

Quictzsch’s experiment (1955),—The loudness of 32 noises with
continyous spectra was judged by at least 20 Jisteners in the free field
(ref. 60). Some tests (22 noises) were performed in an snechoic
chamber, whereas others (10 noises) were performed in a lecture hall.
In the anechoic chamber the judgments were made relative to
L-kilohertz tone whereas in the lecture hall the comparisons with the
1-kilohertz reference tone were made indirectly by comparison’ with
a one-third-octave bandwidth noise with cutoff frequencies at 900
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and 1120 hertz. Most of the sounds listed in table VI were generated
from magnetic tape recordings using loudspeakers, but three sounds
(noises 28, 86, and 37) were generated by the original sources. The
spectra of the noises were measured in octave bands. The resultant
calenlated loudness levels are compared in figure 61 with the judged
values. The maximum scatter of the data about the ideal line is 11
phons with a systematic shift of about 8 phons, which can be
ascribed to the fact that the spectra were measured in octave bands
and to averaging error.

Corliss ond Winzer's experiment (1965).—From magnetic-tape re-
cordings, nine listeners equated the loudness of a tapping machine
and of three women with steel-tipped shoe heels acting on. various
concrete-backed, hard fioor surfaces to that of a narrowband noise
centered at 1000 hertz and a warble tone produced by a 955-and a
1005-hertz tone (ref. 75). The loudness judgments were performed in
the free field in o reverberant chamber. Because of standing waves

Noise number
{see table VI (a)
for identification)
10— Q. Continuous spectrum in lecture hall
O Continuous specirum 18
O Original source }in anecheic chamber ?8 Colt
O Impulsive source 159 Og
100 — 21"
z
- )
=
2 90
=
B
@ 80
-+
=
2
2
-
3
60
50
40 | ! | I | | |
50 60 70 20 % J1ii] 110 120

Calculated loudness level, L, phons

Freure 61.—Judged loudness level as funection of caleulated loudness level of
various sounds. (Data from Quiecizseh (ref. 60).)
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Teuke 62.—Judged loudness level as funection of caleulated loudness level.
(Data from Corliss and Winzer {(ref. 75).)

in the reverberant chamber the two reference sounds were compared
in loudness to a 1-kilohertz tone by listening through earphones in
order to determine the loudness levels of the tapping sounds.

The judged and caleulated levels are compared in figure 62. Both
the judged and caleulated levels occur essentially in the same order
of relative loudness and are #ll grouped within 3 phons of a line
paralleling the ideal line. However, the data are shifted approxi-
mately 16 phons from the ideal line. This shift may result partly
from the fact that the sounds were impulsive rather than continuous.
However, it was claimed that the impulsiveness was smoothed ount by
the room reverberance. More likely sources of error are calibration
errors, especially in using earphones, and the use of a warble-tone
reference, beeause of the influence of its unsteadiness on subjective
judgments. )

Robinson and Bowsher's experiment (1961).—Sound-pressure lev-
els corresponding to equal judged loudness were determined for five
helicopters from magnetic tape recordings listened to by a total of
570 listeners, ten at a time, In a “moderately” reverberant room (ref.
76). Since the londness of the noises was not compared with that of

10—
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i2 ©
% : 105 = O ) 5 OAverage
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A B C D E
Noise

Freure 63 —Calculated loudness level for five helicopter noises judged equally
loud. {Data from Robinson-and Bowsher (ref. 76).)
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a 1-kilohertz tone, absolute loudness levels could not be determined
experimentally, From the measured one-third-octave, sound-pressure-
level spectra the loudness levels were computed, with the results
shown in figure 63. The calculated average sound-pressure level was
104.8 phons with 3 maximum spread of about 4 phons among the
Individual values.

Copelond et al. experiment (1960).—Recordings of five sounds of
aireraft, or simulated aircraft, were played for 1578 listeners (up to
20 at a time) {ref. 77). The sounds were imposed in diffuse form by
means of multiple loudspeakers in an suditorium. Listeners judged
the louder of two of the sounds imposed at fixed sound-pressure
levels. From these data the sound-pressure levels at which the sounds
would apparently be equally loud could be estimated. No comparison
with a reference tone was made which would permit absolute loud-
ness levels to be determined. However, from the estimated sound-
pressure levels and corresponding spectra measured in octaves, loud-
ness levels could be caleulated. The results are shown in figure 64.
Neglecting sound “E,” which contains introduced pure-tone coni-
ponents, the range of caleulated loudness levels of the other four
sounds was 4 phons, Ideally this range should, of course, be zero
phons.

LOUDNESS OF SPECIFIC ‘SOUNDS WITH
MIXED SPECTRA

In some psychoacoustic studies it is common fo treat equally in-
tense, diserete tones and noises as if they produced quite different
sensation levels obeying different empirieal rules. In the present
loudness theory this differentiation does not occur. Rather, response
to both tones and noise appears as a natural consequence of speciali-

€ 10—
= O Nointense fones
— [} Intgn se tones
=
& 15— o)
% o)
Q Average
E 110 °© ’
h!
E 0
S 15 | | I | I
A B c D E

Noise

FicuRe 64.—Calculated loudness levels of aireraft noises subjectively judzed
equally loud. (Data from Copeland, et al. {ref. 77).)

119



zation of & general theory whieh implicitly incorporates both types
of sound. The next few experiments illustrate the success of this
approach when applied to noises containing intense pure-tone
components,

Lubcke, Mittag, and Port’s Experiment (1964)

Among the noises studied, five contained strong pure-tone com-
ponents (ref. 72). The judged and calculated loudness levels of these
sounds are compared in table VIII and in figure 59(b). The maxi-
mum difference between these two levels for both free field and ear-
phone listening is 1.8 phons. The average difference is 1.0 phon for
free field listening and 1.4 phons for earphone listening.

M. Jahn’s Experiment (1965)

Of the noises studied by Liibcke, Mittag, and Port (ref. 72) and
then by M., Jahn (zref. 73), only one (noise P6) contained strong
pure-tone components. For this sound the difference between the
judged and caleulated loudness level for free field listening was 4.5
phous, as shown in figure 60. It should be recalled, however, that
most of this difference may result from g calibration error.

‘Quietzsch’s Experiment (1955)

Some of the noises previously discussed would appear from the
description of the source (table VI) and the exhibited spectra
(ref. 60) to contain strong pure-tone contributions. Among these
noises might be noises mumber 31 and 37. The difference between the
Judged and calculated loudness levels for these noises is 0 and 1.5
phons, respectively, as shown in figure 61.

Copeland et al. Experiment (1960)

Two of the five sounds (D and E) evaluated by free-field listening
(vef. 77) were identical except that sound E had a 3-kilohertz square
wave added, which, however, hardly contributed to measured octave
levels. Nevertheless, the sound-pressure level of sound E was judged
to be 3.3 decibels less than that of sound D for equal loudness. Thus,
for judged equal loudness the caleulated loudness level of sound D
was 8.3 phons greater then that of sound E, as shown in figure 64.
Although this difference is not great, the total spread among the five
sounds is 7.3 phons, which is considerably greater than that in the
better controlled laboratory experiments of Litbcke, Mittag, and Port
and of M, Jahn,
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TaplE VIIT—Loupness oF ENGINE NoIsEs CoNTAINING STrRoNG PUrRe-ToNE
COMPORERTS

[Data from Liibcke, Mittag, and Port (ref. 72).1

- . Loundness . Loudness
1\.01_33 Experi- Caleulated | level @if- Bxperi- Caleulated | level dif-
des'lg- mental L, phons | ference, mental L, phons | ference,
nation I, phons AT, phons i, phong AL, phong

Stuttgart, free field Berlin, earphones
P 95 95.3 —0.3 915 029 —1.2
M7 035 024 11 91 925 —15
Gl 94 04.2 —.2 94 93.0 1.0
G4 23 946 —1.6 95 93.3 1.7
Ji1 845 929 1.8 —— — _—
Absolute average AX, phons 1.0 |Absolute average AL, phons ‘ 14

RELATION BETWEEN PRESENT THEORY
AND A-WEIGHTED, SOUND-PRESSURE LEVEL

For many years the A-weighted, sound-pressure level has been gen-
erally regarded as the best, though unsatisfactory, physical measare
of the subjective intensity level of a sound (e.g., ref. 78). As various
alternative loudness prediction procedures ars proposed and then fail,
use of the A-weighted level is revived, especially because of its sim-
plicity and the fact that sound-level meters provide an A-weighted
reading. The A-weighted level is supposed to be in accordance with
inversion of equal-loudness contours near 40 phons determined by
modifying Fletcher and Munson’s equal-loudness curves (ref. 13) to
account for a diffuse source (vef. 53, p. 22). This weighting is derived
from measurements using earphones. It does not take into account
the dependence of the infternal filter on sound pressure. When this
factor and standard equal-loudness curves (ref. 20) were adopted,
improved agreement with loudness judgments resulted (ref. 79).
Although the caleulation procedure in reference 79 appeared to yield
loudness levels in good agreement with a limited set of judgment data
it was subsquently found to disagree with a much larger body of
judgment data included in this report, just as A-weighted sound-
pressure level, especially with the cited improvements, sometimes
represents correcily the relative loudness of certain Hmited groups
of similar sounds, but nevertheless completely fails to predict cor-
rectly the absolute Joudness levels of steady sounds in general.

It has been demonstrated that the theory proposed in this report
does predict absolute values of loudness levels in accordance with
judged values. Moreover, the present theory can be used to show
when the A-weighted sound-pressure level provides useful informa-
tion on loudness levels. Specifically, according to the present theory
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two suprathreshold sounds with the sume spectrum shape possess a
loudness ratio equal to the square root of the ratio of their spectral
densities. This applies for spectra with subcritical or supercritical
bandwidths since all values of w or W in all of the loudness equations
are multiplied by the same constant in going from one sound to the
other. The same relation also applies to the A-weighted, effective
sound pressure when it is assumed to represent loudness. Thus,
neglecting the weak effect of sound pressure on trapsmittance, the
A-weighted sound-pressure levels will otherwise correctly yield the
loudness level difference hetween two sounds which have the same
spectrum shape. Moreover, if, in addition, the spectrum bandwidths
are subcritical and beats are not significant, the A-weighted, sound-
pressure levels equal the true loudness levels to the extent that the
A-weighting corresponds to the true weighting of the auditory
system. Yowever, in general, the present theory indieates that the
A-weighted sound-pressure level is not simply related to loudness
level and may fall more than 15 decibels (phons) below the loudness
level (cf. fig. 41).

DISCUSSION AND REMARKS

Tt is important to recognize that the present loudness caleulations
are based on an operational theory of the auditory system rather than
on an empirical formula selected to fit some psychoacoustic data, as is
often the case. The empirical aspects of the theory have been mini-
mized so as to yield a precise loudness prediction minimally infiu-
enced by empirical functions. The theory predicts loudnesses in fairly
good agreement with a large body of, but not all, loudness judgment
data. However, where the predietions and judgments fail to agree, the
judgment data usually conflict with other data which do agree with
the theory. None of the data were talen by the author. Therefore, the
theory is not biased in an attempt to fit the author’s own data, nor 1s
it designed to fit a specific limited set of data from one source.
Rather, in an effort to gain credibility the theory has been designed
to account most simply for the maximum amount of physiological
and psychoacoustic data while obeying physical principles. Of course,
inconsistency of some of the dats Jimits this possibility.

The generally good agreement between theory and experiment
(level differences less than 3 to & phons, say) implies that biases im-
posed by the variety of psychcacoustic judgment techniques em-
ployed by the experimentalists and temporal fluctuations of the audi-
tory system are not significant enough to preclude repeatability of
results among various experiments. This is not to say that these effects
are insignificant. They may, in fact, account for a large part of the
variability of the data as well as much of the disagreement between
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theory and experiment. Since the caleulations yield loudness levels
relative to a fixed reference, namely 2 1-kilobertz tone, calibration
differences among different experiments should be exposed. A. cali-
bration error should appear as a constant difference between theory
and experiment, among all tests in a given experiment. Potential large
calibration errors are indicated in a few experiments (cf. figs. 49, 50,
54, 60, and 62).

The method of averaging raw judgment data may introduce a bias
in the results. Mean-squared pressures should be averaged rather than
the decibel equivalents. In a typical experiment the former average
was found to yield a level more than 3 decibels greater than the latter
average (ref. 52). This error alone might account for the residual
difference between predicted and judged loudness levels in some ex-
periments. Unfortunately the raw judgment data is normally not in-
cluded with published results, so that the appropriate averages can-
not now be computed.

Although the periodic phenomena (for example, phase locking of
neural discharges and periodicity pitch) incorporated in the present
theory are generally not observed for frequencies greater than about
5 kilohertz, at higher frequencies discharge periodicities nevertheless
exist. These, in fact all discharge periodicities, may be associated with
pitch rather than frequency (ref. 22). Hence, there is apparently no
reason to expect that the basic mechanisms for loudness production.
are any different at high stimulus frequencies.

A more refined analysis than the present one might involve trans-
mittance of signals at all frequencies in all channels with different
filtering of each frequency in each chanmnel. Unfortunately the com-
plexity of the filtering process for multiple tone stimuli in individual
neurons (ref. 42) indicates that this approach might require a much
more complicated analysis than the present one, but with little, if
any, better agreement hetween caleulated and judged loudness because
of the variability of loudness judgments.

Channels with associated eritical bands containing frequencies in-
cluded in the imposed sound spectrum are most strongly stimulated.
As a result, the breader the bandwidth of a sound with a fixed over-
all sound pressure, the Jouder the sound will tend to be, at least until
1ts spectrum extends into a frequency range of reduced transmittance.
The broader bandwidth sound is louder because more channels are
strongly stimulated. Since the acoustic frequency range includes 24
chamnels, the loudness level may be increased by 14 phons, or even
more, simply by broadening the sound bandwidth. The larger in-
creases would be expected if the spectrum is broadened into-a fre-
quency range of increased transmittance. An additional increase of
up to 3 phons may result from tonal interaction.
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The most effective loudness reduction for any sound should be ob-
tained by attenuating the sound at frequencies associated with maxi-
mum output power W,

Tt should be possible to construct on the basis of the present theory
a loudness meter which would perform the necessary calculations elee-
tronically and indicate the loudness, or loudness Jevel in real time.

It seems quite possible that the present theory may be readily ap-
plicable for predieting the loudness of impulsive sounds as well as
steady sounds. The question of whether critical bands are significant
for impulsive sounds as well as for steady sounds is undecided. ¥rom
some studies it is eoneluded that critical bands develop as a function
of exposure time (ref. 80) whereas from other studies it is concluded
that critical bands are not time dependent (ref. 81). In. either case
the present theory might be valid without major modifications.

SUMMARY OF RESULTS

From a study of the relation between any steady sound stimulus
and its judged intensity, or loudness, the following results and con-
clusions emerged :

1. Loudness is & measure of the electric power (defined over the
auditory integration time~<0.1 s) transmitted by the auditory nerve
toward the central nervous system in xesponse to an acoustic stimulus.

2. The auditory system is a squaring device in that the electric
power transmitted by the auditory nerve is a function of the square
roob of the input sound power. The squaring results from transforma-
tion of the acoustic waveform from mechanical to electrical form.

3. Sound stimuli which excite the same auditory neurons interact.
Stimuli which do not excite the same neurons do not interact. The in-
teraction affects loudness significantly.

4, The maximum number of audible harmonics which may interact
by exciting the same neurons is about 5. This number is about the
same as the observed maximum number of harmonics (5 to 7) which
may be heard in response to a multitone stimulus.

5. Audible beats resulting from closely spaced tones (beats of im-
perfect unisons) or from tones which are nearly harmonics of one
another (beats of mistuned consonances) are a consequence of the
squaring process and of the finiteness of the auditory integration
time. The finite integration time leads to time-dependent, cross-power
contributions from the interaction of the tones. The loudness of the
beats tends to decline as the tone separation is inereased because the
integration time approaches and then exceeds the period of the beafs.
The predicted amplitude of beats as & function of frequency differ-
ence and phase difference is in good agreement with experimental
data.
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6. The nerve fibers comprising the auditory nerve may be classified,
according to their best, or characteristic, frequencies into transmis-
sion channels having bandwidths equal to critical bandwidths for
loudness. Individual fiber bandwidths generally exceed associated
critical bandwidths. Thus, any signal at a given frequeney may be
transmitted in several channels in addition to the one characteristic
channel which includes the signal frequency within its associated
critical band. The interaction of signal frequencies associated with
different characteristic channels may stimulate in each transmission
channel a cross-power contribution corresponding to secondary tones
which increase the overall loudness of the sound.

7. The critical bandwidth for loudness tends to equal the frequency
of onset of the secondary tone which, in turn, equals the characteristic
lowest response frequency of neurons with best frequencies lying in
the critical band. The regime of secondary tones is limited to the fre-
quency range in which neuron bandwidths elearly exceed associated
critieal bandwidths,

8. Sounds with a vanishing spectrum in intermediate critical bands
stimulate neurons characterizing these “empty” bands as well as
neurons characterizing critical bands corresponding to stimulus fre-
quencies. Stimulation, of neurons associated with the empty bands
increases the loudness.

9. Tones which are individuvally subliminal might, in combination,
stimulate & loudness response if they lie within the same eritical band.

10. Minimum loudness for a given overall sound pressure occurs
for sounds with a spectral bandwidth equal to a eritical bandwidth
for loudness, or slightly less, '

11. Except near the loudness threshold, for a fixed overall sound
pressure the loudness of a sound with supercritical bandwidth tends
to & maximum as its bandwidth is increased and then declines as the
bandwidth is inereased further. The sound is louder for broader
bandwidth because more channels are strongly stimulated. Since the
acoustic frequency range includes 24 channels, the loudness level may
be increased by 14 phons, ox even more, by broadening the bandwidth.
An additional increase of up to 8 phons may result from tonal inter-
action. The decline for very broad bandwidth occurs beeause the
sound then extends inte a frequency range of reduced system
transmittance.

12. Using published data from a large number of experiments in-
volving sounds with discrete spectra (tones), continuous spectra
{noise), and mixed spectra (noise plus tones), generally good agree-
ment between judged and calculated loudness levels was found.
Where considerable disagreement was encountered for a given experi-
ment, results of another similar experiment usually indicated good
agreement between predicted and judged loudness levels.
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13. Von Békésy’s loudness judgment tests of two equally intense
tones of the same frequency show that a 6 decibel reduction in the
sound-pressure level of a tone corresponds to halving its loudness, in
agreement with several other studies as well as the present theory.

14. A change of  decibels in the overall sound-pressure level of &
suprathreshold sound without changing its spectrum shape results in
a change of approximately # phons in its loudness level,

15. The A-weighted, sound-pressure-level difference approximately
indicates the loudness level difference for sounds with the same spec-
trum. The A-weighted, sound-pressure level equals the loudness level
for suberitical bandwidth scunds (without beats) in spectral regions
where the signal is not attenuated relative to the system fransmittance
at 1 kilohertz. However, in general, A-weighted sound-pressure level
is not simply related to loudness level, and the two levels may differ
considerably, say by more than 15 decibels.
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APPENDIX A
SYMBOLS

A
A

(5]

S

sound-pressure smplitude
—I_JI(ET(D/G) 2
B Yra/c

complex amplitude, (4/2) ¢

(g—rfﬁ)—zlfl(ﬁa’m/c)sin(wlfc) —cos(ml/c)T ,

appendix F
sound-pressure level at loudness threshold, dB
function given by eq. {65a)
speed of sound in air, appendix F
function given by eq. (65b)
e, ~0 )t g, —a,]

sin*(wl/¢c) appendix B

frequency response of anditory system

frequency response of internal auditory system

frequency. response of external auditory system

impulse response of auditory system

V1

frequency response of chanmnel % to rotational
frequency w,

first-order Bessel function of first kind, appen-
dix ¥

dimensional transmission factor

modified Bessel function, appendix F

dimensionless transmission factor

dimensional constant, 0.5X10~2 pPa—1

total number of empty critical bands

integers

loudness level, phons

loudness level difference, eqs. {54) and (55)

loudness, sones

loudness of sound spanning a critical band, sones

length of anditory meatus
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&P

P

Pres

@ ("’m)

Q ("’m:"’n)

sine £

g("’n)
U('wmawn)
Z

2

tmsu:

AZ

W (e )
w0 (alm,m,;)
Wolw)
We (6m)
Weot

total number of transmission channels spanning
sound spectrum

total number of tone stimuli in sound

internal transmittance Jevel

internal transmittance

internal cross-transmittance

sound-pressure spectral density, s

normalized, “effective” sound-pressure defined
over auditory integration time, eq. (2)

mstantaneous sound pressure

reference effective sound pressure, 20 uPa

total transmittance of auditory system

total cross-transmittance of auditory system

“output” of suditory system

total number of neural discharges over all
neurons in 0.1 s

radius of auditory meatus, appendix F

normalized autocorrelation function of output in
a transmission channel

real part

sound-pressure level, dB

A-weighted sound-pressure level, dB(A)

sensation level, dB

sine (7€) /=, eq. (16)

auditory integration time, 0.1 s

external transmittance level

external transmittance

external cross-transmittance

time

characteristic time denoting a particular cycle
of oscillation within auditory integration
period

- ﬁbm — ¢ Umk

£
G1)~

Y
2o/ {wn—wr)
dimensionless power of tone
dimensionless cross-power of two tones
“output” power spectral density, s
dimensionless “output” power of tone
dimensionless total power of tones
complex quantity
function given by eq. (63)
funetion given by eq. (64)
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Buan

TeEs T

wp/ 2

wo/ 2
wy/ 2

ay/ 2

wam/ Lar
mu/ D

]
Subscripts:

cr

o S ®

intertone coefficient for supercritically spaced
tones

positive integers

difference

Dirac delta function

Kronecker delta

positive number, 0=y< 1 “«

ta'n_l[rﬂf;("’m:‘“n) /c/V, (@i ) ]

constant in eq. (4) for loudness, 10—2

constant in fundamental eq. (8) for loudness

positive number

(.D!’ )

v/

delay time

¢na - ﬁbk - gmk

phase angle

ton = (B/a)

dimensionless acoustic power in subcritical fre-
quency band (ae/2w) centered at frequency
o /Pn

dimensionless acoustic power in eritical band

dimensionless acoustic eross-power between crifi-
cal bands, eq. (51)

dimensionless “output” power in suberitical fre-
guency band

rofational frequency

lower cutofl frequency of ideal, spectrum-ana-
Iyzer filter having suberitical bandwidth

upper cutoff frequency of ideal, spectrum-ana-
lyzer filter having suberitical bandwidth

center frequency of internal auditory system

lower cutoff frequency of internal auditory
gystem

upper cutofl frequency of internal aunditory
gystem

arithmetic-mean frequency

geometric-mean frequency

Yom = £y

rectangular funection

in eritical bandwidth

at eardrum

imaginary part

integer denobing channel or tone in channel
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Hox
Vyp

Superseript:

refers- to condition when loudness equals one
sone

integer denoting tone

maximum

real part

loudness threshold

integer denoting suberitical frequency band

integer denoting critical band

integer denoting tone

complex conjugate
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APPENDIX B
SPECTRAL REPRESENTATION OF OUTPUT
POWER-SPECTRAL-DENSITY W,

The output power-spectral-density
WalohT) = (U/Tp2, ) = erde f¢_ g(#)g(t+n)dt (12)

may be expressed as a function of frequency rather than of time by
applying the time convolution theorem (ref. 82) to the convolution of
g given by equation (5). Thus,

qg(@)=f= R()p(#—t")de (5)
— (1/271,) J-a_a_ H(mﬁ)P(ﬂ}H)eiwut‘de
= (1/2x) _f = H#* (@) P* (0”) e~ du
where
H(—~o)=H*(») and P(~o)=P¥(w)
because A(Z) and p(¢) are real. If the theorem is also applied to
¢(¢ ++7), then
Wq (m,t’T) = (1/Tp§cf )I‘im g—‘w'rdr f};_Tdﬁ.r[ (1/2_”_)
i H* (") P*(0")e~"""do'" (1/2x)
Jo., H@)P(o) e+ du’]
= (1/2—:1-2’29 )H(w}P(w) _f’_w g—Hw" —w)t g
f:‘_T g—i(w"—w)t’dﬂf
bhecause

f‘“ e~ o=V r =258 {w—w')
However,

sinf (" —w) 7/2] p— G =0} (§=T/2)

J‘r. e—tla"—o) ' Jpr =
t—m1

(o —~w)/2
g0 that
Wolwt,T) = (lfgwprcf YH (0)P(o)
gin[ (w”'—'cu) /2]
f_wH""(m”)P*(m”) o= =) (t=T/2) '

CD,"_(.!) T 2’
( " (13)
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Assume that H(o”) and P(«”) are constant in the range of »” for
which the integrand in this equation contributes appreciably to the
integral. This range is approximately

Ao —o|T/2<2r
or
2o —o]/2r<2/T'~20 hertz
since
sin(n¢) /nf==sinc &
is small unless |4 <1, Let v=0"’ —wo. Then,
Wy (wt,T) = (1/2n ie[) | H () |?|P(x)]? ffm sine (»7'/2mr) et =T/2) g,

= (W/TE ) E) P f2 snegemsmtn=e g

where

E=vT /2r

Fmally, by virtue of the integration shown in reference 83,

Polots?) =0 55 I FIP@ /TR,

T
where
. ¢ 1 1
1 it =
A T LA N 0547
7 2|7 o U

is the rectangular function.
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APPENDIX C
LOCATION OF CRITICAL BANDS

Since the loci of the mean frequencies and cutoff frequencies of the
channels, or critical bands, depend on the sound spectrum, & method
for choosing these Joei must be established. Probably the most
realistic procedurs is to locate the geometric-mean frequency of a
ceritical band so that the maximumn possible spectral power falls with-
in one critical band. Then, the loci of all other eritical bands can be
determined relative to this reference band using bandwidths found
from figure 3, or 7. A simpler alternative is to locate the geometric-
mean frequency of the reference band at the frequency of the maxi-
mum spectral density of the sound. An even simpler alternative is to
let the upper cutoff frequency of the uppermost critical band coin-
cide with the upper cutoff frequency of the measured spectrum and
then to determine the loci of all other critical bands relative to this
reference band. This last procedure avoids the problem of choosing
the reference band when the maximum spectral density occurs at
several nonadjacent frequencies and was used, where appropriate, in
all calculations reported herein.
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APPENDIX D
CONCERNING BEATS OF MISTUNED
CONSONANCES

Beats of mistuned consonances oceur if
TCIJm%Emk,

where y and e are positive integers, at least one of which is not unity.
Let

om={e/y) op+ (Avmz/v)
where Awme<< <w. Then,
om—op=[{e/v) —~1]ox+ (Aour/v) (D1)

Consider the integral of the cosine in equation (87). When equa-
tion {D1) is introduced in this integral, it becomes

)52 e

v

={(1/T) f:—an{GOS[(—E_I)‘%#'*'@}GDS( L 25’)
Y b
. £ Awpr
—sml:(——l)m;,t’—l—@]sin( t’)}dt’
Y Y

where, for brevity,

D=cm—dr— Onn

Over each cycle of (e/y—1}w; only one-half cycle includes discharges.
Also, since (e/y—1)wr>>Awm/y, the terms involving Awny ave ap-
proximately constant over the cycle. Therefore, over each cycle of
(e/y—1)wy, with period Af, the contribution to the preceding integral
becomes ’

t Ay A
(1/a8) fr“’ " i {cosl:(i~1)wlt’+@:|cgs( e t’)
max Y T

A 1
+cos [(i—l)mkﬁ’-f-@-%—-w—]sin( Dk ﬁ’)} s’
Y 2 Y

= (1/2)sine [(5—1)%@/4”] Gos( "“;’"" s,,)
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where

the integrated result becomes

(1/x) cos( Atk t,,.)

-

This is valid for each cycle of (¢/y—1)wz. To be consistent with other
terms in equation (37), which are treated as full-wave rectified, this
result should be multiplied by 2. The result ig, then,

(ﬂ/w)cos( Betmt tc)

Y

In time 7’ there are o+ cycles of (¢/y —1)uz, where o is an integer,
0=y<1, and ¢>>y. Therefore, the sumimation of the preceding ex-
pression over the entire interval £— 7'==¢" < ¢ yields

2‘ Aw;nk )
E : i. | A
W(O“["r])f&tc COS( ¢ ¢

¥
2 Attt
' cos( L ) dt,
¢ Y

=(2/7r)$i110( f;mmk T)cos[ A(;Mk (ﬁ'—'T/Q)]

2ny
where the swm may be approximated by the integral because
Al LT
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APPENDIX E
PLANCHEREL’S THEOREM FOR LIMITED
INTEGRATION TIME

Define the running-interval Fourier transform
Plot, )= p()eo" di/
Hence,
Pap,T)P* (o, T) = [  p(#)e™¥de'  fi  p* (27) e de”

so that
o VPt o= [ p(#)d 4 () e 2 6o~

=2e fi_p(6)aH fi_p* ()8 ") di"

=2 ft_ D' (F)dt’
because p (¥) is real. Therefore, by virtue of equation (43),

(1/20) f2_ W (otT)do= (/TP ) ' p*(#)d  (46)

where

|P(w;s,T)[2=a(-;T-.§_);p(w) ?
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APPENDIX F
EXTERNAL TRANSMITTANCE FUNCTION

The external ear resembles a closed, flanged tube. The transmit-
tance function for a closed tube is known {ref. 84). Untortunately,
the theoretical result does not agree with experiment unless the
former is modified. If the theoretical formula is squared, then

7 (o) = (4°+B%)" (F1)
where

_ Jl(E?‘m/c)

A=|1
l: Ora/c

T sin? (wl/c)

2 2
BE T ——, 2 111 i 1] -
[ @l ) £, (2ro/c)sin (ul/c) eos(ml/a):l
o+ 18 the first order Bessel function of the first kind, and A, is 2 modi-
fied Bessel function defined by

ﬂg i pra gt
Kl(é)—';z( " (2n+1) [(2n—1)11]2

n=1i

where
(2n-1)11=(2n~1) (2n~38)+++5-83-1

Also, » is the radius, 7 is the length of the tube (auditory meatus),
and ¢ is the speed of sound in air. The empirical and experimental
functions 7' (w) are compared in figure 9. The calculated results were
obtained by assuming that 2»/¢=2.035X10—* second, and 7/¢=4.542
X10~* second.

For free-field listening the real part of the external cross-trans-
mittance 7 (wmws) ocours in those terms. of the loudness equation
which involve spectrum interactions. To evaluate 77, (wmywn), with 4
and B defined as before, let

A=A, B=By if o=,
Aéﬂ.n, BEBn if = wy
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Let
Hele,) =4 —iB )=

Heltw) = (Ap+iB,) 2
Then,

Apd,+ BB,

e (omson) = (4 +B2)  (42+B2)

which reduces to equation (F1) if m=n.
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