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TECHNICAL MEMORANDUM

THREE-DIMENSIONAL NUMERICAL MODELING OF MAGNETOHYDRODYNAMIC
AUGMENTED PROPULSION EXPERIMENT

1. INTRODUCTION

Magnetohydrodynamic (MHD) augmentation of thermal propulsion systems has been suggested
as a plausible means of boosting exhaust velocity, and possibly improving overall specific energy attri-
butes. In this way, one might hope to reduce fuel fraction and shrink vehicle size without sacrificing
payload delivery capability. To obtain a meaningful improvement in fuel fraction, however, it can be
shown that the electrical augmentation power must be greater in magnitude than the thermal power of
the unaugmented source. Such considerations lead to some extremely daunting technical challenges,
particularly in relation to the development of an onboard electrical power source with adequate power
density characteristics. Nevertheless, several technological avenues can be identified that someday may
lead to innovative, compact, high-power electrical energy sources possessing the required attributes, and
exploratory pursuit of fundamental technical feasibility is not without credible justification. Moreover,
MHD accelerator technology has potential dual use application in ground-based hypersonic wind tunnel
facilities where the electrical power source weight is of little or no concern.

The essential requirement for using electromagnetic acceleration techniques is that the exhaust
jet from the thermal propulsion source be electrically conductive. In practice, this can be accomplished
by seeding the combustor flow of a chemical rocket with an alkali metal vapor, such as cesium, rubid-
ium, potassium, and associated compounds. Because alkali metals have a relatively low ionization
potential, the energy consumed in fully ionizing the seed is only a small fraction of the available thermal
energy. Furthermore, the relatively low plasma working temperature is compatible with existing materi-
als and regenerative cooling techniques. Using energetic rocket fuels, this method is known to produce
supersonic plasma flows with an electrical conductivity on the order of 102 S/m, which is sufficient for
evoking significant MHD interaction. At this level of MHD interaction, steady plasma acceleration is
best invoked through externally imposed crossed electric and magnetic fields. This configuration gives
rise to the so-called “crossed field MHD accelerator” in which the imposed Lorentz body force acceler-
ates the flow.

Small prototypes for this class of plasma accelerator have been designed and built, but almost
exclusively from the standpoint of producing a hypersonic wind tunnel rather than a propulsive device.
Testing with these prototype devices has clearly demonstrated flow acceleration, but diagnostic limita-
tions have prevented complete delineation of the fundamental physical phenomena. Many uncertainties
remain including the relative importance of electromagnetic versus electrothermal effects, achievable
accelerator efficiencies, achievable current densities, maximum sustainable axial electric field without
interelectrode arcing, effect of near-wall velocity overshoot phenomena, eftfect of microarcing in the cold



electrode boundary layer, multiterminal loading of a segmented Faraday channel versus two-
terminal loading of a diagonal wall configuration, and thermal loading and erosive effects with respect
to long-term channel survivability, to name a few.

Several years ago, NASA Marshall Space Flight Center (MSFC) initiated development of the
Magnetohydrodynamic Augmented Propulsion Experiment (MAPX) for the purpose of resolving some
of the critical technical issues associated with the use of MHD accelerators as thrust augmentation
devices. A summary description of the project was previously published that included a thorough histori-
cal account of preceding MHD accelerator research programs, a detailed description of the experiment
configuration, and results from a preliminary quasi-one-dimensional engineering performance analysis
and design study.! A recent status update for the project has summarized hardware design and develop-
ment progress over the intervening time period.? In parallel with this work, a three-dimensional numeri-
cal model based on the parabolized Navier-Stokes (PNS) approximation was developed to provide
a comprehensive analysis of MHD accelerator performance. This new model was evolved from a preex-
isting three-dimensional numerical model previously validated for MHD generator performance,?
and was modified to incorporate the NASA Chemical Equilibrium with Applications (CEA) code* as
a means of calculating thermodynamic and species concentrations properties for the estimation of ther-
moelectric properties of partially ionized gases using a fundamental technique based on electron-neutral
momentum transfer cross sections.> The purpose of this Technical Memorandum (TM) is to summarize
development of the parabolic three-dimensional numerical model, present pretest analyses and perfor-
mance optimization results, and provide a recommended test configuration for initial MAPX tests.



2. EXPERIMENT DESCRIPTION

The MAPX facility adapts a traditional linear MHD flow path configuration, as shown schemati-
cally in figure 1. First, the working fluid (i.e., nitrogen) is heated in a 1.5-MW, segmented multigas arc-
heater to a stagnation temperature, 7,=4,000—4,500 K at a stagnation pressure, Py= 10 atm. The hot
gas then enters a mixing chamber where alkali metal seed (i.e., NaK) is injected into the flow stream
after which it is expanded through a primary nozzle to a Mach number in the range of M=1.25 to 1.5.
A 2-MW, MHD accelerator directly increases the energy and momentum of the flow, which is further
diffused in a secondary nozzle to obtain the maximum possible jet velocity. The secondary nozzle
exhausts into a large windowed test section equipped with a stinger mounted stagnation probe or aero
model. The test section is attached to a nitrogen-driven ejector pump designed to maintain a backpres-
sure in the range of 1 to 3 psia.

2-MW, MHD Accelerator
and 2-T Electromagnet
Primary

Nozzle Secondary  \indowed Test Section
Nozzle

NaK
Injector

Nitrogen Ejector Pump

i 1=3 psia Backpressure — -

ur

-

Figure 1. Schematic of the NASA MSFC MAPX facility. The major flow path components are
(1) 1.5-MW, arc-heater, (2) seed injector and mixing chamber, (3) primary expansion
nozzle, (4) 2-MW_, MHD accelerator channel and 2-T electromagnet, (5) secondary
nozzle, (6) windowed test section, and (7) nitrogen-driven ejector pump.

2.1 Hot Gas Source and Entrance Path
The hyperthermal stagnation conditions are generated by a 1.5-MW,, (nominal) segmented multi-

gas arc-heater, which operates in a wall-stabilized, constricted arc, dc discharge mode. The arc-heater
is energized by a saturable reactor dc power supply that can sustain a continuous operating power of



0.75 MW, on an indefinite basis and can deliver an intermittent power burst of 1.5 MW, for 5 to 10 min.
The purpose of the thermal driver is to maximize the MHD interaction by delivering the highest possible
mass throughput and maximizing the accelerator channel size.

This particular arc-heater has a 1-in internal bore diameter and follows the traditional segmenta-
tion design philosophy, whereby alternating conductor/insulator wafers are stacked together to form the
full length assembly, as illustrated in figure 2. The 3/8-in-thick, heat-conducting copper segments are
water cooled and are separated by boron nitride insulators in stacked pack subassemblies, which are held
securely together by four INCONEL® tie rods. These subassembly packs are then attached in a sequen-
tial manner to form the full arc-heater column, which spans an overall length of =1 m in the three-pack
configuration shown. The working gas is injected tangentially through four 0.048-in jets in a primary gas
injection segment near the rear of the arc-heater, and a dc arc discharge is established between a tungsten
cathode button in the rear sealing flange and a copper anode ring at the arc-heater exhaust. A magnetic
spin coil is located around the anode ring to induce continuous rotation of the arc attachment point.

Primary Gas Spin

rimar .

Injecilion Starting Segment ?COII?An.O de Coolant Inlet
Tungsten  Segment R||ng /-

Cathode

Insulating Segment

Button \

E]]rrrrrmTlT‘ —|||m||| O-Ring
Y Heat Conducting
’ T T g Segment
Vacuum 1 Secondary || - —

Contactor Gas Injection
Segment

L .
_oo_/v\a/\(zw o J_ L] Radius

-V 2,500-5,000 V Typical Segmentation Assembly
Saturable Reactor Power Supply
0.75 MW, (Continuous)
1.5 MW, (5-10 min)

Figure 2. Segmentation and assembly detail of the MSFC 1-MW, multigas arc-heater.

An exploded schematic of the entrance flow path assembly is shown in figure 3. This assembly
accomplishes the following primary functions: (1) Electrical isolation of the arc-heater from the MHD
accelerator and circular-to-square flow path transition, (2) NaK seed injection and mixing, and (3) flow
acceleration via the nozzle. The isolation flange is designed for heat sink operation and is an expendable
item, with the other components being water-cooled copper pieces intended for extended service. An
alumina insert is located inside the isolation flange (as shown in fig. 3) that provides the geometric tran-
sition of the flow passage from the circular geometry of the arc-heater exit to the rectangular geometry
of the MHD accelerator. This geometric transition is facilitated by the internal loft (flow area distribu-
tion) of the alumina insert that gradually transforms from circular to square. It is also worth noting that,
because the circular-to-square transition occurs along the length of the isolation flange assembly without
a change in diameter (width), the cross-sectional area increases by a factor of 4/x.



Primary Nozzle
Assembly

Seed Injector
Flange

Arc-Heater Mating
Flange

Seed Mixer
Assembly

Isolation Flange Assembly/
Circular-to-Square Transition

Figure 3. Exploded schematic of MAPX entrance flow path assembly.

Over the years, a considerable amount of historical performance data have been accumulated
and cataloged for this particular arc-heater, and the resulting database can be used to project perfor-
mance characteristics at representative MAPX test conditions. Projected variation in electric-to-thermal
conversion efficiency with applied electrical power, for instance, is shown in figure 4, along with some
recently acquired experimental data. These experimental efficiencies were inferred from calorimeter
measurements obtained during high flow rate nitrogen runs using an uncooled graphite nozzle with
a 5/8-in & throat. In general, the projected efficiencies were within one to two percentage points of
the experimentally observed values over the examined power range.

Preliminary analysis, assuming an applied electrical power of 1.1 MW, and nozzle losses of no
more than 20% of the available total enthalpy, indicated that satisfactory conditions could be achieved
with 130 g/s of nitrogen and 1.5% NaK (by weight) using a 0.567x0.567 in? throat with an area expan-
sion ratio of 4/4*=1.142297. The 20% nozzle heat loss limit was derived from practical experience
with water-cooled copper nozzles in high-temperature combustors. The primary nozzle performance
characteristics were estimated using a modified version of the CEA code, which incorporates a method
for computing plasma electrical transport properties. At the 1.1-MW,, operating design point, the arc-
heater electric-to-thermal conversion efficiency was experimentally determined to be =63%, yielding
an equilibrium total temperature of 3,302 K at the primary nozzle entrance. Anticipated thermodynamic/
electrical conditions at the accelerator entrance are summarized in figure 5 as a function of actual pri-
mary nozzle performance. These chemical equilibrium calculations indicate that acceptable accelerator
inlet conditions can be attained even for the worst-case performance scenario. In this performance-
limiting situation, the inlet static temperature and electrical conductivity are 2,397 K and 11 S/m,
respectively.
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2.2 Magnetohydrodynamic Accelerator Channel
2.2.1 Electrical Loading Configuration

Alternative configurations for linear MHD accelerator channels are depicted in figure 6 where the
optimal MHD accelerator configuration is determined by the ultimate application needs. From a perfor-
mance standpoint, the Hall configuration (fig. 6(a)) is more effective for low-density flows whereas the
Faraday configuration (fig. 6(b)), with segmentation to neutralize the Hall current, is superior for high-
density flows. The major drawback of the Faraday configuration, however, is the separate power condi-
tioning required for each electrode pair which leads to a complex and expensive system. In many cases,
particularly flight applications, multiterminal loading is not practical.

Alternative two-terminal loading schemes have been proposed to avoid the multiterminal com-
plications while attempting to reap the major benefit associated with the Faraday configuration; i.e., Hall
current neutralization. For example, the standard segmented Faraday channel may be externally diago-
nalized in a series connected scheme (fig. 6(c)), or one could adopt a diagonal conducting wall (DCW)
configuration in which slanted window frame-like electrode elements are stacked with thin insulators
to form a complete channel (fig. 6(d)). The DCW configuration not only simplifies fabrication and
improves strength but provides superior performance to the externally shorted (i.e., series connected)
device by allowing current to flow to the sidewalls.

/
i

4)JJJ)) ¥

a) Linear Hall Accelerator

(c) Series Connected Diagonal Accelerator (d) Diagonal Conducting Wall Accelerator

Figure 6. Alternative design configuration for linear MHD accelerator channels: (a) Linear
hall accelerator, (b) segmented Faraday accelerator, (c) series connected diagonal
accelerator, and (d) diagonal conducting wall accelerator.



Although the DCW configuration is the overall best candidate for flight implementation,
the MAPX design was based on an externally diagonalized series connected configuration for reasons
of cost and flexibility (e.g., effective wall angle adjustability).

2.2.2 Engineering Design and Performance Analysis

Numerous investigations have clearly established that MHD channel flows are subject to sig-
nificant three-dimensional effects. Thus, averaging the governing MHD equations (magnetic Reynolds
number <<1) to obtain a quasi-one-dimensional engineering model requires the adoption of major
simplifying assumptions. Nevertheless, many of these assumptions including wall friction, wall heat
flux, and near-electrode voltage drops may be approximately accounted for through the introduction
of appropriate physical wall functions for the boundary layer.%’

Engineering design and performance analyses of the MAPX accelerator were carried out using
a legacy code based on one such approach. This engineering code was initially developed within the
Energy Conversion Division at the University of Tennessee Space Institute (UTSI) in support of the
Department of Energy MHD Commercial Power program. Over the years, the code was evolved and
expanded to encompass a range of generator and accelerator loading configurations. In most respects,
the development is similar to that described for other nonperfect-gas, quasi-one-dimensional analyses,
the principle idiosyncrasies being associated with the physical submodeling. The code solves the gov-
erning internal duct flow equations for conservation of mass, momentum, and energy together with the
equation of state and boundary layer wall functions using a fourth-order Runge-Kutta numerical inte-
gration scheme. It uses a real-gas equation of state and assumes local thermodynamic equilibrium as
predicted by the CEA code with appropriate modifications for computing electrical transport properties.
Values for the empirical constants associated with various physical submodels have been established
through extensive benchmarking experience.

Heat transfer and frictional wall losses are computed intrinsically in the code and require input
of the wall temperature and roughness height. Near-wall electrical losses are also treated intrinsically
through integration of the conductivity profile as defined by velocity and thermal boundary layer cor-
relations for fully turbulent flow. This correlation computes the boundary layer growth along the MHD
accelerator duct through definition/input of the initial boundary layer height and shear (viscosity as
a function of temperature). The velocity and temperature profiles are taken as 1/n power-law distribu-
tions. This approach also relies on user specification of the Rosa G factor to account for plasma nonuni-
formities and effective voltage drop. A value of G = 2 was anticipated based on past experience and was
therefore utilized for engineering design and performance analyses purposes.

Actual accelerator performance depends, of course, on constraints imposed by the available
magnet and power supply equipment. To meet the research goals of this program, a water-cooled, 2-T
electromagnet was acquired from UTSI and refurbished to support general MHD research at MSFC.
The specifications for this magnet are summarized in table 1. A new 3,000-A, 75-V dc power supply
was acquired to power the magnet, and the entire system has been installed and integrated into the
MAPX flow train. A shakedown test of the electromagnet system was conducted and the measured field
profile at 2,400 A is shown in figure 7. A 2-MW,, high-voltage dc power supply was also acquired and
installed to power the accelerator. The voltage on the unit is variable to 10 kV and is capable of deliver-
ing 300 A at 6,700 V.
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Table 1. Electromagnetic performance specifications.

Magnetic field strength 2T
Air gap 4in
Pole cap length 36in
Voltage 65V
Maximum current 2,400 A

Cooling water (70 psig supply) 50 gal/min

Centerline Field Ma
L 2,400 A
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Figure 7. Measured centerline magnetic field strength profiles at 2,400-A applied current.

The detailed design process entailed several iterative calculations in an attempt to optimize
stagnation pressure rise by varying load current, channel divergence, and channel length. These engi-
neering calculations were carried out utilizing the measured centerline magnetic field profile at 2,400 A.
The height-to-width aspect ratio was unity at the inlet, and the E-field and B-field walls were diverged
to accommodate boundary layer growth and flow expansion. Preliminary analysis of the axial current
neutralized operation indicated that the optimal diagonalization angle was near 8 =—45°. The resulting

physical specifications selected for the accelerator design based on this extensive engineering study are
summarized in table 2.
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Table 2. MAPX accelerator specifications.

Inlet height x width
Channel divergence
Electrode width
Insulator width
Active length
Powered electrodes
Total length

Total electrodes
Exit height x width
Seed (NaK)
Nitrogen flow rate

1.6x1.6 cm?
1.0°
1.0cm
0.5cm
90 cm
60
96 cm
65
3.6x3.6 cm?
1.5%
130 g/s
3,120K
8.5 atm
1,312 m/s
25 S/m
0.7




3. MODEL DESCRIPTION

It is widely recognized that the current and electric field structure in MHD devices is inherently
three-dimensional and spatial separation of physical processes is not warranted in general. Generally,
it is sufficient to invoke an infinite segmentation assumption (i.e., the streamwise variation in electri-
cal properties is small in comparison to transverse variations) and couple an approximate cross-plane
electrical model with a three-dimensional flow analysis, as exemplified for generator configurations by
Bityurin et al.® and Ahluwalia et al.”

Here, we adopt the multigrid magnetohydrodynamic (MGMHD) model? previously developed
by Argonne National Laboratory for the analysis of MHD generators and adapt it for the MHD accelera-
tor configurations. The resulting development, to be described in this TM, is designated as the universal
MGMHD model (UMM).!9 UMM is a PNS computational fluid dynamics- (CFD-) based methodology
capable of simulating both generator and accelerator modes of operation in Hall, Faraday, and diagonal
configurations. The numerical model utilizes the CEA code for calculating thermodynamic properties
and species concentrations and adopts a fundamental kinetics model for the estimation of electrical
transport properties from experimental electron-neutral momentum transfer cross sections. Section 3
provides a brief overview of the MGMHD numerical model, including a detailed discussion of its capa-
bilities and limitations.

3.1 Baseline Modeling Capabilities

The MGMHD computer code is an updated version of the single-grid, three-dimensional magne-
tohydrodynamic (TDMHD) code developed at the Argonne National Laboratory in 1982 for the analysis
of MHD generators and diffusers.3 The MGMHD code retains the TDMHD formulation of three-
dimensional partial differential equations for flow and electrical fields but incorporates an advanced
multigrid solution algorithm to reduce computer convergence time. The MHD equation set comprises
the mass continuity equation, three momentum equations, the energy equation, two turbulence model
equations, and Maxwell’s equations. Turbulence is represented by a two-equation model (x-¢) in which
partial differential equations are solved for the turbulence energy (x) and its dissipation rate (¢). Lastly,
the MGMHD code provides two unique features: (1) A full approximation storage (FAS), block implicit
multigrid, finite-difference solution procedure for the cross-stream hydrodynamic equations and
(2) a FAS multigrid, finite-difference solution procedure for cross-stream electrical potential equations.

3.1.1 Fluid Dynamic Model

Flow processes in an MHD generator can be generally represented by the three-dimensional
Navier-Stokes equations. In an MHD channel, however, the flow is predominantly in the stream-wise
direction, which allows for certain simplifications when considering the order of magnitude of various
terms. The simplification made here is referred to as the PNS approximation, which is akin to the
boundary layer approximation made in solving problems such as the flat-plate flow, and consists of the
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following major assumptions: (1) Diffusion flux in the stream-wise coordinate may be neglected and
(2) the pressure gradient in the axial momentum equation is assumed to be uniform over the channel
Ccross section.

The PNS approximation permits the solution to be marched forward plane-by-plane from the
inlet to the exit of the channel. This approximation does not introduce any significant errors when the
flow is predominantly in one direction, and it eliminates the need to iterate between the inlet and exit of
the channel, thereby making the calculation converge more quickly. In this case, the pressure field, P, is
split into two components: (1) p,.,» the local cross-sectional pressure, and (2) p e the cross-sectional
average pressure, which, as the following equation shows, is only a function of the axial coordinate:

P(x’y’z):plocal(x’y’z)+pavg(x> : (1)

The coordinate system utilized by the MGMHD numerical model is Cartesian; wherein, the mass
continuity, momentum, and energy (enthalpy) equations are represented by the following equation set:

Mass:

J d d
g(pu)+$(pu)+a—z(pu)=0 (2)

x-Momentum (axial direction in channel):

J J J Pavg Iy, 97,
g(puu)+$(pvu)+a—z(pwu)=— ™ + > + 8; +JyB 3)
y-Momentum:
J d d op ot JT .
g(puv)+$(pvv)+a—z(pwv):— g;cal + 8)):}} + 8;} —JyB 4)
z-Momentum:
) 0 0 ap 7., 0T
g(puw)+$(pvw)+a—z(pww)=_ g’zcal + a;y + aZZZ (5)
Enthalpy (energy):
0 9 2
ai(puh)+ai(pvh)+ai(pwh) = —%—%ﬂt g‘"g + valg““’ + wal;’““l +J—+ D (6)
X y < y < X y Z o
where the viscous dissipation rate, D, is calculated as follows:
2 2 2 2 2
D:(ul+ut)2 Gl + » + a—W+i + 9u + % . (7)
0z dy dy oz 0z dy
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In the preceding equations, u, v, and w are the x, y, and z components of the u velocity vector,
respectively. The symbol p represents mass density, 7 represents shear stress, o is electrical conductivity,
h is enthalpy, J is current density, and B is the magnetic field (here, B represents only the scalar mag-
nitude of the magnetic field). The MGMHD code assumes steady state; therefore, any time-dependent
fluctuations will not be captured with this numerical model. Furthermore, note that equation (6) uses
enthalpy instead of cpT , the product of specific heat and temperature, in the energy equation. This is
because the MGMHD code advances the energy equation using enthalpy, not temperature. Advancing
the energy equation using temperature requires that one assume a constant specific heat (i.e., taking cpT
out of the derivative in energy equation), which is not true in some temperature ranges. Advancing the
energy equation using enthalpy (or internal energy) requires no such assumption.

3.1.2 Electrical Model

Slow calculation of the electrical potential solution is one difficulty in performing a complete
three-dimensional MHD analyses with finite channel segmentation. In this section, the cross-sectional
infinite segmentation electrical model, developed by Ahluwalia® and utilized in the MGMHD model, is
summarized. In the infinite segmentation model, axial variations of the flow and electrical variables are
negligible in comparison to their cross-plane variations. Thus, a solution may be obtained by marching
stepwise from the entrance of the channel to the exit. This model was successfully applied to the three-
dimensional analysis of Faraday, diagonal insulating, and diagonal conducting sidewall MHD generators
and carefully validated against experimental data with good success. The electrical model is coupled to
the fluid dynamic model presented above. More extensive discussion and detailed derivations may be
found elsewhere.”10

In the MGMHD code, the electrical governing equations consist of Maxwell’s steady-state equa-
tions and Ohm’s Law. The electrical field, E, and the current density, J, are obtained by solving the fol-
lowing equations:

VxE=0 , 3)
V.J=0, C))
and
J=a(E+uxB)—ﬁJxB . (10)
B

In the above equation, S is the Hall parameter. As typical for MHD channel flows, these equa-
tions are valid for low magnetic Reynolds number flows, where the induced magnetic can be neglected.
Equations (8) and (9) make it possible to define an electric potential, y, such as

E=-Vy , (11)

which, because of the steady-state assumption, effectively reduces the vector problem to that of a scalar.
Also, note that the MGMHD code assumes that the magnetic field, B, is sectionally uniform and oriented
in the positive z-direction, as shown in figures 8 and 9.
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Figure 8. Schematic representation of MHD generator configurations in Cartesian coordinates:
(a) Diagonal conducting wall, (b) diagonal insulating sidewall, and (c) Faraday.

The infinite segmentation model is constructed from equations (8) and (9) by neglecting axial
variations of the flow and electrical variables in comparison with their cross-plane variations. Conse-
quently, the axial electric field, £, is assumed to be constant in a cross-sectional plane. By defining
a set of oblique coordinates in the general case of a diagonal connection, the electric potential can
therefore be represented by the relation

y=—(x—ycot,)E +¢(y.z) . (12)
where 6, is the diagonalization angle (measured in a counterclockwise direction from the positive
x-axis), and ¢(y,z) is a two-dimensional potential. The first term on the right side of equation (12) rep-

resents the contribution of the axial (x-axis) electric field. Substituting equation (12) into equations (8)—
(10) results in the following equation for the two-dimensional function, ¢(y,z):

o ap) o g J J
g(Gngjﬂ'g(O'ngJ:Ex5[(ﬁ—cot9d)0'n:|—g[O'nB(u—ﬂV)} 5 (13)
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Figure 9. Orientation of field vectors in a diagonally-connected MHD generator channel.

where anc/(1+ﬁ2). Since E is not known a’ priori, and because equation (13) is linear in ¢,
a decomposition of the potential is permitted as follows:

o(y.2)=E0 +0, . (14)

The two functions, ¢, and ¢,, are governed by the following equation set:

L((pl):%[(ﬁ_coted)on] (15)
and
0
L(goz)z—a[GnB(u—ﬁv)] : (16)
where the operator, L, is
12905 91,959
Syl "oy ) oz\ oz _ (17

Note that the function ¢, is driven by temperature nonuniformities, while ¢, is driven by temper-
ature and velocity nonuniformities. Both functions are independent of £, which is reduced to a param-
eter of the problem to be determined later from the specification of the external electrical connection and
loading. From Ohm’s Law, the current density components—/,, Iy and J_—can be expressed as
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00 e
Jx:Exon{H,BcotGd+ﬁa—yIJ+an[(ﬂu+v)B+ﬁa—yz} , (18)
op de
Jy:Exan(ﬁ—coted—a—yl]—cn|:(u—ﬁv)3+a—y2} : (19)
and
0 d
J =-Ec_5%% (20)

z Yooz dz

To find the cross-sectional averages of J, and Jy, the cross-sectional spatial average must be defined as

<f>:ijf(y,z)dA , @1)

where A is the cross-sectional area normal to the channel, which yields the following average equations:

(1.)=E, [((1 + Beotd,)o, )+ <0'nﬂaa—(f}1>]+ <cnﬁ%> +B(c, (Bu+v)) (22)

and

(/,)=E, {<(ﬁ—cot0d)0'n>— <on aa—?ﬂ— <0'n aa%> ~B{a,(u-pv)) . (23)

Applying the boundary conditions for diagonal insulating sidewall and diagonal conducting sidewall
MHD generators, the axial electric field is

B Jyy = <6n (ﬁ+cot0d)((p2y +uB)>— B<0'n(1 —ﬁcot@d)v>

- (24)
* (1+cot29d)<0'n(ﬁ+cot9d)(01y>

3.1.3 State Equations

In order to close the system of fluid dynamic and electrical equations, it is necessary to establish
a relationship between the fluid properties and the chosen solution transport variables (u, v, w, p ave h).
In the MGMHD code, electrical and thermodynamic properties are calculated from two independent
thermodynamic variables, (p avgs h) or (p avg’ T), depending on which of the four following options are
chosen by the user:

(1) Constant fluid properties;

(2) Variable fluid properties with constant electrical properties;
(3) Variable fluid properties with ¢ and f3 calculated from empirical correlations; and,
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(4) Variable fluid and electrical properties calculated from fourth-order interpolation
polynomials in p avg and 4.

Each of the above-stated property options is detailed in the MGMHD user manual;3 however, it is
important to note that all of the options use approximations and/or polynomial curve fits to generate the
thermodynamic and electrical properties. The baseline MGMHD code does not include capability for
generalized calculation of electrical transport properties in partially ionized gases.

3.1.4 Required Modifications and Improvements

The baseline MGMHD code is inadequate for three-dimensional modeling of MHD accelerators;
however, it does fulfill some of the basic requirements and its structure and flexibility allow for the
necessary modifications. As noted above, the PNS formulation of the MGMHD model enables three-
dimensional calculations to proceed without the penalty of slow convergence times or the need for
massive computing resources. Moreover, the MGMHD code is mathematically structured for diago-
nal configurations, although the diagonalization angle must remain constant over the entire length of
the MHD channel. Unfortunately, the thermodynamic and electrical conductivity submodels in the
MGMHD code are, at best, generic curve fits, based on a few user-defined constants, but the code does
allow the user to supply their own thermodynamic and electrical transport data via an input file.

In order to properly model MHD accelerators, the MGMHD code requires certain specific
modifications, as follows:

» Structural modifications to permit both generator and accelerator calculations in Faraday, Hall,
and diagonal configurations.

* Modifications to allow arbitrary variations in diagonalization angle along the channel length.

» Addition of thermodynamic and electrical transport property subroutines based on a generalized
kinetics model applicable to arbitrary partially-ionized gas mixtures.

Though not necessarily required for the modeling of diagonal accelerators, there are several other
desirable features that would enhance and improve the capabilities of the MGMHD code. These addi-
tional improvements are as follows:

» The addition of a realistic power-takeoff scheme at the entrance and exit of the simulated MHD
channel which would allow for tailored distribution of current flow in these regions help and thereby

avoid MHD compression effects at the inlet.

* Incorporation of accelerator efficiency calculations which would allow the user to more quickly
determine optimum accelerator configurations.

* A three-dimensional calculation of total pressure as an aid to design optimization.
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* An axial current neutralized optimization option (an extension of the varying diagonal angle), which
would facilitate determination of an optimum diagonalization angle and minimization of axial (J,)
current flow.

3.2 Extended Modeling Capabilities

As noted above, the baseline MGMHD code was inadequate for proper modeling of diagonalized
MHD accelerators, and significant modifications were required to correct these deficiencies. The struc-
ture of the modified numerical model, applicable to both MHD generators and accelerators in Faraday,
Hall, and diagonal configurations, is referred to as the universal MGMHD model (UMM) and may be
separated into two major blocks, as shown in figure 10. The thermoelectric block consists of the thermo-
dynamic submodel (i.e., CEA routine), the electrical transport property submodel, along with library
and input files that control the overall thermoelectric computation process. The MHD block consists
of a modified version of the baseline MGMHD code.

UMM Coding Blocks
A
- N
MHD Thermoelectric
[_H N
- N
MHD f THERMHD f CEB.f OMEGA.f ECON.h
mhd.in thermhd.in mapx.in
mhncom.h thermo.inp

angle.in trans.inp

Figure 10. Structural coding blocks for the UMM three-dimensional numerical model.

3.2.1 Thermodynamic and Electrical Transport Property Models

The program thermhd.f manages the three routines named ceb.f, omega.f, and econ.h as shown in
figure 10, where the “.f” extension denotes a Fortran file and the “.h” denotes an include file. The input
file for thermhd.f is thermhd.in, in which the user defines the pressure and enthalpy ranges of interest
and the desired tabulation intervals. The primary purpose of the thermoelectric codes is to create a look-
up table of thermodynamic and electrical transport property data (temperature, molecular weight, ratio
of specific heats, laminar viscosity, electrical conductivity, and total charge) that can be accessed by the
MHD numerical block as it solves the coupled fluid dynamic and electromagnetic equations. The ceb.f
routine has three input files: (1) thermo.inp, which automatically creates a library of thermodynamic data
(no user input required), (2) trans.inp, which automatically creates a library of transport property data
(also, no user input necessary), and (3) mapx.in, where the user defines the fluid species, weight percent-
ages, and initial temperatures. The major difference between the ceb.f routine and the CEA code is that
ceb.f has been modified to output an unformatted plot file of 39 variables representing the 9 thermody-
namic variables and 30 gas species concentrations for which electron-momentum, cross-sectional data
are available. It is important to note that all changes made to the CEA code deal with input/ouput (I/O)
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and formatting (i.e., none of the thermodynamic equations in the CEA code were altered). The ceb.f
code runs at every step in the pressure and enthalpy looping process, as described in subsequent sec-
tions. For every step in the pressure and enthalpy loops, the ceb.f code provides the following informa-
tion to the MHD numerical model:

* Temperature (7).

* Molecular weight (MW).
* Ratio of specific heats (y).
* Laminar viscosity (4).

» Total charg